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China

ABSTRACT. In this paper, we give a Maschke-type theorem for a
Hom-crossed product on a finite dimensional monoidal Hom-Hopf algebra,
and investigate a sufficient and necessary condition for two Hom-crossed
products to be equivalent. Furthermore, we construct an equivalent Hom-
crossed system based on a same Hom-crossed product by using lazy Hom-
2-cocyle.

1. INTRODUCTION

Hom-type algebras appeared first in physical contexts, in connection with
twisted, discretized or deformed derivatives and corresponding generaliza-
tions, discretizations and deformations of vector fields and differential cal-
culus. They were introduced in the form of Hom-Lie algebras in [10], where
the Jacobi identity was twisted along a linear endomorphism, namely

[a(@), [y, 2]] + [a(y), [z, 2]] + [a(2), [z, y]] = O,

where « is an endomorphism of the Hom-Lie algebra (see [7, 11, 18]). Mean-
while, Hom-associative algebras have been suggested in [13]. Consequently,
other Hom-type structures such as Hom-coalgebras, Hom-bialgebras, Hom-
Hopf algebras have been introduced and investigated in [9, 14, 19]. The so-
called twisting principle that was introduced in [17] to provide Hom-type
generalization of algebras has been used to obtain many more properties of
Hom-bialgebras and Hom-Hopf algebras.

The authors of [2] investigated the counterparts of Hom-bialgebras and
Hom-Hopf algebras in the context of tensor categories, and termed them
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monoidal Hom-bialgebras and monoidal Hom-Hopf algebras with slight varia-
tions in their definitions. Consequently, the antipodes, integrals and Drinfel’d
doubles of Hom-Hopf algebras were considered in [6, 16]. Further, some mod-
ules and comodules on these Hom-algebras structures such as Hom-module
algebras, Hom-comodule algebras and Hom-Hopf modules were considered in
[5, 4, 3, 19].

It is known that the theory of Hopf Galois extensions which roots from the
Galois theory for groups acting on commutative rings, plays an important role
in the theory of Hopf algebras. Therefore, their Hom-cases were introduced
in [5, 12]. As a special case of the Hopf Galois extension, a cleft extension
can be characterized as a crossed product with a convolution cocycle by a
Hopf algebra, and the Hom-case parallelled holds as well (see [12]). In [§],
Doi introduced an equivalence of crossed systems and considered the problem
of determining when two cleft extensions are isomorphic. Hence, it is natural
to investigate the equivalence of Hom-crossed products. This is our main
motivation.

This paper is organized as follows. In section 2, we recall some definitions
and results on monoidal Hom-Hopf algebras. In section 3, we give differenti-
ated conditions for a Hom-crossed product to be a Hom-cleft extension. As an
application, we give a Maschke-type theorem for the Hom-crossed product on
a finite dimensional monoidal Hom-Hopf algebra which equips a right integral.
In section 4, we introduce the conception of equivalent Hom-crossed systems,
and investigate a sufficient and necessary condition for two Hom-crossed prod-
ucts to be equivalent. Meanwhile, we construct an equivalent Hom-crossed
system based on a same Hom-crossed product, by using lazy Hom-2-cocyles.

Throughout this article, all the vector spaces, tensor products and ho-
momorphisms are over a fixed field k unless otherwise stated. We use the
Sweedler’s notations for the terminologies on coalgebras and comodules. For
a coalgebra C, we write Hom-comultiplication A(c) = ¢; ® ¢o for any ¢ € C,
and for a right C-comodule M, we denote its coaction by p(m) = m gy @ m 1)
for any m € M.

2. PRELIMINARIES

In this section we recall from [2] some informations about so-called
monoidal Hom-structures. Briefly speaking, these structures are objects in
the monoidal category 7-[(./\/lk) (called the Hom-category associated to My, in
[2]), where M, = (M, ®,k,a,l,r) is the category of k-modules. And the
category ﬁ(/\/lk) is defined as follows: the objects are couples (M, u), with
M € My, and p € Auty (M), the morphism f : (M, u) — (N, v) is a morphism
f: M — N in My such that v o f = f o u, and the monoidal product of
(M, p) and (N,v) is given in [7] by

(M, ) ® (N,v) = (M ® N,p®v),and (k,id),
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with the associator
amNg =aunzo(p®id @) = (idos ™)) oamnr,
and the unitors
I =poly =lyo(id®pu), T =pory =ryo(p®id),

for any (M, ), (N,v), (L,s) € H(My).

A k-submodule N C M is called a subobject of (M, ) if p restricts to N
being an automorphism of N, that is, (N, u|x) € H(Mpy).

In the following, our considered objects are in the monoidal category

H(My).

DEFINITION 2.1 ([2]). (1) A monoidal Hom-algebra is an object (A, o)
€ H(My) together with an element 14 € A (called unit) and linear
mapsm: AR A — A;a®@b— ab and o € Auty(A) such that

(2.1) a(a)(be) = (ab)alc), a(ab) = ala)a(b)
2.2) alg =1ga=ala), ally) =14,
for all a,b,c € A. B
(2) A monoidal Hom-coalgebra is an object (C,v) € H(My,) together with
linear maps A : C = C @ C,A(c) =¢1 @ c2 and € : C — k such that
(23) 7 He1) ®ca1 @ o = e11 @12 @7 Hez), A(y(e)) = (1) @7(ca),
(2.4) cie(e2) =771 (e) = eler)ez, e(v(c)) = €(o),
forall c € C.

If (A,;ma,na,a) is a monoidal Hom-algebra, and (C,Ac,e¢,7) is a
monoidal Hom-coalgebra, then it was shown in [2, Proposition 2.9] that
Hom(C, A) has a monoidal Hom-algebra structure under convolution product
“x”. For any ¢, € Hom(C, A), the convolution product is defined by

¢rp=mao(p®¢p)olc.

The unit of Hom(C, A) is na oec, and the twisting automorphism A is A(¢) =
aopoy~t For ¢ € Hom(C,A), if there exists ¢’ € Hom(C, A) such that
px ¢ = ¢ *p =mnyo0ec, then we say that ¢ is convolution invertible.

DEFINITION 2.2 ([2]). A monoidal Hom-bialgebra H = (H, o, m,n, A, ¢)
is a bialgebra in the monoidal category H(My). This means that (H, o, m,mn)
is a monoidal Hom-algebra and (H,«, A, ) is a monoidal Hom-coalgebra such
that A and € are morphisms of Hom-algebras, that is, for any h,g € H,
(2.5) A(hg) = A(h)A(g), A(lg) =1p @ 1p,

(2.6) £(hg) = (R)e(g), =(L) = 11
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A monoidal Hom-bialgebra (H,«) is called monoidal Hom-Hopf algebra

if there exists a morphism (called antipode) S : H — H in H(My) (i.c.
Soa=a«ao8), such that for all h € H,

(27) S(hl)hg = E(h)lH = hls(hg)

_ Note that a monoidal Hom-Hopf algebra is by definition a Hopf algebra in
H(My). Further, the antipode of a monoidal Hom-Hopf algebra is a monoidal
Hom-anti-(co)algebra homomorphism, that is, for any h,g € H,

S(hg) = 5(9)S(h), S(m) = 1a,

A(S(h)) = S(h2) @ S(h1), €0 S =e.

Let (H,a) be a finite dimensional monoidal Hom-Hopf algebra. A right
integral in (H,«) (ref. [6]) is an a-invariant element ¢ € H (i.e., a(t) = t)
such that th = e(h)t for all h € H. If ¢(t) = 1 for a right integral ¢, then ¢ is
said to be normalized.

In the following, we recall the actions on monoidal Hom-algebras and
coactions on monoidal Hom-coalgebras.

DEFINITION 2.3 ([2]). (1) Let (A,a) be a monoidal Hom-algebra. A
left (A, a)-Hom-module consists of (M, p) in H(My) together with a
morphism ¢ : A®@ M — M,{¥(a ® m) = a-m such that

(2.8) ala)- (b-m) = (ab) - u(m), pla-m) = a(a) - pu(m), 1a-m = p(m),
for all a,b € A and m € M.
For left (A, «)-Hom-modules (M, i) and (N,v), a morphism f :
M — N in H(My) is called left (A, a)-linear if f(a-m) = a- f(m)
foralla € Aym € M. In a similar way, we can define a right (A, «)-
Hom-module and a right (A, )-linear morphism.
(2) Let (C,7) be a monoidal Hom-coalgebra. A right (C,~)-Hom-comodule
is an object (M, p) in H(My,) together with a k-linear map ppy : M —
M ® C, pp(m) = mgy ® my) such that

(2.9) pHm)) ® (my1 @ my2) = meyo) @ (Moyy ® v~ (mqay)).
(2.10) par (p(m)) = p(me)) ® y(m)),
(2.11) mye(mey) = p~t(m),
for allm € M.
For right (C,~)-Hom-comodules (M, u) and (N,v), a morphism

f: M — N in H(My) is called right (C,~)-colinear if p(f(m)) =
f(mo)) @ mey for allm € M.

Let (H,«) be a monoidal Hom-bialgebra, and (M, p) is a right (H, «)-
Hom-comodule with the comodule structure p. The coinvariant of (H, ) on
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(M, 1) is the set
M =Im e M| p(m) =v"(m)®1g}.

DEFINITION 2.4. Let (H,«) be a monoidal Hom-bialgebra. A monoidal
Hom-algebra (A, ) is called an (H,«)-Hom-comodule algebra if there is a
right (H,a)-Hom-comodule structure map pa : A — A® H on (A, ) such
that

(2.12) pa(la) =1a® 1y,
(2.13) palab) = pa(a)pa(b),
for all a,b € A.

DEFINITION 2.5. Let (H,a) be a monoidal Hom-Hopf algebra, and
(B, B|B) a subobject of an object (A, ) € H(My).
(1) (B,BlB) C (A,B) is a (right) (H,«)-extension if (A,B) is a right
(H, a)-Hom-comodule algebra with A« = B.
(2) The (H,«a)-extension (B, S|g) C (A, B) is called Hom-cleft if there
exists a right (H, a)-Hom-comodule map X : (H,a) — (A, ) which is
convolution invertible.

3. CHARACTERIZATION OF HOM-CROSSED PRODUCTS AND APPLICATION

In this section, we characterize a Hom-cleft extension as a Hom-crossed
product. As an application, we give a Maschke-type theorem for the Hom-
crossed product on a finite dimensional monoidal Hom-Hopf algebra which
equips a right integral.

First, we recall the following definition.

DEFINITION 3.1 ([12, 15]). Let (H, ) be a monoidal Hom-bialgebra, and
(A, B) a monoidal Hom-algebra. We say that H weakly acts on A if there is
a k-linear map H® A — A, h® a v+ h-a such that

(3.1) B(h-a) = a(h)-B(a),
(3.2) h-lAZE(h)lA,
(3.3) h-(ab) = (h1 - a)(h2 - b),

for all a,b € A h € H.
The weak action is said to be inner if there exists a convolution invertible

morphism X : (H,o) — (A, B) in H(My) such that
(3.4) h-a= (Ah1)B" " (a)) A (a(hs)),
forallh € Hya € A.

Let (H,«) be a monoidal Hom-bialgebra, and (A, ) a monoidal Hom-
algebra. Assume that (H, ) weakly acts on (A, §) and 0 : HQH — Ais a con-

volution invertible map in H(My). The Hom-crossed product (A#, H, B#, )
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is defined as follows: A#,H = A® H as k-spaces, and the Hom-multiplication
is given by
(a#toah)(b#og) = a (o' (hn) - B72(b)o(har, a7 (g1))) #o0” (h22)a(g2),

for all a,b € A, h,g € H.

It is known from [12, Proposition 3.3] that the Hom-crossed product
(A#,H, f#,«) is a monoidal Hom-algebra with unit 14#,1y if and only
if the following conditions hold.

(1) Ais a twisted H-module, that is, 1y - a = f(a) and

(3.5)  (a(e1) - (y1- B7(a)))o(al@2), aly2)) = oa(z1), alyr))((z292) - a),
for all z,y € H,a € A.
(2) o is a normal Hom-cocycle, that is, o(1g,z) = o(z,1g) = e(x)14 and
(3.6) (a(z1) - o(y1, 21))o(a(22), y222) = o(a(z1), a(yr))o(z2y2, 2),
for all x,y,z € H.
In what follows, such pair (-,0) in a Hom-crossed product (A#, H, f#,) is
said to be a Hom-crossed system for (H,«) over (A, ).

EXAMPLE 3.2. (1) Let (A#,H, f#,a) be a Hom-crossed product. Con-
sider the case when o is trivial, that is, o(h, g) = e(h)e(g)1a for all h,g € H.
Then (A#,H, f#,) reduces to a Hom-smash product (see [6]).

(2) If the weak action is trivial, i.e., h-a = e(h)B(a) for all h € H,a € A,
then we write A#,H = A,[H], and call the Hom-crossed product a Hom-
twisted product. The Hom-multiplication of A,[H] is induced by as follows:
(3.7) (a @y h)(b®y g) = B (ab)o(hi, g1) @ alhags).
for all a,b € A, h,g € H.

It is clear that the Hom-crossed product (A#,H, f#,«) is both a left
(4, 8)-module via the following action induced by the Hom-multiplication

a® (b#sh) — ab#,a(h),

and a right (H, «)-comodule via the coaction

pag.u : aftah = (B (a)#e ) @ alhs),
where a,b € A,h € H.

LEMMA 3.3 ([12]). The right (H, o)-comodule structure map pasx, o turns
(A#,H, B#,) into an (H,«)-Hom-comodule algebra. Moreover, the map
A\ (H,a) = (A#.H, f#qa) defined by A\(h) = 1a#,a~1(h) is a convolution
invertible (H, o)-Hom-comodule map.

As in Hopf algebra case, the Hom-cleft extensions can be characterized as
crossed products with convolution invertible cocycles by Hom-Hopf algebras.
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THEOREM 3.4. [12, Thereom 4.5] Let (H,«) be a monoidal Hom-Hopf
algebra and (B, f|g) C (A, B) an (H,«)-extension. Then the following state-
ments are equivalent.

(1) The extension (B, B|g) C (A4, ) is (H, «)-cleft;

(2) There exist a convolution invertible cocycle o and a weak action
of (H,a) on (B,p|s) such that (A, B) is isomorphic to the Hom-
crossed product (B#,H, f|p#os) as left (B, S|g)-Hom-modules and
right (H, o)-Hom-comodule algebras.

PRrROOF. Sketch. Suppose that (B,S|p) C (A,pB) is (H,«a)-cleft via X :

(H,a) = (A, B). Then the weak action of (H,«) on (B, 8|p) is given by
h-b= (AMh1)B7H(b)) A Ha(ha)),

and the Hom-cocycle is defined by

o:(HeH,a®a)— (B,Bp), o(hg)=(AMh1)AMg1)) A~ (haga),
with convolution inverse

o' (H®H,a®a) = (B,Blg), o '(h,g)=Ahig1) (A (g2)A " (h2))

where b€ B, h,g € H.

Moreover, the corresponding isomorphism can be defined by

P (B#UHa[ﬂB#Ua) - (Avﬂ)v @(b#ﬂh) = b)\(h’)a

forallbe B and h € H. O

When (H,«) is finite dimensional, the Maschke-type theorem for Hom-

crossed products can be obtained by using Theorem 3.4. To prove this, the
following two technical lemmas will play a great role.

LEMMA 3.5. Let (A#,H, #,a) be a Hom-crossed product with convo-
lution invertible o and (H,«) a finite dimensional monoidal Hom-Hopf al-
gebra, and let t be a right integral in (H,«). Let (M, u), (N,v) be two left
(A#o,H, B#oa)-Hom-modules. If f : (M,u) — (N,v) is a left (A, B)-Hom-
module morphism, then the map f : (M, ) = (N,v) defined by

(3.8) Fm) = X" (a(t)) - F(A(t2) - 2 (m),
is an (A#, H, f#,a)-Hom-module morphism, where X is given in Lemma 3.5.

PrOOF. Note first that a-invariance of ¢t makes that fis a map in ﬁ(M k)
and that

Flm) =27 (0) - FA @ (t2) - p2(m).
In what follows, we will regard (A, ) as embedded in (A#,H, f#,«)
and write a in place of a#,1g,a € A. Since

(3.9) a#toh =B (a)A(h), Va€ A heH,
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it is sufficient to show that ]Tis a morphism of (4, #)-Hom-modules, and that
(3.10) FMR)-m) =A(h)- f(m), Vhe H,me M.
Now since for all a € A,h € H,

(3.11) Ah)a = hy - a#tgalhs) 2 871 (hy - )M (alhs)),

(3.11)

(A(h1)a)A ™ (a(he)) =" (B (har - a)A(e(hn2))) A~ (e ha))
) (Aa(hr2))A " (h2))

=" (a7 (M) - a) (Ma(ha)A™H (a(h22)))

= (a7 () - a)lae(hs)

(2.2)(2.4) !

= (h) - B(a).
Thus we get that
(3.12) h-a= (Ma(h1))B7 ' (a)) A1 (a?(h2)).
For all a € A and m € M, we compute that
fla-m)=Xx"a(tr)) £ (Mt2) - (B7%(a) - p~2(m)))
= 2" a(t)) - f (Mo (t2))872(a)) - ' (m))
P AT (b)) - £ (@72 (t20) - 87 (@)A(t22)) - 1" (m)
)+ f (a7 (ta1) - B7%(a) - (A(ta2) - ~2(m)
) [ ) 872 (@) -
1

—

S—
~
—
b
—~
~
)
]
=
=
|
N
—
3
[
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= {[()\_1(flll))\(tllz))ﬁ_2(a)]A_l(a(flz))} : f()\(tz) : M_l(m))
= (87 @A (1) - F(Alt2) -1 ()

—a- A7) F(Ma (k) - iR m))|

—a- f(m),

which implies that fis a morphism of (4, 8)-Hom-modules.
Last, to show that (3.10) holds, we need the formula:

(3.13) o(h,g) = (Ma(hi)Ma(g1))) A (a(hag)).
for all h,g € H, which can be proved by the following: since
A (g) = (Lagtoa™ (b)) (La#koa™ (g))
=14 ((a7?(h1) - La)o(a™ (ha1), 0 (g1))) #oa(ho2)ge

=14 (@ (h1) - 1a)o(a™ (hi2), @ 2(g1))) #ohage

= o(h1,g1)#ohags = o0 (h), 0 (g1))A(haga),

we obtain that

(Ale(h1))Ma(91))) A~ (e haga))
(U(hll Qll)A(a(hmglz))) A Halhag))
= o(a(h), a(g11)) (Ma(hi2g12)) A~ (haga))
o(h1, 91) (Ma(ha1g21)) A~ (a(ha2g22)))
o(h,g).

We now have that

FA(h) -m)

= A" a(t)) - f (At2) - Ma 2 () - p~2(m)))
(

N alt) - (Mo )M @2 (R)) - =t (m))

=2 altr)) - f ((o(a?(t21), (b)) A(a™  (ta2)a 2 (h2))) - =" (m))
= A"Ya(h)) - f (o(a (tar), 0 2(hn)) - (M (taz)a 2 (ha)) - p~2(m)))
=2\ "Ha(t) - ola” ! (tar), a7 2(h) (A( Ntz 2(ha)) - = %(m) )|
= (A‘l(tl)a(a f21 ()\ t2204 (m))

= (A Ya(tn))o(a (ta), Mk ( “1(t3hs)) 1(m))

(3.13)

= {A—l(a(tll)){(A(tm))\(a‘ (hll))))\_ (tiz2a" (h12))]}
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f (A t2h2)) - i (m)
= { :Afl(tn)()\(tul))\(a*l(hll)))} Afl(a(tuz)hlz)}
f(Ma™! (t2ha)) - 1M m))
= { :()\_1(a_l(fu)))\(tla)))\(hll)} A_l(a(f@)hlz)}
f (A k) i ()
= { :(Afl(tm)A(tllg))A(hll) xl(tlghlg)}
F(Ma (t2h)) - n 7 (m)
= (Aalh)A ™ (@7 (t)hia) - £ (Mo~ (t2h2)) - 1~ (m))
= (A(h1)A " (t1h21)) - f()\(fzhzz) ' /fl(m))
(3.14) )

=7 (Mo (h)AT (1) - f(/\(tz) -u’l(m))
= A - [N () F(MaT () 2 m))]

as required, where (3.14) is given by the following

hi @ (t1ho1 ® tahas) = hy @ ((the)1 @ (the)2) = e(ha)h1 ® (t1 @ t2)

(3.14) =a '(h) ® A(t).

Hence, the proof of this lemma is completed. O

LEMMA 3.6. Let (A, H, f#,a) be a Hom-crossed product with convolu-
tion invertible o and (H,a) a finite dimensional semisimple monoidal Hom-
Hopf algebra. Let (M, u) be a left (A#,H, f#,a)-Hom-module and (N,v)
an (A#, H, B#,a)-Hom-submodule of (M, ). If (N,v) is a direct summand
of (M, ) as (A, B)-Hom-modules, then, (N,v) is also a direct summand of
(M, p) as (A#,H, B#,a)-Hom-modules.

PRrROOF. Let 7 : (M,pn) — (N,v) be the canonical projection as (A, 3)-
Hom-modules. By the assumption of (H, ) and [6, Theorem 3.6], there exists
a normalized right integral ¢. Then the map

T (M,p) = (N,v), T(m) = A" (a(t)) - m(A(t2) - =% (m),

is an (A#, H, f#,a)-Hom-module morphism by Lemma 3.5. Furthermore, 7
is also a projection.
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Indeed, for all n € M, the projectivity of m implies that
w(n) = A7 a(t)) - (A(t2) - =2 (n))
= (AT t)A()) - p ()
=e(t)la-p"t(n)
= ’[’L7
which completes the proof of this lemma. O

Combining above two lemmas, we obtain the following Maschke-type the-
orem for Hom-crossed products.

THEOREM 3.7. Let (A#,H, B#,a) be a Hom-crossed product with con-
volution invertible o and (H,«) a finite dimensional semisimple monoidal

Hom-Hopf algebra. If (A, B) is semisimple, then so is (A#, H, B#,q).

4. EQUIVALENT HOM-CROSSED PRODUCTS

In this section, we introduce the conception of equivalent Hom-crossed
systems and investigate the sufficient and necessary conditions for two Hom-
crossed products to be equivalent, meanwhile, we construct an equivalent
Hom-crossed system based on a same Hom-crossed product, by using lazy
Hom-2-cocyles.

PROPOSITION 4.1. Let (A#, H, f#a) be a Hom-crossed product such that
the weak action of (H,«a) on (A, B) is inner via some convolution invertible

map X : (H,a) = (4, B) in H(My). Define
T:(H® Ha®a)— (A,pB),
7(h,g) = [(A"(g10)A " (h11)) 0 (h12, g12)] M(hags).
Then 7 is a Hom-cocycle such that
(A#oH, B#oa) = (A-[H], B @r ),

via a Hom-algebra morphism which is also left (A, )-linear, right (H,«)-
colinear morphism.

PrOOF. For all a € A and h € H, define
¢: A#oH — A-[H], dla#teh) = 7 (a)A(h) @7 a(hs).
Then we claim that ¢ is bijective with inverse

U Ac[H] = A#oH, (a®; h) = B (a)A™ (h)#oalha).
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Indeed, on one hand,
(pow)(a®, h) =B (B~ (@A™ (7)) A(a(ha1)) @- o (ho2)
= (B (a)A~ 1(04 H(h1))) Ma(har)) ®- a?(has)
(ﬂ_2(a A7 (h11)) Ae(ha2)) (hz)
(@) (A" (h11)A(h12)) ®-
ﬁ Ha)la @7 e(ha)a(hs)
=a®; h.

On the other hand, 1 o ¢ = id can be similarly proved.
We now check that ¢ is a morphism of monoidal Hom-algebras: the fact
that ¢ preserves units is obvious, and for all a,b € A, h,g € H,

ol(atoh) (b#a9))
= 6 ((@™ () B’Q(b)) (ha1. 0™ (91)) #00° (ha2)r(g2)]
= {B7a) [(a (1) - B73(b)) o(a (har), 0 %(g1))] }

~—

Ao (haz1)a(ga1)) @+ (h222) %(g22)
={[8%(a) (@~ 2(hy)- B3 )] o(hor, ' (g1))}
Ao (haa1)a(g21)) @7 o (hagz)a®(gaa)

= [B87"(a) (a7 (h1) - B72(1))] (o(h21, 0 (g1))A(e(ha21)g21))
@, a®(haze)a®(g22)

{57 @) [(Ma () BTH0) A (2)]}

x (o (hzl a” ' (g1)Malhaz1)ga1)) @7 o (hazz)a?(ga2)
={[B%(a) (M« “H(h)BTR () A Ya(hi2))}

x (o (h21 a g )) (a(h221)g21)) ®7 @ (hao2)a® (go2)
= [87(a) (AMh11)B72(0))]

x (A a(hi2)) (o(a™  (har), a7 % (1)) A(haz1a™  (g21)))]

®r o (hazn)a?(g22)
[([372( JA(h11)) B (b)]
x [(A~ (h12) (a” (hzl o (g1))
[(ﬂ 1)) ( 1A5 (911 )
X [( h12 Jo(a™ (h21) o (g12))) Ma(ha21)g21)] @7 a®(haze)a?(go2)
{
X

)>\ (ha21) 921)} ®r 0 (ha22)a?(g22)
]

(B72(a)A (hll)) [B72(b) (Mg111)A " (g112))] }
(A (ha2)a(a (har), a H(g12))) Aehazi)g21)] @r 0 (hazz)a?(g22)
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= {(572@))\(7111)) [(ﬂ_ 9111)) “Halginz N}

X [(/\71(}112) (@ (ha1), o~ (912))) Mc(h221)g21)] @7 a®(haza)a®(g22)
={[(B7*(@)Ma" (h11))) (B~ ( ) (g111))] A~ (042(9112))}

X [(/\71(}112) (a” (h21 o ' (g12))) Ma(ha21)g21)] @7 a®(haza)a®(g22)
= [(B72(@)A(h11)) (B2 (B)AM(a(g111)))]

X{/\ a®(g112)) [ (A 1( H(h2))o (a2 (har), a"*(g12)))

A(hazra™ (g21))] } @7 @ (haoa)a® (g22)
= [([37 (a )A(hu)) ([372(17))\( (9111)))]

x { N e(gi12) )(A_ (@ (h2))o (a2 (har), @ *(g12))) ]

Ao (h221 921) } ®7 &°(hao2)a® (go2)
= [(672 @A) (B )M e(or))]

x {[(A_l(glg)A_l(a_l(hL))) o(a™ (ha),a™ (912))| Aalhzm)gen) }

o’ (hg22)a® (g22)

- [( *(@)Ma (h >>) (6*2@»(@)

9122)] Mo (haz)gz1) |

:[(B‘()( () (B0 (9)]
{[(A 7 @20A (07 (h1)) (@ (hagnr) gar2) | Ao? (hama)a(gm)) |

®r a 3(h2229222)
= [(5_2( 1)) (B2 ()M (91))]
X {[( 92111)))‘ H(ha11)) o(a (hz 21), a(g2112))] A(@? (haiz2)a(g212)) }
(h22922)
= [([372(@)\( “H(h)) (B2 (0)Ma ()]
X {[( a(g2111))A” ( (h2111))) U(a(h2112),a(92112))} )\(Oé(h2129212))}
(h22922)
(3:7 F (57 @A) @, alha) (87 B)A(91) @5 alg2))
= ¢(a#oh)d(b#+9).

Since (A#.H, f#,0) = (A-[H], B ®; «) as monoidal Hom-algebras, A, [H]|
is Hom-associative, and thus 7 is a Hom-cocycle.
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Last, it is straightforward to check that ¢ is a left (A, §)-Hom-module and
a right (H, a)-Hom-comodule morphism. Indeed, for all a,b € A and g € H,
we have that

¢(a- (0#s9)) = dlab#oa(g))
= B (ab)A(a(g1)) @7 a®(g2)
= a(B7'(b)A(g1)) ©- *(g2)
=a- (871 0)AMg1) @7 alg2))

= a- ¢(b#q9),
and
(00 ) (b#og) = p(B7H(D)\(91) ©7 a(g2))
= (B72(0)A o (g )) a(ga1)) @ a*(g22)
= (5_2(5))\(911) (912)) ® o(g2)
(B (D) #091) @ alg2)
(( ®id) o p)(b#59),
as needed.
Hence, we complete the proof of this proposition. O

EXAMPLE 4.2. Let (A#H, f#«) be a Hom-smash product such that the
H-action is inner via some Hom-algebra morphism from (H,«a) to (4, 5).
Then (A#H, f#a) = (A® H, 8 ® ), for the cocycle T in Proposition 4.1. Tt
is easy to see that the cocycle 7 is trivial.

The inverse of Proposition 4.1 is also true: that is, if (A#,H, f#.a) =
(A [H], B ®; a) for some Hom-twist product, by a Hom-algebra isomorphism
which is a left (A, 3)-Hom-module, right (H,a)-Hom-comodule morphism,
then the original Hom-action must be inner, via the convolution invertible
map A : (H,a) — (A,5) in H(My) that is given in Proposition 4.1. In
fact, one can more generally give a necessary and sufficient condition for two
Hom-crossed products to be isomorphic, which is a generalization of [1] and

8]

THEOREM 4.3. Let (A,B) be a monoidal Hom-algebra and (H,o) a
monoidal Hom-Hopf algebra, with two weak actions h@a — h-a,h®a — h-'a,
with respect to two cocycles o,0’ : H® H — A, respectively. Assume that

o (A#UH, B#aa) — (A#U/H, ﬁ#o/a)
is a Hom-algebra isomorphism, which is a left (A, 3)-Hom-module and right

(H, o)-Hom-comodule morphism. Then there exists an convolution invertible
morphism A : (H,a) — (4, B) in H(My) such that for all a € A h,g € H,

(1) dlagtoh) = B~ (a)A(h)#ora(ha),
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(2) h'a=[A"a(h11)) (h12- B *(a ))} ( ( 2));
(3) (s g) = [\ (a(hnn)) (12 - A~ (@~ (91)))] [o(har, gar)Ahangen)].

Conversely, given a convolution invertible map X : (H, ) — (A, B) in H(My)
such that (2) and (8) hold, then the map ¢ in (1) is an isomorphism of Hom-
algebras, which is also left (A, B)-linear, right (H, «)-colinear.

PROOF. Define A : (H,a) — (A, B) by AM(h) = ((id®¢) 0 ¢) (1a#ch) for
all h € H, which is clearly a morphism in H(Mj).

Noticing that (id ® €) o ¢ is a morphism of left (A, 3)-Hom-modules, we
get that

((id®@¢) o @) (a#qh) = 87 (a) ((id@e) 0 d) (La#,a ' (h))
= A7 a)A(a™H (h)),

for all a € A,h € H. On the other hand, since ¢ is a morphism of right
(H, o)-Hom-comodules, we have

(po d)(a#oh) = 4(B7 (a)#oh1) @ a(ha).

Writing ¢(la#sa  (h)) = >, a;i#qh; € A#, H and applying (id®e) @
id to both sides of above equation, we obtain that

(((id®e) ®id) o po ¢) (a#oh)
= (((id® ) ®1id) o p) (ﬂ‘l(a) P(Lattoa  (h )))
= (((ld®e) ®id) o p) (a) Zal#a’ i

(4.1)

:((’Ld@ﬁ)@ld OP ZB az#a (l))

i

= ((id®€)®id)((2ﬁ_ (@)~ a)#o alhin)) @ o (hi2))
= Zﬂ ) ® alhy),
((id®€)®ld)(¢(ﬁ Ya)#oh) @ alhs))

D 5-2()A (@~ (1)) @ alhs).

Thus we have

BH @A) # o1 Zﬂ a)aittora(hi) = B (a) - (D aittorhi)
s (a) - p(Lattoa " (h) = $(B7"(a) - (La#tqa™ ' (h)))
= d(a#oh).

Therefore (1) is satisfied.
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Similarly, since ¢! : (A#, H, B#o ) — (Ao H, B#,) is an isomor-
phism satisfying the same hypotheses as ¢, we can set
x(h) = ((id@e) o ¢™) (La#sh)

and could conclude as above that ¢~ (a#,h) = 7 (a)x(h1)#sa(hz2) for all
a€ A he H. Then

La#oh = ¢~ (d(La#oh))
= ¢~ (Ma(h))#q alha))
= Ah1)x(a(har))#o0? (ha2).

Applying id®e to both sides of the above equation, we see that A\(hy)x(h2) =
e(h)14, and thus A= = y.

Now the equation ¢~ ((a#, h)(b#4:9)) = ¢~ L(atto h)d~ L (b#4:g) yields
to

{87 (@) [(a2(m) " B73()) o' (™" (har), @ *(g1))] }
x(a? (haar)a (921))#a ? (ha2)a®(g22)
= (B~ a)x(h1)) {[ho1 ' (ﬁ‘3(b)x(a_2(91)))} o(a(haa), g21)}
#00° (haoa)a? (g22)-
Set a =b =14 and apply id ® ¢ to both sides of (4.

2).
o’ (h1,91)x(h2g2) = x(e(h1)) [(ha1 - x(a™ ' (g1))) o(haz, o (g2))]
= [x(h1) (ha1 - x(a " (g1)))] o(@(ha2), g2)
= [x(a(h11)) (h12 - x(a " (91)))] o(h2, g2).

(4.2)

We obtain

Then we have

(o' (h11, 911)x(h12912)) )\(hzgz)
= {[x(a(h111)) (h112 - x(a Yg11) )] o(hiz, g12) } Mhaga)
= o'(a(hn),algn)) (x(hi2gi2)Ma ™" (h2g2)))
= [x(a®(h111)) (a(P112) - X(911))] [o(h12, g12) A (haga))]

= o' (h1, 1) (X(h21921)A(h22g22))
= [x(a(h11)) (2 - x(a™'(91)))] [0(h21, g21) A(ha2g22)]
= '(h,9) = [x(e(h11)) (ha2 - x(a™1(91)))] [o(h21, g21)A(h22g22)]

which implies that (3) holds.
Again use (4.2) with a = 14 and g = 1g, and apply id ® € to its both
sides to see that

(h1 " B71() x(a(ha)) = x(a(h1)) (h2 - B~(D)).
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Therefore,

[x(c(h11)) (haz - B71(D))] A( = [(h11 " B (1)) x(a(h12))] Aa(h2))
Z( a(hir) - b) (x(a (h12))/\(h2))
— (b1 b) (x(alhar))A(a(h22)))

= (h1 " b)1ae(ho)

=h-"B(b),

gives (2).

The converse follows as in the proof of Proposition 4.1. Indeed, the fact
that ¢ in (1) is an isomorphism of left (A, )-Hom-modules, right (H,«)-
comodules is clear now, whose inverse ¢ : A#, H — A#,H is defined by
Y(a#oh) = B7Ha)A 7 (h1)#,a(h2). And the following routine computation
shows that v is a morphism of Hom-algebras, then so is ¢.

o ((atto ) (0t 9))
= Q/J[a ((a_l(hl) ! 5_2(1?))0/(7121,04_1(91))) #0’042(@2)@(92)}
= {B7a) [(a 2 (1) " B72(b)) o' (@ (ha1), @ 2(91))] }
x A7 (a? (ha21)o(g21)) #00° (haoe)o® (g22)
= {[572(60 (a7?(hy)  B72())] o (ha1, @™ (g1)) }
( (h221) (921))#a ?(haga)a? (ga2)

[ a) (o B72(b))] (o' (har,a™ (g1))A " (a(ha21)g21))
ha22 ) (922)
[ @) (™ () < 5720))] { [ (A (@(harnn)) (haniz - A7 (@ (91)))

o’ h222) 2(922)
(@™ B72(b))] {[/\71(042@2111))(04(}&2112) : /\71(071(911)))]
[(0’ hai21, @ (g121)) (h2122071(9122))))\71(’1221071(921))]}
o0” (ha2)a® (g22)
[ Ha) (o () 8720)] { A (02 (hasan)) (@larz) - A7 e (gw)) )|
[ (a(h2121), :21)()\(hzmoé_l(922)))\_1(a_l(h221)0<_2(931)))]}
o0 (haga)a® (922)
[ Ha) (@ () " B~ ())]{[A_l(a(hzll))(hzlz')\_1(04_2(91)))}

(
(a)
(U(hzlzl, o (9121))/\(}12122071 (9122)))} At (Oé(hzzl)gzl)}
(
(a)

[
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x [U(Oé(hzm)agzg) ()\(hzwa_l(921:))>\_1(h22210<_1(92;1)))}}
#oa (hazzz)a® (g222)

= [37(@) (a7 (i) * 5720)] { A (@lh210)) (hare - A7 (@ 2(90)) )|
x [o(hazr, 0™ (g21) (Mhazzr0™ (g220)) A" (e(hazom )g22n) )| }
#00° (hazaz)a* (92222)

= [67(a) (a™ () B72(1))] {{Afl(a(hzll))(hzlz : )\71(072(91)))}
X [U(hzzl a” (921))( (a (h22211)92211))\_1(Oé(h22212)92212)>]}
#o0" (ha22)a® (g222)

= [67(a) (a™ () B2(1))] {[)\ (a (hzll))(hzlz')\_1(04_2(91)))}

o(a(ha21), g21 } ? (haga)a®(g22)

:{ﬂ*(a)[(A H(ha) (@™ (hnsa) - B40) ) Mao)| }
X {)\_1(@2(h211)) [(hm : )\_1(04_2(91)))0(712217 Ofl(gm))} }
#o0° (haza)a? (g22)

= {[82@ (A ()@ () - 570D ) [ Mahne)) }
X {)\_1(@2(h211)) [(hm : )\_1(04_2(91)))0(712217 Ofl(gm))} }
#o0° (haza)a?(g22)

:{5—1((;){)\ (a(h111) (h112 g3 )H{ a(hi2) { (a(h211))

x (@7 (hrz) - A (@73 (gn)))o (@™ (o), 0 2(921)) )| }

%(
(h11

#50° (haza)a® (g2o)

- {57t tms (ar5720) H (bt

2
X [ hata - A a3 (g ))) (hga1, o~ t( 21))}} 3(hao2)a®(g22)
a®(hy

= {1 @[\ ) (a7 ) - 572 0)) [ H (A2 a11)))
< [(alhoz) - A (a2 >>) (a(h2z21). 0 <g21>>}}

044 ( 2222) (922)

{ﬁ 1(@{)\ (h11) ( (h12) - B~ B(b))}}{()\(Oé(hzll)))fl(042(h212)))
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X [(a(’w@) : )\_1(@_2(91)))0’@221704_1(921))} }#aa?’(h222)0<2(922)
= {87 @[V () (a7 (2) - 57 ) | H{ (M2 (he112) A (0% (ha12)))

X Khm : )\71(072(91)))0(’12217 071(921))} }#aag(h222)a2 (922)
= [(82@A7 () (a2 - 572®)) | [ (B2 - A0 (1))

X o (alho21), g21)| #00* (haz2)o*(922)
=( @A (alhun) ){ (2 8720)) [ (a7 (ha) - 27 (@7 (91)))

o (haa1, 0 (921))” o’ (ha22)a®(g22)
:( HaA @) ) { [ (@7 (hr2) - 872®)) (a7 () - A (072 (0n)) )
ahaa1), gor) | 00" (hgz2)a? (922)
[

) {[(o 0 -750) (s 3 00)]

x o(a (h2221) g21) Fox (h2222) 2(922)

:( ) {[(horr - 572®)) (212 - A (@ 2(01)))]

a(ha21), g21) ¢ #o0® (haoa)a® (g22)
“3’( @A (b)) { [her - (572N (@7 2(91)) | o(alhaz), g21) |
+0° (ha22)0® (g22)
( @A () #ea(ha)) (87 00N (91 #ea(g2))
= Glattorh) (bt g).

Hence, we complete the proof of this theorem. O

——

REMARK 4.4. With a same assumption as in Theorem 4.3, if we let the
weak Hom-action on (A4, 8) be trivial, then the weak action on (A4’, 8’) becomes
inner, and the cocycle ¢’ is just the map 7 defined in Proposition 4.1.

Theorem 4.3 suggests the following definition:

DEFINITION 4.5. Let (A, ) be a monoidal Hom-algebra and (H, o) a
monoidal Hom-Hopf algebra. Two Hom-crossed products (A#t,H, f#,)
and (Ao H, f#, ) (or two Hom-crossed systems (-,0) and (,0') for
(H,«) over (A, B)) are equivalent if there exists a Hom-algebra isomorphism
O (A#.H, f#,0) — (A#to H, [# ) which is a left (A, §)-Hom-module,

right (H, o)-Hom-comodule morphism.
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We denote the equivalent Hom-crossed products by (A#,H,#,a) ~
(A#, H,B#, «), and the equivalent Hom-crossed systems for (H,«a) over
(A,58) by (,0) ~ (,0"), respectively.

DEFINITION 4.6 ([20]). A left lazy Hom-2-cocycle on a monoidal Hom-
bialgebra (H,«) is a linear map F : (H® Hya ® a) = k in H(My) (i.e.,
F o(a® «a) = F ) satisfying

(4.3) F(lg,x) =¢e(x)=F (z,1g),
(4.4) F(z1,y1)F (v2y2,2) = F (Y1, 21)F (%, y222),
(4.5) F(z1,y1)z2y2 = z1yi F (22, Y2),

forallx,y,z € H.

LEMMA 4.7 ([20]). The set of convolution invertible lazy Hom-2-cocycles
denoted by Z3(H, ) is a group under convolution product.

LEMMA 4.8 ([20]). Let v : (H,a) — k be a convolution invertible linear
map in H(My) such that (1) = 1j, and define

D'(y): (H®H,a®a) =k, D'(y)(h,g) =v(h1)y(g1)7" " (haga),
for all h,g € H. Then D'(v) € Z%(H, ).

PROOF. It is a straightforward consequence of Theorem 3.4 by letting
(A, B) = (H,«) and the weak action is trivial. O

The set of all convolution invertible linear maps v : (H,«) — k in ﬁ(M k)
satisfying

(4.6) Y(h1)ha = hay(he), v(1uw) =1k, Vh € H,
is denoted by Regj (H, ), which is a group under convolution product.

PROPOSITION 4.9 ([20]). The map D' : Regl(H,a) — Z3(H,«) is a
group homomorphism, whose image denoted by B%(H, ), is contained in the
center of Z#(H,«). We call the quotient group

Hi(H, ) := Zj(H,a)/BL(H, )
the second Hom-lazy cohomology group of (H, ).

PROPOSITION 4.10. Assume that (H,«) is a monoidal Hom-Hopf alge-
bra, and (B,B|p) C (A,pB) is an (H,«)-cleft extension, and let (-,0) be the

corresponding Hom-crossed system for (H,«) over (B, f|p). Then we have
the following.
(1) Let F € Z2(H,a). Then (-,(Boa)« F) is also a Hom-crossed system
for (H,«) over (A, ).
(2) Let F,F' € Z3(H,«). If F~' % F' = D(v) for some v € Reg} (H, ),
then (-, (Boo)*F)~ (-, (Boo)*F’).
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PROOF. (1) First, we show that (3.5) for the map (8o o) * f holds. For
all h,g € H and b € B,

((Boa)*F)(a(h),a(g1))((hag2) - b)
o(a?(h11), & (g11))F ((hi2), (g12))((haga) - b)
o(a(hi), a(g1))F (ha1, g21)(a(ha2g22) - b)

a(a(hy), a(g1))F (hae, g22)(a(haigar) - b)
= o(a®(h11),*(g11))(a(h12g12) - D)F (ha2, g2)
)-8

¥ (a2<hn> (algur) - 87 (4)) ) 7(0* (haz). 0 (gr2) F (2, 92)
(alm) - (g1 - 871 0)) ) (02 (har), 02 (g20)F (alhz2), alg22)

= (a(h) - (g1 571 0))) (B o) * F)(alh2), alg2)).

Second, we show that (3.6) for the map (8o¢)* F holds. For all z,y,z € H,

(3.6)
((Boo)xF)(a(x1), a(y1)(Bo0)* F)(x2y2,2)
= o(e?(z11), &* (Y11)F (w12, y12)0 (w21 Y1), (2

—

4.5)

—

Y 1))F (x22Y22, 22)
o(a(zr), alyr))F (za1,y21)0 (@ (Ta21y221), a(21)) F ((222Y222), 22)
= (04(331) (yl)) (33211 y211) 042(3321224212) a(zl))F(I22y22,Z2)
(4.5)

Q

Il
Q 9

(
(a(z1), a(y1))F (2212, y212)0 (0 (96211?/211) a(z1))F (x22y22, 22)
(04(561) Oé(yl))F(ﬂﬁml y221)0(a($21y21) ( )) ( (5622211222),22)
(@ (z11), (Y1) F (w21, y21)o (a(z12y12), (21))F (222922, 22)

—
w

6
= (a (51011 U(G(yll 211) F 5621 y21 2012) (y12212))

)
)

=

F (x22y22, 22

)
(454) ( (Iu (Ot y11 211
)

F (22, Y2222

F (y21,221)0 Ilz) a(yizzi2))

= (G(Il) 'U(yl,Zl))F(yml,2’221)0'(042(3321),Oé(yzlzzl))

F (222, y2222222)

(a(l’l) oy, 21))F(y2127 2212)0(a” (x21), 0 (y2112211))
F (222,07 (y22222))

= (a(l’l) 'U(yla21))F(y21172211)0'(042(3321%042(3/2122212))

F (a(z22), y22222)



366 Z. WANG, L. ZHANG AND H. ZHENG

« £C1) o a y11) (211)))F(y121,2121)0(042(5621),042(3/1222122))

= 1 X
o

(z22), 0 (y222))

o

o (y222))

(
)
a(z1) - o(a®(yin), 2(2111)))F(y112=2112)0(042(5521)7a(y12212))
(222)
(a

=
=
F(
(a xl) o y11) (m)))F(ylz,212)0(a2(w21),a(y21221))
F (a(z22), y22222)

=

ae1) - (Boo) + 1)y, 1)) (Bo0) * F)(a(w2), yaz2).

Last, it is obvious that the map (8 o o) * F is normal.

(2) Define A : (H,a) — (B,B|),\(h) =y~ }(h)14. Then a direct com-
putation shows that Theorem 4.3 (2) and (3) hold by (4.5) and (4.6). Hence
d: (A#,H, f#,a) = (A#, H, f#4 ) is an isomorphism of Hom-algebras,
which is a left (A, 8)-Hom-module, right (H, «)-Hom-comodule morphism by
Theorem 4.3. Therefore, (-, (Boc)* F)~ (-, (Boc)*F’). O
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