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TWISTED HEISENBERG-VIRASORO VERTEX OPERATOR
ALGEBRA
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ABSTRACT. In this paper, we study a new kind of vertex operator
algebras related to twisted Heisenberg-Virasoro algebra. We showed that
there exist one-to-one correspondences between the restricted module cate-
gories of twisted Heisenberg-Virasoro algebras of rank one and rank two and
several different kinds of module categories of their corresponding vertex
algebras. We also study in detail the structures of the twisted Heisenberg-
Virasoro vertex operator algebra and give a characterization of it as a
tensor product of two well-known vertex operator algebras.

1. INTRODUCTION

This paper mainly consists of two parts. One is the relationship between
(¢-coordinated) modules of certain vertex algebras and restricted modules of
two Lie algebras, the results are good in that we get equivalence of categories
of modules, which may provide new ways of looking at the representation
theory of the two Lie algebras as well as the representation theory of the
obtained vertex algebras. The other is a fulfilled study of vertex operator
algebras we obtained. This kind of vertex operator algebra looks like the
form of combining Heisenberg and Virasoro vertex operator algebras. The
structure theory and representation theory of vertex operator algebras coming
from Heisenberg algebras and Virasoro algebras are well-known and beautiful,
so it is inevitable to consider the corresponding theory of our obtained vertex
operator algebras.
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The rank one twisted Heisenberg-Virasoro algebra £ was first studied in
the paper [2], it is spanned by the elements Ly, I,,, ¢1,¢2,¢3, n € Z, and the
Lie bracket is given by (cf. [5])

m3—m

[Lmu Ln] = (m - n)Lm-i-n + 5m+n,OT

[Lmu In] = _nIm—i-n - 5m+n,0(m2 + m)c27
[Im; In] = m6m+n,0037 [‘Cv C’i] - Oa 1= 17 25 3

C1,

With L,, — —t"“% and I,, — t", it is the universal central extension of the
Lie algebra of differential operators on a circle of order at most one:

05 +g(0) | £(0).0(0) € Clt.t 7))

t

The highest weight modules of £ when c3 acts in a nonzero way have been
studied in the paper [2]. The study for c3 acts as zero is given in [5]. £ also has
its role in the representation theory of toroidal Lie algebra ([6]). Recently, the
authors in [3] gave a free field realization of the twisted Heisenberg-Virasoro
algebra and study the representation theory of it when c3 acts as zero using
vertex-algebraic methods and screening operators. The representation theory
of Heisenberg-Virasoro vertex operator algebras is also related to logarithmic
conformal field theory ([4]). In our paper, we study the restricted modules of £
using vertex algebra methods and formal variables, we give a characterization
of this type of modules via vertex algebras and corresponding (¢-coordinated)
modules, where our ¢1, ¢2, ¢c3 can act as any complex numbers. And the results
are also used to study the irreducible modules of the obtained vertex operator
algebras.

n [33], the authors generalized the rank one to rank two case, and call
the Lie algebra arising from 2-dimensional torus, which here we denote it by
L*. More precisely, let A = (C[tlil,tQﬂ] be the ring of Laurent polynomials
in two variables and B be the set of skew derivations of A spanned by the
elements of the form

Em)n = t;ntg(’ndl — mdg),

where (m,n) € Z?, and dy,dy are degree derivations of A. Set L = A ® B.
Then L becomes a Lie algebra under the Lie bracket relations

[t t5] = 0;
[t By 5] = (nr — ms)t 0+,
[Em,nv 7,8 ] (nr - ms) m-+r,n+s-
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Let L’ be the derived Lie subalgebra of L. Then L’ is perfect and has a
universal central extension £* with the following Lie bracket relations ([33]):

[t7'ty, t1t5] = 0;  [Ki, L] =0, i=1,2,3,4;
[t7'ty, Ers] = (nr — ms)t’ln"'rtg"'s + Omtr,00n+s.0(MmE; +nKs);

[Em,na Er,s] = (nr - mS)Eerr,nJrs + 5m+r,05n+s,o (ng + nK4)

where (m,n), (r,s) € Z*\{(0,0)}, K1, K2, K3, K4 are central elements.

In this paper, we give an association of the restricted modules of L*
with ¢-coordinated modules of corresponding vertex algebra, where again our
K, Ky, K3, K4 can act as arbitrary complex numbers.

In a series of papers, the authors use Lie algebras to construct and study
vertex algebras, and they also give the connections between the modules of
the Lie algebras and the modules of the corresponding vertex algebras or
their likes. For example, the very beginning study of the association of affine
and Virasoro algebras with vertex (operator) algebras (cf. [15]), and further
studies like [24, 26, 27, 8], etc. Later on, many other Lie algebras, like toroidal
Lie algebras, quantum torus Lie algebras, deformed Heisenberg Lie algebras,
Lie algebra gl_, elliptic affine Lie algebra, ¢g-Virasoro algebra and unitary Lie
algebra have also been related to vertex algebras or their likes (see [15, 7, 32,
25, 27, 20, 18, 19]).

As for the rank one twisted Heisenberg-Virasoro algebra L, it contains
both a Heisenberg subalgebra and a Virasoro subalgebra. In the theory of
vertex algebras, we usually write the generating functions of Virasoro algebra
and Heisenberg algebra as

L(z) = Z Lo,z "2 I(x) = Z Ly~ "1,

nez ne”z

so we first consider these types of generating functions. After writing the
bracket relations in terms of generating functions, we see that the subset
which consists of L(z) and I(z), when acting on a restricted module W of
L, form a local subset (see [27], cf. [24]). So conceptually, it generates a
vertex algebra with W a module under a certain vertex operator operation.
And in this case, the explicit vertex algebra we needed is actually an induced
module constructed from L. In the process, we observe that when writing the
generating functions as the form

Z(x) = ZLnaf", IN(a:) = Z Ly ",

nez nez

the subset that consists of Z(:v) and I (x), when acting on a restricted module
W of L, also forms a local subset, but under the vertex operator operation
which was introduced through the study of quantum vertex algebras and their
corresponding modules ([28, 29]), it generates conceptually a vertex algebra
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with W being its ¢-coordinated module. And in this case, we use another Lie
algebra which is isomorphic to £ to construct the vertex algebra we needed.

For the rank two twisted Heisenberg-Virasoro algebra L£*, we write the
generating functions as

T(z) = Z ti'tsx™", Epn(x) = Z Epnz".
nez nez

Form the subset Uy = {1w} U {Th(2), Em(z) | m € Z} with W being
a restricted module of £*, this subset is also a local subset. And under
the context of [28] or [29], it generates a vertex algebra with W being its
¢-coordinated modules. To associate a vertex algebra to L£* explicitly, we
construct a new affine type Lie algebra £+ and showed that its induced module
Vs (1234, 0) is a vertex algebra, where £1234 € C (see section 4). Furthermore,
we prove the correspondence between the restricted modules of £* and ¢-
coordinated modules of the vertex algebra Vg (£1234,0).

Beside the equivalence between the categories of these two Lie algebra
modules and corresponding vertex algebra modules, we study in detail the
new vertex operator algebra V(¢123,0) obtained in section 2, give the char-
acterization of all the irreducible vertex operator algebra V7 (¢123,0)-modules,
and then we consider the Zhu’s algebra, Cs-cofiniteness, rationality, regular-
ity, unitary property of it and its simple descendant, we also consider the
commutant of Heisenberg vertex operator algebra in it, in the process, we
give a characterization of it as a tensor product of two other vertex operator
algebras which are equipped with non standard conformal vectors (See section
3 for detail).

Y. Zhu in [36] constructed an associative algebra A(V) (nowadays it is
called Zhu’s algebra of V') for a general vertex operator algebra V and es-
tablished a 1-1 correspondence between irreducible representations of V' and
irreducible representations of A(V'). Cs-cofiniteness, rationality and regular-
ity are three different but closely related notions, and Zhu’s algebra plays
an important role in studying them, since for V' being Ca-cofinite, rational
and regular, A(V) must be a finite dimensional algebra (c.f. [36, 12]). The
notion of regularity (which deals with the complete reducibility of weak mod-
ules) was first introduced in the paper [11], it is a generalization of rationality
(which was first introduced in the paper [36] and deals with the complete
reducibility of admissible modules). Regularity implies rationality by defi-
nition, and it was showed in [31] that any regular vertex operator algebra
is Co-cofinite, Ca-cofiniteness and rationality is equivalent to regularity for
CFT type vertex operator algebras has been proved in [1]. For our vertex
operator algebra Vi (¢123,0), it is closely related to two kinds of vertex oper-
ator algebras, as one may expected, Virasoro and Heisenberg vertex operator
algebras, their Cy-cofiniteness, rationality and regularity are well-known (c.f.
[11, 15, 35]). In section 3, we show in two different ways that the Zhu’s algebra
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of Vi (l123,0) is infinite-dimensional, and its simple descendant also turns out
to be infinite-dimensional, which immediately give that our V. (¢123,0) and
its simple descendant are not Cs-cofinite, not rational and not regular.

The unitary property of vertex operator algebras has been studied in [9],
and most well-known vertex operator algebras turn out to be unitary, our
Vi (€123,0) is also proved to be unitary under certain conditions. Unitarity
of a vertex operator algebra is important in that it is the first step that one
may want to construct conformal nets from vertex operator algebras, where
the construction of conformal nets and the construction of vertex operator
algebras are expected to be equivalent in the sense that you may get one
from the other. The commutant of a vertex subalgebra in a vertex algebra
was introduced by Frenkel and Zhu in the paper [15], it is a generalization of
the coset construction considered by Kac-Peterson in representation theory
([22]) and Goddard-Kent-Olive in conformal field theory ([17]). Describing the
generators (or even basis) of a commutant is generally a non-trivial problem
(c.f. [10, 21]), the authors in the paper [23] reducing the problem of describing
commutant in an appropriate category of vertex algebras to a question in
commutative algebra, which is a new viewpoint, here we solve our problem by
giving a characterization of our vertex operator algebra as a tensor product
of a Heisenberg vertex operator algebra (with nonstandard conformal vector)
and a Virasoro vertex operator algebra (constructed using new conformal
vectors).

This paper is organized as follows: In section 2, we first review the def-
inition of rank one twisted Heisenberg-Virasoro algebra £ and define its re-
stricted modules, then we prove that the category of restricted £-modules
is equivalent to the category of modules for a specific vertex algebra and
we also present the equivalence between restricted L£-module category and
¢-coordinated module category for certain vertex algebra. In section 3, we
specifically study the structure theory of vertex operator algebra Vi (¢123,0).
In section 4, we study the relationship between the restricted module category
of the rank two twisted Heisenberg-Virasoro Lie algebra £* and ¢-coordinated
module category for a vertex algebra which is constructed based on a new Lie
algebra.

2. MODULES AND ¢-COORDINATED MODULES

In this section, we associate the rank one twisted Heisenberg-Virasoro
algebra £ with Vz(¢123,0) in terms of vertex algebra with its module and
¢-coordinated modules. More specifically, we show that there is a one-to-one
correspondence between the restricted £-modules of level £123 and modules for
the vertex algebra V,(f123,0). And also the category of restricted £-modules
of level /193 is equivalent to that of ¢-coordinated modules for the vertex
algebra Ve (¢123,0), where £ is a Lie algebra that is isomorphic to L.
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Throughout this paper, we denote by N, Z, C, C* the set of nonnegative
integers, integers, complex numbers, nonzero complex numbers respectively,
and the symbols x, z1, 22 ... denote mutually commuting independent formal
variables. All vector spaces in this paper are considered to be over C. For a
vector space U, U((x)) is the vector space of lower truncated integral power
series in z with coefficients in U, Ul[z]] is the vector space of nonnegative
integral power series in x with coefficients in U, and U|[[z,2~1]] is the vector
space of doubly infinite integral power series in x with coefficients in U.

2.1. Basic notions. For later use, we know from [24] that

9 Jnapra(

T2
6$2 X1

(2.1) (21— 22)™( )=0

for m >n, m,n € N, where 6(£1) = >_ afz,".
neZ
For the definition of vertex (operator) algebra and its modules, we follow

[24]. Let W be a general vector space. Set
(2.2) E(W) = Hom(W, W((z))) C (EndW)[[z,z~"]].

The identity operator on W, denoted by 1y, is a special element of E(W).
The following notion of locality was introduced in [27].

DEFINITION 2.1. Formal series a(x),b(z) € E(W) are said to be mutually
local if there exists a mnonzero polynomial (z1 — x2)* with k € N such that

(2.3) (z1 — x2)*a(x))b(x2) = (x1 — 22)*b(x2)a(z1).
A subset (subspace) U of E(W) is said to be local if any a(x),b(x) € U are

mutually local.

Recall the basic notions and results on ¢-coordinated modules for vertex
algebras ([28]). Set

¢ = ¢(z,2) = we* € C((z))[[2]],
which is fixed throughout the paper.

DEFINITION 2.2. Let V be a vertex algebra. A ¢-coordinated V-module
is a vector space W equipped with a linear map

Yw (-, ) : V — Hom(W, W ((z))) C (EndW)[[z,z~']],

satisfying the conditions that Yw (1,2) = 1w and that for u,v € V, there
exists a nonzero polynomial (x1 — x2)* with k € N such that

(z1 — )Yy (u, 1) Yo (v, 22) € Hom(W, W ((z1,22)))
and

(226 — 22)*Yiw (Y (u, 2)v, w2) = (21 — 22)*Yiv (u, 1) Yiv (v, 22)) 0y == -
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Let W be a general vector space, a(x),b(z) € E(W). Assume that there
exists a nonzero polynomial p(z) such that

(2.4) p(z, z)a(x)b(z) € Hom(W, W ((z, 2))).
Define a(x)gb(x) € E(W) for n € Z in terms of generating function

Ve (a(e), 2)b(e) = 3 (a(@)sb(z)) =1
neL
by
Y¢(a(x), 2)b(x) = p(ze®, 2) " (p(21, 2)a(21)b(@)) oy =ze:,

where p(z1, ) is any nonzero polynomial such that (2.4) holds and p(xe?, z) ™!
stands for the inverse of p(ze®,z) in C((x))((z)). (Note that p(ze®, z) is a
nonzero element in C((x))((z)).) The definition of ¢-coordinated module re-
quires that p(w, z) is of the form (z — 2)* with k € N.

A subspace U of £(W) such that every ordered pair satisfies (2.4) is said
to be Y¢-closed if a(x)5b(x) € U for a(x),b(x) € U, n € Z. We denote by
(U)e the smallest Y¢-closed subspace of £(W) that contains U and 1.

The following result was obtained in [28] (Theorem 5.4 and Proposition
5.3).

THEOREM 2.3. Let U be a local subset of EW). Then ((U)e,YE, 1w)
carries the structure of a vertezx algebra and W is a ¢-coordinated (U).-module

with Y (a(x), 2) = a(z) for a(x) € (U)e.

Now we are in a position to study the twisted Heisenberg-Virasoro algebra
in terms of vertex algebra with its module and its ¢-coordinated modules.

2.2. Modules. Firstly, we give the definition of the rank one twisted
Heisenberg-Virasoro algebra £ (see [2] or [5]).

DEFINITION 2.4. The rank one twisted Heisenberg-Virasoro algebra L is
a Lie algebra with the basis {Ly, I, c1,ca,c3ln € Z}, and the following Lie
brackets:

3

mT —m

(25) [Lm, Ln] = (m — ’I’L)Lm+n + 6m+n,017;clu
(2.6) (Lo, In] = —nlppgn — 6m+n,o(m2 + m)ea,
(2.7) (L, In] = MOmnocs, [Lici] =0, i=1,2,3.

Clearly, Span{L,, ¢1 | n € Z} is a Virasoro algebra, Span{I,, ¢s | n €
Z\{0}} is an infinite-dimensional Heisenberg algebra, we denote them by Vir,
‘H respectively.

Form the generating functions as

L(z) = Z L,z 72 I(x) = Z Ly~ "1,

nez nez
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then the defining relations of £ become to be
[L(z1), L(z2)]
3 _

—m—2,_—n—2 m-—=m  _m-2 m-2
= E (m —n)Lygnx; " 223" —|—E 15 czy " ey

m,ne” meEZ

(2.8)

€2

= L' (z5)z7'6 <w1> + 2L(x2)6i$23;1*15 (%)
#3 o) (2
[L(x1), 1 (2)]

= - g nIerna:fm*Qx;n*l - g (m? + m)CQxfm72:1772”71
m,ne”Z meZ

(2.10)  [I(x1),I(z2)] = mzezmc;gxl_m_lx’;_l = %xflé <z—j) cs,
where L' (2) = L (L(2)), I (z) = L (I(z)).

We give the following definition.

DEFINITION 2.5. An L-module W is said to be restricted if for any w €
W,n € Z, Loyw = 0 and Lyw = 0 for n sufficiently large, or equivalently, if
L(z),I(z) € EW). We say an L-module W is of level {123 if the central
element c; acts as scalar ¢; fori=1,2,3.

Recall ([24]) that a Lie algebra g equipped with a Z-grading g = [,,c5, 9(n)
is called a Z-graded Lie algebra if
[g(m), g(n)] C G(m4n) form,n € Z.
A subalgebra h of a Z-graded Lie algebra g is called a graded subalgebra if
h= H B(n), where b,y =bhN g, forn € Z.
nez

In particular, g(o), g(+) = ]_[n21 O(+n) and g(g) ® g(+) are graded subalgebras.
For the twisted Heisenberg-Virasoro algebra £, consider the following Z-
grading on £

(2.11) =] £w:

nez
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where
3
Ly =CLy®Cly®» Ce;, and L) =CL_, ®CI_, for n # 0.
i=1
It makes £ a Z-graded Lie algebra, and this grading is given by adLg-
eigenvalues. Then we have the graded subalgebras

Loy =112 =1l e J] CL,

n>1 n>1 n>1
Loy =1 £ = [T CLove [ CLa,
n>1 n>1 n>1

E(o) 2] ﬁ(,), and ﬁ(o) S?) £(+).
We also have the graded subalgebras

3
(2.12) Ly =]]CLno][Cl.a) Ca,
n<1 n<0 i=1
(2.13) Loy =][[CLne []CL.,
n>2 n>1

and the decomposition
(2.14) L= E(gl) S¥ 5(22).

Let ;i = 1,2,3, be any complex numbers. Consider C as an L(<1)-
module with ¢; acting as the scalar ¢;,7 = 1,2,3, and with [[ ., CL_, @
I,.<o CI-, acting trivially. Denote this £ <i)-module by Cy,,,- Form the
induced module

(215) V£(£1237 0) = U(E) ®U(£(S1)) (C€1237

where U(-) denotes the universal enveloping algebra of a Lie algebra.
Set 1 =1®1 € V;(f123,0). Define a linear operator d on £ by

d(c;) =0, fori=1,2,3,
d(L,)=—(n+1)L,_1, and d(I,) = —nl,_1, n € Z.

It is easy to check that d is a derivation of the twisted Heisenberg-Virasoro
algebra £, so that d naturally extends to a derivation of the associative algebra

- 3
U(L). Clearly, d preserves the subspace [[,, ., CL_, ®]],, ., CI_,® > C(c;—
= = i=1
¢;) of U(L). Since as a (left) U(L)-module,

3
Ve(l2s,0)2UL)/UL) [ [[CLne J[CLne) Cle-6) |,

n<1 n<0 =1
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it follows that d induces a linear operator on Vz(¢123,0), which we denote by
d. Then we have

d(1) =0, and [d, L(z)] = %L(x), 4, 1(2)) = - I(2).

x
From (2.8) to (2.10), using (2.1), we see that

(21 — 22)*[L(21), L(z2)] = 0, (z1 — 22)°[L(21), I(22)] = 0,

(21— x2)?[I (1), I (22)] = 0.
By the Poincare-Birkhoff-Witt theorem, as a vector space we have
Ve (£123,0) = U(L(>2)) = S(L(>2))-
And

Ve(l125,0) = [ Ve(fr2s,0) ),
n>0

where Vi (£123,0)0) = Ce,ps and Ve (£123,0)(,), 7 > 1, has a basis consisting
of the vectors

I I p L, L 1
forr,s >0, my >-->mp >2, kg > >k >1with > m;+ > k;j =n.

i=1 j=1

Then by Theorem 5.7.1 of [24] we get the following theorem.

THEOREM 2.6. V. (l123,0) is a vertexr algebra, which is uniquely deter-
mined by the condition that 1 is the vacuum vector and

(2.16) Y(L_51,z) < > Lz )

nez

(2.17) Y(I_11,2)=I(z ( > ILa ">

nez

The vertex operator map Y for this vertex algebra structure is given by
Y(Imy - I Ly oo+ Lo, 1, 2) = 1(@)imy - L(@)m, L(@)ny 41+ L(@), 11

forr,s >0 and ny,- -+ ,n.,my, -+ ,mg € Z. Furthermore, T = {L_21,1_11}
is the generating subset of Vi (£123,0).

CONVENTION: In our paper, for numbers of the form ny,...,n,, we say
r > 0, where r = 0 means the element with subscript n;’s do not appear.

In the following, we denote by w = L_51, [ = 1_11, and W = il_ll_ll
(for 3 # 0), note we have w, = Ly—1, (I)y, = (I_11),, = I,, (this is why we
denote by I_11 the symbol T), for all n € Z.



TWISTED HEISENBERG-VIRASORO VERTEX OPERATOR ALGEBRA 379

REMARK 2.7. As a module for the twisted Heisenberg-Virasoro algebra,
Vi (€123, 0) is generated by 1 with the relations ¢; = ¢; and L,1 = I,,1 = 0 for
n>—-1,m2>0,i=1,2,3. In fact, Vz(¢123,0) is universal in the sense that
for any module W of the twisted Heisenberg-Virasoro algebra L of level £123
equipped with a vector e € W such that Lp,e = I,,e =0 for n > —1,m > 0,
there exists a unique £-module homomorphism from Vi (¢123,0) to W sending
1toe.

We now use Theorem 5.5.18 and Theorem 5.7.6 of [24] to prove the fol-
lowing result.

THEOREM 2.8. Let W be any restricted module for the rank one twisted
Heisenberg-Virasoro algebra L of level £123. Then there exists a unique module
structure on W for Vi (123,0) viewed as a vertex algebra such that

(2.18) Y (L_o1,2) = L(x) <_ > Lna:"2> :

(2.19) Y (I_11,2) = I(x) <: > Inx”1> .

nez

The vertex operator map Yw for this module structure is given by

(2.20)
Yiw (Iny =+ Iy Loy -+ Lo, 1,2) = T(@)y -+ L (@), L(@) g 41+ L(2)n, 1 1w
fOTT'ZOﬂSZO G/ﬂdnl,"' y Mpy My e Mg EZ

PROOF. Set

Uw = {L(z),1(z), 1w},

then Uy is a local subset of £(W). By Theorem 5.5.18 of [24], Uy, generates
a vertex algebra (Uy ) with W a natural faithful module. Furthermore, (Uy)
is the linear span of the elements of the form

a(l)(gc)n1 Y (2)n, 1w

for a(® () € Uw, ni,...,n, € Z with r > 0. (Uw) is an L-module with L,,, I,
acting as L(z)n+1,I(x)y for n € Z, so that L(x),1w =0, I(x),1w = 0 for
n > 0. In view of Remark 2.7, there exists a unique £-module map 1 from
Ve (€123,0) to (Uw) such that ¢)(1) = 1y. Then

w(wnv) - L(QT)M/)(U) and w(Inv) - I(x)n¢(v)7 forn € Z,’U € V£(€123a 0)

The existence and uniqueness of V ({123, 0)-module structure on W now im-
mediately follows from Theorem 5.7.6 of [24] with T' = {w, I'}. O

On the other hand, we have the following statement.
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THEOREM 2.9. Every module W for Vi (¢123,0) viewed as a vertex algebra
is naturally a restricted module for the rank one twisted Heisenberg-Virasoro
algebra L of level 123, with L(x) = Yw (L_21,2), I(z) = Yw(I_11, z).

Proor. We have (L,Q]_)l =w; = L;_1, (1711)1 = I, for i € Z. Then for
i>0,
(L,Q]_)iL,Q]_ =L; 1L _51= [Lifl, L,Q]l

(2.21) =(i+1)Li—31+d;—3,0 (i~ 1)31; (i-1)

(L721)»L'1711 = Li,1[,11 = [Li,17171]1
= i_gl — 51‘_2)0((2. - 1)2 + (l - 1))021,
(223) (1711)1'[,11 = IZ'I,11 = [Ii,I,1]1 == i5i,170031.

Cll,

(2.22)

By Proposition 5.6.7 of [24], we get

[YW (L,Q]_, .Il), YW (L,Q]_, xg)]

-5 v e () s (2)

i>0

(2.24) = Yw (L 31, xz)x215< )

ot () (2
() ()

[YW(LfQ]-wfl) ( 11,29 ]

- vt e () s (2)

>0
= Yw(I 21 {EQ){EQ 15 < )
T2

0 1 T 0 2 1 T
—YW(I_ll,(EQ) 8—171 Ty 1) x—z — 8—171 Lo 1) :17_2 021,

[Yw(I_ll, ,Tl), Yw(I_ll,LL'g)]

i>0

()2

(2.25)
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Note that
d
Yw(L-31,2) = Yw(d(L_21),z) = EYW(L—217$)
and
d
Yw(I-21,2) =Yy (d(I-11),2) = EYW(Lll,x).

With Proposition 2.3.6 of [24] and the fact

g (21 g (B2 g (22
x5 6<x2) =] 6<x2) x] 6<x1)’

we see that W is an L-module of level {1293 with L(z) = Y (L_21,2), and
I(x) = Yw(I_11,2) for L_o, 11 € L. Since W is a V;(¢123,0)-module, by
definition, Yy (L_21,2), Yiw(I_11,2) € E(W). Therefore, W is a restricted
L-module of level #123. O

2.3. ¢-coordinated modules. We now consider the case of ¢-coordinated
modules. Modifying the generating functions of £ by a shift as follows:

Z(x) = ZLnaf", IN(a:) = Z Ly ",
nez neZ

then the defining relations of £ become to be

[L(z1), L(22)]

3
_ _ mT —m _
= E (m —n)Lygnx] "z " + g T3 C171 Myt
m,ne” meEZ

(2.27) o ~ Lo _ o Lo
C1 8 3 X9 C1 8 i)

[L(x1), I(w2)]
=— Z Nl gy Ty " — Z (m? + m)cazy "y

m,n€e”Z meZ

(2.28) - (ua%f(xz)) 5 (%) + I(x2) (xza%) 5 <i—j>
) 1) (e ()

(2.29) [[(21), I (22)] = Y mesay™a = <x26%2) 5 <‘T2) cs.

X
meEZ 1
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We further set

(2.32)  [I(a1), I(x2)] = <x2i> 5 <ﬁ) cs.

Now we need a new Lie algebra to establish the connection between £ and
certain vertex algebra with respect to ¢-coordinated modules.

_ DerINITION 2.10. Let £ be a wvector space spanned by the elements
Ly, In,ci,n€Z,i=1,2,3, we define the brackets of £ as follows:

- m(m —1)(m —2)

(233) [Zm,fn] = (m — n)Lern,l + 12 5m+n7270017
(234) [Zm,jn] = —nTern,l — (m2 — m)5m+n,11002,
(2.35) [Lm, In] = Méminocs, [£,¢i]=0, fori=1,2,3.

It is straightforward to see that £ is a Lie algebra, and it is isomorphic
to the rank one twisted Heisenberg-Virasoro algebra L via

Loy v L1, I I, ci—c; for i=1,2,3.

We set
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then the definition relations of £ amount to
[L(21), L(x2)]
= Z (m — n)Zernflxl_m_lxz_n_l

(2.36) ni%?;m( — D(m =2y g
() (2) st (2)

[L(21), I(22)]
= - Z Nl tn—17] Lpomn=t — Z (m* —m)coxy ™ 1:177271 2
m,n€eZ mEeZ

Lo=[[Tne]]Tn @chl, Lao=][Tne ] T.

n>0 n>0 n<0 n<0
Then £>0 and £.¢ are Lie subalgebras, and £ = £59 ® £0 as a vector
space. Let ¢; € C,i = 1,2,3, we denote by C;,,, = C the one-dimensional
L>o-module with ]_[n>0 L,® ]_[n>0 1,, acting trivially and ¢; acting as ¢; for
i =1,2,3. Form the induced module

Ve (l123,0) = U(L) ®u(esy) Criss-

Set 1 =1®1 € Vg (f123,0). Similarly, one can show that there exists a natural
vertex algebra structure on Ve (f123,0) with a linear operator d on £ defined
by
d(c;) =0, for i=1,2,3,
d(L,) = -nL,_1, d(I,)=-nl,_1, n€Z,

and it is uniquely determined by the condition that 1 is the vacuum vector,

(2.39) Y(L_11,z) < > Lna )

nez
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(2.40) Y(I_11,2) = 1(z) (: anx_"_l> .

neZ

The vertex operator map Y for this vertex algebra structure is given by
Y(Twn e 'Tmszm o 'fmla T) = T(x)ml e 7($)msz(x)n1 o 'f(x)nrl

fo_r r > 0,s > 0 and ny, -+ ,np,my, -+ ,ms € Z. Furthermore, T =
{L_11,1_411} is a generating subset of V¢ (¢123,0).

REMARK 2.11. As a module for the new Lie algebra £, Va(f125,0) is
generated by 1 with the relations ¢; = ¢; and L,1 = 1,1 = 0 for n > 0,
i=1,2,3. Ve(l123,0) is universal in the sense that for any module W of £ of
level /193 equipped with a vector e € W such that L,e = I,e = 0 for n > 0,
there exists a unique £-module homomorphism from Ve (£125,0) to W sending
1 to e.

And we have the following result.

THEOREM 2.12. Let W be a restricted L-module of level £125. Then there
exists a ¢-coordinated Vg (l123,0)-module structure Yy (-,x) on W, which is
uniquely determined by

Y (L_11,2) = L(z) and Yw(T_11,2) =1(z) forL_1,1_1 € &
The vertex operator map Yy for this module structure is given by

YW(Tml .. 'Tmsfm .. .fm‘l, r) = A(x)fnl .. .f(x)e E(x)e .. .E(x)e 1w

ms niy N

forr>0,s>0and ny, - ,npy,my, -+ ,mg € Z.

PROOF. Since T = {L_11,1_11} generates Vg(f123,0) as a vertex al-
gebra, the uniqueness is clear. We now prove the existence. Set Uy =
{1w} U{L(z),I(z)} C EW). From (2.30) to (2.32), by using Lemma 2.1 of
[29], we see that

(21 = @2)'[L(1), L(w2)] = 0, (1 = 22)°[L(a1), T(w2)] = 0,
(w1 = 22)*[T(21), I (w2)] = 0.
Then Uy is a local subset of £(W), Theorem 2.3 tells us Uy generates a
vertex algebra (Uw ). under the vertex operator operation Y¢ with W a ¢-
coordinated module, and Yy (a(z), z) = a(2) for a(z) € (U ). Using Lemma
4.13 or Proposition 4.14 of [29], together with (2.30), (2.31) and (2.32), we
have

L(z)¢L(z) =0 fori=2andi> 4,
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L)L) = ()

L(z)¢I(z) =0 fori >3,

E)iT(w) = T(a),
E@)6Ta) =24 1(2),

and R
I(z){I(z) =0 fori=0and i > 2,

I(x)1(x) = l3ly.
Then by Borcherds’ commutator formula we have

~ ~

[Ye (L(x), 21), Y¢ (L(2), 22)]

e(T eT 1 0 ‘ —1 €2
~ S v Ea T (o) oo (2)
>0
o, 0~ T o _ T
= g(:zr%L(:zr),xg):zrl ) —j) +2Y¢ (L(a:),:z:Q)a ] Ls (x—j>

and

~ ~ 1 o\ _ T
= S ve) T, () oo (2)
i>0 ’
- 0 1 €To
= £31W8I2.’IJ1 ) (I1> .

Comparing these with (2.36) to (2.38), we see that (Up ). is an £-module of
level 123 with L(z),1(z) acting as Y& (L(z), z), Y&(I(z), 2) respectively, and
%f(z), %7(2) acting as Yf(x%L(z),z), Yf(xa%l(:zr),z) respectively. Since
1 =
1

L(z)¢1y = I(z)%1w = 0 for n # —1, and L(z)° |1y = L(z), I(z)° 1y =
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f(:v), we have L,1w = I,1w = 0 for n > 0. Then it follows from Remark
2.11 that there exists a unique £-module homomorphism % from Ve (¢123,0)
to <UW>e with 1/}(1) =1lw. So

BT 1) = @) 1w = D) € (Uw)e,
Y(T11) = I(2)% 1w = I(2) € (Uw)..
Now for s € Z, v € Vg (l123,0), with (2.39), (2.40) we have

W((T-11)5v) = $(Tov) = L(@)5ib(v) = H(T-11)50(v),

W((T-11)50) = ¥(Tov) = T(@)50(v) = (T2 1)5(v),
Since T = {L_11,1_11} generates Ve({123,0) as a vertex algebra, it follows
from Proposition 5.7.9 of [24] that ¢ is a homomorphism of vertex algebra.
And then W becomes a ¢-coordinated module of Ve (¢123,0) with

— ~ — ~

Yw(L_11,2) = L(z), Yw({-11,7)=1I(x) for L_41,1_;€ &,

and
Yw (L, -+ I, Ly -+ Ly, 1,2) = A(:v)fnl :f(x)
forr>0,s>0and ny, -+ ,n.,mq, -+ ,mg € Z. O

On the other hand, we have the following statement.

THEOREM 2.13. Let W be a ¢-coordinated Ve (€123,0)-module. Then W
is a restricted L-module of level (123 with L(x) = Yw (L_11,2), and I(z) =
Yw(I_ll, ,T) for L 4,1 ,€%.

PROOF. For L_1,1_; € £, since Y(L_11,z) = L(z), Y(I_11,z) = I(z),
from the identities (2.36) to (2.38), by using (2.1) we see that

(LL'l — $2)4[Y(L_11,,Tl),Y(L_ll,Jig)] = O,

(acl — $2)3[Y(f_11,$1), Y(T_ll,xg)] =

0
(.Il — .IQ)Q[Y(I,l]_, Il), Y(Tfl]_, IQ)] =0.
Note that for ¢ > 0, we have

i(i —1)(i —2)
- 25 30011,
12 3,041
(L_11); 1 11 =1L, 11 =[L;;T 1)1 =T; 21 — (i* —i)6;_2,0f21,

and

(I_11); ] 11 =11 11 =[I;, 1 _1]1 =i6;_1 0¢31.
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By Proposition 5.9 of [28], we have

[YW (L_l]., LL‘l), YW (L_l]., 1'2)]

—1 xQexo x
= RGSIOII 0 Ta€ DYI/{/(Y(L,ll,xo)L,ll,Ig)
xy

= YW(I—217$2)6 <@> + 2YW(Z_11,552) (;EQi) 5 (E)
gl 8%2

T1
01y 0 \° [

[Yw(Lfl]_,{El), Yw(Ifl]_, IQ)]

—1 x2eiﬂo xT
= Resg 70 2™ Yy (Y (L_11,20)] 11, 29)

T

= Yir(T_o1,22)6 <%) + Yie(To11, ) <x2£> 5 <ﬁ)

1 2 T
2
- (w2i> o (ﬁ) lolw,
8172 X

[Yw(Ifl]_, Il), Yw(Ifl]_,.IQ)]

and

—1 IQemO T
= Reszoxl 1) ZIo€ OY{/[/(Y(I,l]_,Io)I,l]_,IQ)
T

6$2 X1

For a ¢-coordinated module, by Lemma 3.7 of [28], we have

Yw(L_gl,,T) = Yw(d(L_ll),,T) = LL‘a—Yw(L_ll,JJ)
€T

and

Yw(I_21,2) =Yw(d(I_11),z) = xa—YW(I,ll,x).
x

Then W is an L-module of level 153 with L(z) = Y (I_11,2), and
I(z) = Yw(I_11,2) for f,hf,l € £. Since W is a ¢-coordinated Ve (123, 0)-

module, by definition, Yy (L_11,z), Yiw(I_11,2) € E(W). Therefore, W is a
restricted £-module of level #153. O

3. STRUCTURES OF TWISTED HEISENBERG-VIRASORO VERTEX OPERATOR
ALGEBRA V. (f123,0) AND ITS IRREDUCIBLE MODULES

In this section, we first show that V. (¢123,0) is a vertex operator algebra
and characterize its irreducible modules. Then we study the structure theory
of V£ (¢123,0) and get the corresponding results of the simple vertex operator
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algebra coming from it. Specifically, we study its Zhu’s algebra, rationality,
C5-cofiniteness, regularity, unitarity and the commutant of Heisenberg vertex
operator subalgebra. In the process, we get the result that V. (¢123,0) can be
characterized as a tensor product vertex operator algebra.

3.1. Vertex operator algebra Vi (l123,0) and its irreducible modules. For
a Z-graded Lie algebra g =[], ., 8(n), a C-graded g-module is a g-module W

equipped with a C-grading W = [, ¢ W, such that

3.1 9 WWirmy C Wiy forneZ, r e C.
(n) W (r) (n+r)

From the above section, we know that Vi (f123,0) is Z-graded by Lg-
eigenvalues, and clearly, the two grading restriction conditions in the definition
of vertex operator algebra hold for V(¢123,0). It is also clear that V. (¢123,0)
is a restricted £-module, a restricted Vir-module (and also a restricted H-
module). In order to say that it has a vertex operator algebra structure,
it remains to check (5.7.22) or (5.7.23) of Theorem 5.7.4 of [24] which is
straightforward, so we have the following result.

PROPOSITION 3.1. (V(£123,0),Y,1,L_51) is a vertex operator algebra
with conformal vector w = L_91 and of central charge ¢;.

REMARK 3.2. V(l123,0) is generated by the conformal vector w = L_51
and I = [_11. It is not a minimal vertex operator algebra, for example, it
has a proper vertex operator subalgebra Vi ;,.(¢1,0) (with the same conformal
vector w).

We now investigate the modules of Vi (¢123,0) viewed as a vertex operator
algebra. By Theorem 2.8, if further W is C-graded by Lg-eigenvalues, then
W is a module for Vi (¢123,0) viewed as a vertex operator algebra, possibly
without the two grading restrictions.

By Theorem 2.8 and Theorem 2.9 we have the following statement.

THEOREM 3.3. The modules for Vi ({123,0) viewed as a vertex operator
algebra (i.e. C-graded by Lg-eigenvalues and with the two grading restric-
tions) are exactly those restricted modules for the Lie algebra L of level 123
that are C-graded by Lg-eigenvalues and with the two grading restrictions.
Furthermore, for any Vi ({123,0)-module W, the Vi (¢123,0)-submodules of W
are exactly the submodules of W for L, and these submodules are in particular
graded.

Next, we will modify the construction of the L-module V. (¢123,0) to
get a certain natural family of restricted £-modules of level £153 that are C-
graded by Lg-eigenvalues and satisfy the two grading restrictions. Note such
L-modules are naturally modules for the vertex operator algebra Vi (¢123,0)
by the above theorem.
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Consider C as an Lg)-module with ¢; acting as the scalar ¢;, i = 1,2, 3,
Ly acting as hy and I acting as ho, where {1, /02,03, h1, ho € C.

Let £y acting trivially on C, making C an (£_) @ L(o))-module, which
we denote by Cy,,, n,,. Form the induced module

(3.2) M (b3, hashe) = U(L) @uicyoc ) Corzs has-

Again from the Poincare-Birkhoff-Witt theorem, as a vector space we
have

(3.3) Mg (li2s, ha,he) = U(L1)) ® Copgghis = U(L1)) = S(Ly))-

We naturally consider Cy,,, 1., as a subspace of M (¢123,h1,h2) and set
1(41237]112) =1le Cf1237h12 - M£(€1237h17h2)-

Then

M (123, h1,ho) = H Mg (123, hiy ha) (ngny)s
n>0
where Mg(flm,hl,hg)(hl) = Cpyp4,n1, and M£(€123,h1,h2)(n+h1) forn >1
is the Lg-eigenspace of eigenvalue n + hy. Mg (l123, hq, hg)(n+h1) has a basis
consisting of the vectors

Topy o Do Loy Lo, L 4y05,h10)

forr,s>0,my >--->mp>1k >--->kys>1with > m; + > k; =n.
i=1 j=1

Hence, as a module for £ of level #1235, My (l123, h1,ho) is C-graded by Lo-

eigenvalues.

Consequently, Mg (123, h1,hs) with the given C-grading satisfies the
grading restriction conditions. This in particular implies that M, (€123, h1, ha)
is a restricted L£-module.

Thus from Theorem 3.3 we immediately have the following theorem.

THEOREM 3.4. For any complex numbers £1,0s,03,h1 and ho, W =
My (las, ha, ha) has a unique module structure for the vertex operator algebra
Ve (€123,0) such that Y (w,z) = L(x) and Yw (I_11,2) = I(x).

REMARK 3.5. The £-module M, (¢123, h1, ha) is commonly referred to in
the literature as the Verma module in the papers [2, 5]. As a module for £,
M (€123, hi, ho) is generated by 1(4,,, n,,) With the relations

L01(51237h12) = h11(€123;h12)7 101(5123,}112) = h21(@1237h12)’ ¢ =41 =1,2,3,
and Ln1(go h10) = 0, In1(g55,h,0) = 0 forn > 1.

My (lh2s, ha, ha) is undversal in the sense that for any £-module W of level
{123 equipped with a vector v such that Lov = hyv, Ipv = hov, Lyv =0, [,v =
0 for all n > 1, there exists a unique module map M (¢123, h1,he) — W
sending 1(¢,,, h,,) to v.
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In general, M ({123, h1, ha) as a module for £ may be reducible, then it
is a reducible Vi (¢123,0)-module by Theorem 3.3 (or Proposition 4.5.17 in
[24]) Since Mg(ﬂlgg,hl,hg)(hl)(: C4123,h12) generates Mg(glgg,hl,hz), for
any proper submodule U, U is graded by Theorem 3.3, and

U(hl) =UnN M[,(£1237h17h2)(h1) =0.

Let Tz (€123, h1, ha) be the sum of all the proper £-submodules of the modul
Mﬁ(glgg, h,l, hQ), it is also graded. Then Tg(ﬁlgg, hl, h?)(hl) = 0. So
Tr(l123, h1, he) is also proper and is the largest proper submodule. Set

(3.4) Ly (Ciag, hi, he) = Mg (li23, hi, ho)/Tr(Cias, hi, he),

then Lz (l123, hi, he) is an irreducible £-module.

By Theorem 3.3, Tr(¢123,h1,h2) is also the (unique) largest proper
V£(€123,0)—Subm0dule of Mg(ﬁlgg,hl,hg), so that Lﬂ(glgg,h,l,hg) is an ir-
reducible V(¢123, 0)-module.

THEOREM 3.6. For any complex numbers 1, 0o, 03, hi, ha, L (l123, h1, ho)
is an irreducible module for the vertex operator algebra Vi (€123,0). Further-
more, the modules Lp(l123,h1,h2) for hi,ha € C ezxhaust those irreducible
(vertex operator algebra) Vi (£123,0)-modules.

PROOF. The first assertion has been showed above. For the second as-
sertion, let W =[] .- W(,) be an irreducible V(£123,0)-module, since Iy is
in the center, so it must acts on the irreducible module as a scalar, say Iy
acts on W as a scalar hy. By Theorem 3.3, W must be of level ¢193, i.e. ¢;
acts on W as a scalar ¢; for i = 1,2,3. From (4.1.22) of [24], there exists
hy € C such that W,y # 0 and W, _,,) = 0 for all positive integers n. Let
0 # v € Wgyy. Then Lov = hv, Lyv = 0 and I,v = 0 for n > 1 since
Ly, I,v € Wy, _y). Hence by the universal property of Mg (f123,h1,h2),
there is a unique £-module homomorphism

Vs Mp(lr2s, by, ha) — W5 10, 1,0) = -

By Proposition 4.5.1 of [24], ¢ is a V;({123,0)-module homomorphism
(since L_91 and I_11 generates Vi ({123,0)). Since W is irreducible and
Tr (L1293, h1, he) is the (unique) largest proper submodule of M, ({123, h1, h2),
it follows that 1/)(M£(€123,h1,h2)) = W and that Ker 1/) = T£(€123,h1,h2).
Thus ¢ reduces to a Vi (f123,0)-module isomorphism from L/ (€123, h1,h2)
onto W. O

REMARK 3.7. Similarly as in the case of V. (¢123,0), one can show that
there is a vertex operator algebra structure on Ve (¢123,0), with L_11 a con-
formal vector,

Vg(ﬁlzg, O) = H V£(€1237 O)(n)v

n>0
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where Ve (£123,0)0) = Ce,,, and Ve(l123,0)(,), 7 > 1, has a basis consisting
of the vectors

T T T Tomd
forr,s >0, my>--->m.>1, ki >---> ks >1 with

i=1 j=1

Actually Ve (#123,0) and Vi (¢123,0) are isomorphic as vertex operator alge-
bras.

In the following subsections, we will study the structure theory of the
vertex operator algebra Vz(f123,0) and its simple descendant.

3.2. Zhu’s algebra, Ca-cofiniteness, rationality and regularity. Recall the
following notions, see for example [11, 12, 36] for detail.

DEFINITION 3.8. A wertex operator algebra V is called Co-cofinite if
dimV/Cq(V') < 0o, where Co(V) = span{u_sv | u,v € V}.

DEFINITION 3.9. A wertex operator algebra V is called rational if every
admissible module is a direct sum of simple admissible modules.

DEFINITION 3.10. A wvertex operator algebra V is called regular if every
weak module is a direct sum of simple ordinary modules.

For any vertex operator algebra V', its Zhu’s algebra is defined to be
A(V) =V/O(V), where O(V) is the subspace of V' spanned by elements

1 wt a
{Res.(Y (a, z)%b) | a,b € V,a homogeneous},
note ( ot
1+ z)wre wt a
Resz(Y(a,z)Tb) = Z ( ; )ai_gb,

i>0
with the bilinear operation * on V defined by

1 wt a t
a*b= Res,(Y(a, z)&b) = E (w a) a;—1b for a homogeneous.
z i
>0

For v € V, we denote the image of v in A(V) by [v], then

al * [b] = (wt a> a;—1b] for a homogeneous.
)= 22 (st
(A(V), %) is an associative algebra with identity [1] ([36]).
For any u € V, denote by o(u) = tyty—1. We do not recall the corre-
spondence between V-module and A(V)-module here, the readers can check
[36] for detail. As we need, we write down the following results.
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LEMMA 3.11. For homogeneous elements a,b €V, and m >n > 0,

(Z + 1)wt a+n

R

LEMMA 3.12. 1. o(u) =0 for any u € O(V);

2. o(uxv) =o(u)o(v);

3. [u] € A(V) acts on A(V)-module corresponds to the o(u)-action on the
corresponding V -module.

Res, (Y (a, 2) b) € O(V).

Since Iy commutes with L,,, I, for any m,n € Z, we have
Ipv = 0, hence [Iyv] = [0], for any v € V. ({123,0).
For any vertex operator algebra V' with conformal vector (denoted by) w,
[w] is in the center of A(V'). Hence for V. (¢123,0), [w] * [I] = [I] * [w], i.e. [w]
commutes with [1].

THEOREM 3.13. There exists an isomorphism of associative algebras
¢ : Clz,y] — A(Ve(l123,0)); 1= [1], 2 [w], y = [I].

PROOF. Let A be the subalgebra of A(V;(¢123,0)) generated by [w], [{]
and [1]. For the existence of the above surjective algebra homomorphism, it
suffices to show that for every homogeneous u € Vi (¢123,0) with wt u > 1,
we have [u] € A. We show it by induction on wt u, note wt v > 1. For
u € Vz(l123,0) with wt u = 1, we only have one choice, i.e. v = I. Clearly
[u] = [I] € A. Suppose for all homogeneous u with wt v < m — 1 we have
[u] € A, then for u with wt u = m, we may assume that

w=1_p, T} L L gy 1
forr,s > 0,my > >myp > 2,k > > kg > Twith Y7 m+320_ by =
m. If all k;’s are zero, i.e.
u=DL_,, - L_p1,

then one get from Lemma 4.1 of [35] that [u] can be generated by [w]. Other-
wise, denote
W =T_p, I L, L1,

then by induction [u'] is in A(Vz(f123,0)). And w = I_j,u', ki > 1. By
Lemma 3.11, take a = I, n = 0, note wt a = 1, then we have

[(I-p, + I-,,—1)b] = [0] for b homogeneous, n > 1.
So without loss of generality, we may assume k1 = 1, ie. u=1 _1u’. Then

)% 0] = [(I-y + To)u'] = [T-yu'] + [Tou'] = [u):

With [u'], [I] € A we get [u] € A.
We now show that ¢ is injective. Assume 0 # f(z,y) € Ker(p),
we can write it as f(z,y) = Y amnz™y"™ (f.5. means finite sum), then
f.s.
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37 ampn|w]™ )™ = [0] in A(Vz(£123,0)), and so > amn|w]™[I]™ acts trivially
f.s. f.s.
on any A(Vz(123,0))-module which corresponds to that 3 ¢ . amno(w)™o(I)"

acts as zero on the bottom level of any Vi (¢123,0)-module. Note o(w) = wy =
Lo and o(I) = Iy. Recall for any hy,hy € C, Mz (€123, h1, h2) is a module for
Ve (€123, 0), with the bottom level Cy,,, nyy, and Lo acts as hy, Iy acts as ha,
hence on Cy,,, n,, we have

0= Z Amno(w)™o(I)" = Z W LG T = Z AW R .
Is Is Is

Clearly, there exist elements hq, ho such that > amnh*hS # 0, contradiction.
f.s.
Hence ¢ is injective. o

REMARK 3.14. Later on, we will characterize V(f123,0) as a ten-
sor product of two vertex operator algebras, which immediately gives that
A(Vz(¢123,0)) is isomorphic to a polynomial algebra over C with two vari-
ables. But our proof above is more intrinsic and gives expectation (or some
sense) that Vz(£123,0) may be isomorphic to a tensor product of two vertex
operator algebras.

For a vertex operator algebra to be regular, rational and Cs-cofinite,
its Zhu’s algebra must be of finite dimensional (c.f. [36, 12]). Now
A(Vz(£123,0)) = Clx,y] is an infinite dimensional C-algebra, hence we have:

PROPOSITION 3.15. V. ({123,0) is not regular, not rational and not Cs-
cofinite.

3.3. Commutant. We now look at the commutant of Heisenberg vertex
operator algebra in V. (f123,0). Recall that if (V,Y,1,w) is a vertex opera-
tor algebra and (U,Y, l,w/) is a vertex operator subalgebra of V| then the
commutant is defined to be

Us={veV |L(-1)v=0},

where L'(—1) is determined by w'.

For our Vi (£123,0), we know that when £5 # 0, U = Vi (¢3,0) is a vertex
operator algebra with standard conformal vector W = il 1111 (of central
charge 1).

’ 1 —262
Lw = —I11 11 11=—7=141
1w 25 14—14-1 ls 14,
0 Liw’ = 0 if and only if £, = 0. Hence when ¢, = 0, by Theorem 5.1 of [15],
the commutant U¢ of the Heisenberg vertex operator algebra U = Vy (¢3,0)
(equipped with the standard conformal vector wl) is a vertex operator algebra

. " ’
with conformal element w =w —w .
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The next thing we want to do is to characterize the generators (or even
basis) of the commutant (actually, we get a more powerful result, see below).
We consider /3 # 0 in the following for necessity.

For the basic notions and results of tensor product vertex operator alge-
bra, see for example [24]. The idea of the following theorem comes from the

paper [6].

THEOREM 3.16. When £3 # 0, V2 (€123,0) is isomorphic to the tensor
product V3 (l3,0) @ Vy5,.(¢y7,.,0) as vertex operator algebras, where Va({3,0)
is equipped with a nonstandard conformal vector wy = w + 5—2],21 (of central

2 -

charge 1 — 12%), and Vir is a new Virasoro algebra constructed in the proof
) 2

with central charge ¢, =1 — 1+ 12%,

PRrROOF. Firstly, denote w = w — wy, it is straightforward to show that
wy and @ satisfy Virasoro algebra relations. So @ gives a Virasoro algebra
which we denoted by Vir and from Vir we get a vertex operator algebra
which we denoted by Vi, (¢7,.,0), it is with conformal vector @ and is of

central charge ¢, = {1 — 1+ 12%. Since (I_31)o = 0 and (I_51); = w) — I,
Iy acts on Vi (¢3,0) as zero and W is a conformal vector, we see that wy is
also a conformal vector of V3;(¢3,0) and is of central charge 1 — 12%. Next,
it is straightforward to show that
wop Il = I,0,1
for any m,n € Z. At last, we define a map
@ : Va(ls, 0) @ Visy(cyp, 0) — Vi (la23, 0)
on the basis by
I gy Iy 1 @Oy o O, L I gy o Iy Oy, - O, 1

and extend C-linearly, it is easy to check that ¢ is a linear isomorphism,
e(1®l)=1and plwg®1+1Q0) =& +wy = w. It remains to show that
it is a vertex algebra homomorphism. For this, note that

Ipy o T @y @, Vo= > (Togy o+ T, 1)i(@ oy @, D)
i€Z
on Vi (¢123,0) for all n € Z. O

REMARK 3.17. The equation @,I,,1 = I,,w0,1 is important in proving
that ¢ is a vertex algebra homomorphism. Note when /3 = 0, V3;(¢5,0) still
has a vertex algebra structure, take @w = w, so one may think about that
just considering them as vertex algebras, can we characterize Vi (f123,0) &
V3(0,0)® Vi4-(£1,0) as vertex algebras? The answer is not positive since now
we do not have w,I,,1 = I,,w,1 in general (even if you require ¢ = 0). The
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defined ¢ is a linear isomorphism for sure, but it may not be a vertex algebra
homomorphism anymore.

By the above theorem, we get the following statement.

PROPOSITION 3.18. For any ¢s € C, {1 € C, 0 # 43 € C, the commutant
of Vi(€3,0) (with conformal vector wy) in Vz(l123,0) is a vertex operator
algebra and is isomorphic to the Virasoro vertex operator algebra Vs, (¢is,.,0)
(whose structure is clear).

REMARK 3.19. Note in particular when ¢o = 0, V3 (¢3,0) is with usual
conformal vector wy = wl, so we've answered the commutant question that
we originally considered.

REMARK 3.20. As explained before in Remark 3.14, with Theorem 3.16,
by the fact that Zhu’s algebra A(V @ W) = A(V) ® A(W), and the result of
Heisenberg and Virasoro vertex operator algebras, we can immediately have
that A(V(¢123,0)) is isomorphic to a polynomial algebra in two variables.

3.4. Simple vertex operator algebra and its structure. We now look at the
structure of the simple descendant of V. (£123,0). The simple vertex operator
algebra comes from V(f123,0) is of the form L.(l123,0) = Vi (£123,0)/T,
where T' is the maximal ideal of V(¢123,0) (which is equivalent to say that T'
is the maximal £-submodule of the £-module V;(¢123,0)). We do not study
the structure of the maximal submodule T" directly, instead we use Theorem
3.16 to get a characterization of it and hence of V({123,0)/T.

A vertex operator algebra is simple if it is simple as a vertex algebra,
so simplicity of a vertex operator algebra does not depend on the conformal
vector. We know that V(¢3,0) (¢s # 0) with the usual conformal vector w’
is simple (of central charge 1), so V(¢3,0) with a nonstand conformal vector

wyr is also a simple vertex operator algebra (of central charge 1 — 12%).

Denote by ¢pq =1 — 6%, where p,q € {2,3,4,...} and are relatively
prime, recall (c.f. [35, 24]) the following property.

PrOPOSITION 3.21. 1. If ¢\, # Cpoq> then Vig (¢, 0) is a simple
vertex operator algebra.

2. If e\, = Cpog, then Vi (cy7,.,0) has the mazimal ideal (v, 4) generated
by a singular vector vy 4 of degree (p —1)(q — 1).

By Corollary 4.7.3 of [13], tensor product of vertex operator algebras is
simple if and only if each term is simple. So we have the statement.

PROPOSITION 3.22. 1. When €3 # 0 and ¢, # cpqg, Va(£3,0) ®
Vi (€yiys 0) is a simple vertex operator algebra, and hence Vi (£123,0)
is also a simple vertex operator algebra.
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2. When ls # 0 and ¢y, = ¢p.q, Vi, (¢, 0) has the mazimal ideal gen-
erated by the singular vector vy, 4, and the quotient Vi, (¢y7,.,0)/(Vp.q)
is a simple vertex operator algebra with conformal vector @ = &+ (vy 4),
hence then Vy;(£3,0)® (Vi,. (¢, 0) /(Vpq)) is a simple vertex operator

algebra.
And we have the following result.

PROPOSITION 3.23. For ¢z, = ¢pq and l3 # 0,
1. V3 (3,0) @ (vpq) is a proper ideal of the vertex operator algebra

)

Va(l3,0) @ Vi, (ey5,5 0).-
2. We have

(Vi (£3,0) ® Vi (cy050)) / (Vi (£3,0) @ (vp,4))
= Vy(03,0) @ (VVNZ'T (Cvl'ra O)/<vp1q>)

as wvertex operator algebras. Hence Vi (€3,0) @ (vpq) is the maxi-
mal ideal of V3;(l3,0) ® Vis,.(¢cys5,.,0). So the simple vertex operator
algebra L (l123,0) is isomorphic to the tensor product Vi ({5,0) ®
(Wi (v, 0)/(0p,q))-

PROOF. The first one can be proved by definition. For the second one,
construct a map

™ Vi (63, 0) @ Vi (ey5p, 0) — Vin(6s,0) @ (Vi (€455 0) / (Up,))

by v @ w — v ® w and extend linearly. Then clearly 7 is surjective with
kernel Vi (¢3,0) ® (vp4), and so induces a desired linear isomorphism. It is
also clear that the induced map takes the conformal vector to the conformal
vector and is a vertex algebra homomorphism, hence it is a vertex operator
algebra isomorphism. O

Therefore the structure of the simple vertex operator algebra is clear.

THEOREM 3.24. 1. When l3 # 0 and c;,. # cpqg, Le(l123,0) =
V£(€123, 0), soT =0.
2. When l3 # 0 and ¢, = cpq,

L (l23,0) = Vi (l123,0)/T = Vi (€5,0) ® (Vi (v, 0)/ (Up,q)),
where T = p(V3(€3,0) @ (vp q)) for ¢ defined in Theorem 3.16.

Now for 3 # 0 and ¢, = ¢;,4, Zhu'’s algebra of the simple vertex opera-
tor algebra L (f123,0) is isomorphic to A (V4 (¢3,0) ® (Vi7,. (¢, 0)/(Vp.q)))
which is equal to A(Vy(l3,0)) ® A(Vis,. (¢, 0)/(Up,g)). So A(Lz(123,0))
is isomorphic to Clz] ® (Cly]/(Gp,q(y))) (where (Gp,q(y)) is a polynomial of
degree (p —1)(¢ — 1)) (c.f. [35, 15]), which is infinite dimensional. There-
fore, the simple vertex operator algebra L. (¢123,0) is also not regular, not

('3-cofinite and not rational.



TWISTED HEISENBERG-VIRASORO VERTEX OPERATOR ALGEBRA 397

3.5. Unitary vertex operator algebra and its unitary module. At the end
of this section, we look at the unitary structure of the simple vertex operator
algebra L. (¢123,0), we follow some related notions by [9].

DEFINITION 3.25. A wertex operator algebra (V,Y,1,w) is called CFT-
type if V,, =0 for n <0 and Vp = C1.

Clearly, our Lz (¢123,0) is of CFT-type.

DEFINITION 3.26. Let (V,Y,1,w) be a vertex operator algebra of CFT-
type. An anti-linear automorphism ¢ of V' is an anti-linear map ¢ : V — V
such that (1) = 1, ¢(w) = w and ¢(upv) = ¢(u),P(v) for any u,v € V and
n e .

DEFINITION 3.27. Let (V,Y,1,w) be a vertex operator algebra of CFT-type
and ¢ :' V. — V be an anti-linear involution, i.e. an anti-linear automor-
phism of order 2. Then (V, ) is called unitary if there exists a positive definite
Hermitian form (,) : V x V. — C which is C-linear on the first vector and
anti-C-linear on the second vector such that the following invariant property
holds: for any a,u,v €V

(3.5) (Y ("D (=273 Oa, 27N, v) = (u, Y (¢(a), 2)0)
where L(n) is defined by Y (w,z) =Y. _, L(n)z=""2.

DEFINITION 3.28. Let (V,Y,1,w) be a vertex operator algebra of CFT-
type and ¢ : V. — V be an anti-linear involution, A V-module (M,Yyr) is
called a unitary V-module if there exists a positive definite Hermitian form

() : M x M — C which is C-linear on the first vector and anti-C-linear
on the second vector such that the following invariant property holds:

(3.6) (Yar (e*EW (=273 2O q, 2" Mywy, wa) ar = (w1, Yar(¢(a), 2)wa) nr
for any a € V, wi,wy € M.

nez

REMARK 3.29. Unitarity is not an isomorphic invariant property of vertex
operator algebras. For example, Vi (¢3,0) is isomorphic to V3(1,0) as vertex
operator algebras for any 0 # /3 € C, V(1,0) is a unitary vertex operator
algebra ([9]), but of course it is not that for any 0 # ¢35 € C, V3(¢3,0) is a
unitary vertex operator algebra (for example, the positive definiteness of the
Hermitian form requires ¢35 € R<). So even though tensor product of unitary
vertex operator algebras is unitary (Proposition 2.9 of [9]), and we know
(Theorem 3.16, Theorem 3.24) that our L. (¢123,0) is isomorphic to a tensor
product of two unitary vertex operator algebras under certain conditions (c.f.
[9]), we can’t say that V. (¢123,0) is a unitary vertex operator algebra under
those conditions.

Define an anti-linear map ¢ of V2 (¢123,0) as follows:
¢ : Ve (l123,0) — Vi (£123,0),
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Ty T gLy Loy 1= (=1)°T g oI L - Ly 1,
where r,s >0, m1 > --->m.>2, k1 >---> ks > 1.

LEMMA 3.30. ¢ is an anti-linear involution of vertex operator algebra
Vi (l123,0). Furthermore, ¢ induces an anti-linear involution (also denoted

by (b) Of L£(€123,0).

PROOF. ¢? = id, so it is enough to show that ¢ is an anti-linear auto-
morphism. By definition of our ¢ above, we have ¢(1) = 1, ¢(w) = w and
o(I) = —1I. Let

U= {u S VL(€123, 0) | gb(unv) = gf)(u)n(b(v),v veVe (6123, 0), nc Z},

then U is a subspace of V;(f123,0). It is straightforward to show that if
a,b € U, then a,,b € U for any m € Z. Now we show that the generators w
and I of V;(f123,0) are in U. For any v € V. ({123,0),n € Z,

¢(wnv) = (b(Lnfl'U) = Lnflﬁb(v) = Wn¢(v) = ((b(w))n(b(v)a
((N)nv) = ¢o(Inv) = —Ing(v) = ¢(I)nd(v),

so w,I € U, and then we have V;({123,0) = U. Thus ¢ is an anti-linear
involution of Vg (6123, 0)

Let T be the maximal proper £-submodule of V. (¢123,0), we have ¢(T)
is a proper L-submodule of V;(¢123,0), so ¢(T) C T. Hence ¢ induces an
anti-linear involution of Lz (¢123,0). O

Note that for the two Lie algebras ® and £ defined in [2] and [5] respec-
tively, there exists a Lie algebra isomorphism between them (for notations
related to © we follow [2])

p: L— 3
Ly — d, €1 ¢, €3 o, In— 2" — /=10, 0c3, c2 — —V—lcs,

which then induces an isomorphism between the Verma modules (as L-
modules and as ®-modules via p)

My (0123, b1, ha) = R(by, by, U, hy — Lo, /= 105),
and hence an isomorphism of irreducible £-modules
Lz(f123,h1,ho) = R0y, hy, ls, hy — lo, /= 16).
In particular,
L (£123,0) 2 R(£1,0,03, =02, V/—103)

as irreducible L-modules, where as irreducible L£-modules Lp(¢123,0) =
L£(€1237050)'
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And via the isomorphism p, the anti-linear anti-involution * defined in [2]
induces an anti-linear anti-involution o (see also [5]) on £ defined as

U(Ln) - L,n, U(In) =1_,— 2571,062;
o(c1) =c1, o(es) =cs, o(ca) = —ca.

Then the unique contravariant (under %) Hermitian form in Section 6 of [2]
induces a unique Hermitian form (, ) on Lz(¢123, h1, he) such that (w,w) =1
for a highest weight vector w and is contravariant with respect to the anti-
involution o, i.e.

(zu,v) = (u,o(x)v), x €L, u,v € Lr(l123,h1,h2).
In particular,

(Lyu,v) = (u,0(I,)v), (Lpu,v) = (u,0(Ly)v), u,v € Lr(l12s, b1, ha).

6 m_ (r(mt1)—sm)*~1
T s = —dmtmin 0 L S s <7 <

m—1, m € Z>5. Then for the positive definiteness of the Hermitian form, by
Theorem 6.6 of [2] we get the following statement.

Denote by ¢, = 1 —

PROPOSITION 3.31. The contravariant Hermitian form (, ) on the mod-
ule Lz (123, h1, ha) is positive definite in precisely the following cases:
1. U3 = 0, then by = 0,he =0, and ly € RZluhl S RZQ orl1 = Cm,h1 =
o, 1<s<r<m-—1,meZss;

T,87

2. U3 € Ry, then either

(hg — f2)2 + (\/—_1f2)2
203

€2
fl — 126_2 (S RZQ, hy — S RZOa
3

or

2 RY T \2
gl - 12£—2 =1 + Cmy,y hl - (h2 62) + ( 162) = h:‘nm
ég 263 ’

where 1 <s <r<m—1,m &€ Z>s.

For the unitary property of L,(¢123,0) we need to show (3.5) holds, and
we only need to show this for the generators I, w of L (¢123,0) by Proposition
2.11 of [9]. For w we can show in the same way as Theorem 4.2 of [9]. For
I, we need to do some more work since the anti-involution now is defined
differently. For any u,v € Lz ({123,0),

(Y(e*Fr (=221, 27 Hu,v)

= (Y(=27%1,2 "Yu,v) = Z —(Lyu,v)z"
nez

= Z — (Lo, v) 2"+ (= (Tou,v) 2™ h)

n#0
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= Z u, I_pv)2" 1 — (u, Tgv)z ™ + 209 (u, v)z?
n#0

= Z(u, I ,0)2" 1 4 20y (u,v) 27t
neL

= (w, Y ($(D), 2)0) + 2w, v)2 .
In order that (3.5) holds for I, we need to require that 5 = 0.
The above shows that the following theorem holds.
THEOREM 3.32. (L (¢123,0), @) is a unitary vertex operator algebra if and
only if one of the following holds:
1. by = 0,[3 =0, ly € R21 or fy = Cm,M € ZZQ;
2. U5 =0,l3 € Ryg, {1 € RZQ orfi=14¢cp,me ZZQ.
Similar to the proof of Theorem 3.32, we can get the following statement.
THEOREM 3.33. Let ¢ be defined as above. Then Lr(l123,h1,hs) is a
unitary module of (Lz(¢123,0), @) if and only if one of the following holds:
1. 0y = 0, l3 = 0, hg = 0, l € RZlahl S RZO or {1 = Cm,h1 = h;rfs,
1<s<r<m-—1,méeZso;
2. 0o = 0, 43 € Rog, {1 € R>2, hi — (ZZZ S Rzo, or {1 = 1+ ¢,
hi — (h2) =h",1<s<r<m-—1mé€ Zss.

7,87

4. RANK TWO CASE WITH ¢-COORDINATED MODULES

In this section, we associate the rank two twisted Heisenberg-Virasoro
algebra £* with the vertex algebra Vg (£1234,0) in terms of its ¢-coordinated
module. More specifically, we show that there is a one-to-one correspondence
between restricted L£*-modules of level £1234 and ¢-coordinated modules for
the vertex algebra Vg (£1234,0), where S isa newly defined Lie algebra.

We first recall from [33] the definition of rank two twisted Heisenberg-
Virasoro algebra.

DEFINITION 4.1. The rank two twisted Heisenberg-Virasoro algebra L* is
a vector space spanned by tTtY, By, n, Ky i = 1,2,3,4, for m,n € Z*\{(0,0)},
with the following Lie brackets:

[ty t1t5] =0, [Ki, L] =0, 1 =1,2,3,4;
[t By ] = (nr — ms) Tt + 60y 00n1s.0(mEKq +nKa);
[Emn, Ers] = (nr —ms)Epmtrnts + Omtr,00n+s,0(mEs +nKy),
for (m,n), (r,s) € Z*\{(0,0)}.
We form the generating functions as

(4.1) Tn(x) =Y #'tha™", Ep(z) = Epnz "

nez nez
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Rewriting the Lie brackets as
[t By ] = (n(m +71) —m(n+ ) 70 + 6y 00n1s.0(mK +nKa),
[Emns Ers] = (n(m+1) —m(n+8)) Epgrnts + Omtr,00n4s,0(mEKs + nky),
we can get the following generating function brackets:

[T (1), Er(22)]

0 T
= (m + 1) Ty (22) <x28—x2> 5 <x—j)
(4.2) 0 T
+m <$Qa—$2Tm+T(I2)> 5 <{I;_j)
+ MOy 4,00 (ﬁ) K1+ 0mgr,0 (wzi) 0 <%> Ko,
X 8172 X
(B (21), B (72)]

= (M + 1) Enp i (22) (:czaiu) 5 (i—j)

+ m6m+r,05 (%) KS + 5m+r,0 <x2i) o <%> K4-
1

6$2 T

DEFINITION 4.2. An L*-module W is said to be restricted if for any w €
W, (m,n), (r,s) € Z*\{(0,0)}, t7't3w = 0 for n sufficiently large and E, sw =
0 for s sufficiently large, or equivalently, if Tp,(z) € E(W) and E.(x) € E(W)
form,r € Z. We say an L*-module W is of level {1234 if the central element
K; acts as scalar ¢; fori=1,2,3,4.

and

Next we associate the Lie algebra £* with a specific vertex algebra and
its ¢-coordinated modules. We first construct a new Lie algebra.

DEFINITION 4.3. Let £ be a vector space spanned by T @t", E" 1%, K;
for (m,n), (r,s) € Z*>\{(0,0)},i = 1,2,3,4, we define

T @t", T" @t =0; [K; L] =0, for i=1,2,34;
[T @t", E" @t°)

= (nr —ms)T""" ® gnts—t 4 MOt7,00n+5+1,051 + N0mpr,00n+5,05K2;
[E" @t E" @t°)

= (nr —ms)E™T" @ "t 4 MOt7,00n+5+1,053 + N0 4r,00n+5,0K4.

It is straightforward to check that these are Lie brackets, so £ is a
Lie algebra. For (m,n),(r,s) € Z*\{(0,0)}, we denote T™ ® t",E" @ t*
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by (T™),, (E")s, and set
(4.4) T () = (T """ E'(z)=> (BN "
nez sSEZ

Then the defining relations of £+ amount to:
[T (1), E" (22)]

0 T
_ m—+r v -1 _2
=(m+nr)T (22) g x; 0 (£U1 )

+ m(sm-‘rr,Oxl_lé <ﬁ) Kl + 6m+r,0i$1_15 <E) K27
X1 8172 X
and
[E™(21), B (22)]
m-rrnr 8 — z
=(m+r)Em" (arg)a—mxl ) (x—j)
(4.6) 0 o B To
+m (a—@E + (ZE2> 1171 15 <;[;_1)
+ My 0y 0 (@) Ky + 0miro=tars (@) K.
X1 8172 X
Set

4

o= [JamecH e [[ E ecH) e Ck;

meZ rEL i=1
To=]] et ict ) e [[ (B0t CtY).
meZ rEL

We see that f}:zo and ‘:,‘\*<0 are Lie subalgebras and ‘:‘\* = E:ZO D E;<o as
a vector space. Let ¢, € C,i = 1,2,3,4, we denote by Cy,,,, = C the one-
dimensional E;ZO—module with [],, e, (T @ C[t]) @[],z (E" ® C[t]) acting
trivially and K; acting as ¢; for i = 1,2, 3,4. Form the induced module

Vi (f1234,0) = U(%) @y =) Craa-
Set 1 =1® 1 € Vg (£1234,0), define a linear operator d on £+ by
d(K;) =0, for i=1,2,3 4,
AT @t") = —nT"@t" ', and d(E" @t°) = —sE" @t 1.

By Theorem 5.7.1 of [24], V& (£1234,0) is a vertex algebra, which is uniquely
determined by the condition that 1 is the vacuum vector and

(4.7) Y({(T")-11,2) = T™(x),



TWISTED HEISENBERG-VIRASORO VERTEX OPERATOR ALGEBRA 403

(4.8) Y((E")-11,2) = B (x)

for (T™)_1,(E")_; € £+, m,r € Z. Furthermore, {(T™)_11,(E")_11|m,r €
Z} is a generating subset of Vs (¢1234, 0).

Similarly, Vg (f1234,0) has its universal property like Remark 2.7 and
Remark 2.11. As one of our main results in this section, we have the following
theorem.

THEOREM 4.4. Let W be a restricted L*-module of level £1234. Then there

exists a ¢-coordinated Vs (€234, 0)-module structure Yy (-, ) on W, which is
uniquely determined by

Y (T™)-11,2) = Tpp(x) and Yw ((E™)-11,2) = Ep(x)  for m € Z.

Proor. Since {(T™)-11,(E")-11 | m,r € Z} generates Vg (f1234,0) as
a vertex algebra, the uniqueness is clear. We now prove the existence. Set
Uw = {lw} U{T (), Em(x) | m € Z} C E(W). From (4.2) and (4.3), by
using Lemma 2.1 of [29] we see that

(4.9) (21 — 29)[Tyn(21), Er(22)] = 0 and (21 — 22)*[Ep (1), Br(22)] = 0.

Then Uyy is a local subset of £(W). By Theorem 2.3, Uy generates a vertex al-
gebra (Uw ). under the vertex operator operation Y¢ with W a ¢-coordinated
module, where Yiy (a(z), z) = a(z) for a(z) € (Uw).. With (4.2) and (4.3), by
using Lemma 4.13 or Proposition 4.14 of [29], we have

T (2);E-(x) =0 fori> 2,

3

T, (‘T)TET (I) = (m + T)Terr (:E) + 5m+r,0€21W7

T, (0B () = m ()

%Tm+r (I)) + m5m+r,0£l ]-W )

and
En(2);E (x) =0 fori> 2,

En(2)1Er(z) = (m 4 7)Epir () + Omgr,0lalw,

0
Em(l')SET({E) =m ($8—$Em+r(fﬂ)> + m6m+7‘)0€31W.
Then again by Borcherds’ commutator formula we have
[Y;(Tm(x)v xl)v Y;(ET(‘T)v ‘TQ)]
1 o\ _ T
= ZY;(Tm((E)fET(CE),(EQ),—' (—) ) (—2)
. 1. 8$2
>0
Z2

., O _ x _
= ng ($8—$Tm+r($), (EQ)(El 15 (I—j) + m6m+7‘)0€11WCE1 16 (x—l)

8$2 X1

0 0
+ (m+ T)Yg(Tm+T(x)’$2)8—x2$;16 (i—?) + (5m+T’0€21W—xf16 (E) ,
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e 8 _ x _ T
= mYS (x%E’n”rH“(x)va)Il 15 ((E_j> + m5m+7«10€31w:171 15 (x—j)

e 8 _ i) 8 _ T
+ (m+r)Ye (Em+r(f€)a$2)a—x2$1 's (x—l) + 5m+r,of4lwa—x2x1 5 (:v_1) .

Similar as in the proof of Theorem 2.12 we get that W is a ¢-coordinated
module with

Yw(T™)-11,2) = T, (x) and Y ((E™)-11,2) = E,,(x)  for m € Z.

On the other hand, we have the following statement.

THEOREM 4.5. Let W be a ¢-coordinated Vs (€1234,0)-module. Then W
is a restricted L*-module of level 1234 with Ty (x) = Y (T™)_11,2), and
En(x) =Yw((E™)_11,2) for m € Z.

PrOOF. For m,r € Z, since Y((T"™)_11,z) = T™(x),Y ((E™)-11,2) =
E™(x), with (4.5) and (4.6), by using (2.1) we see that

(21— 22)2[Y((T™)-11,21), Y (E") 11, 22)]

(1 = 22)*[Y((E™) 11, 21), Y ((E") 11, 22)]
Note that for m,r € Z,i >0

(T™)_11);(E")_11 = (T™)(E") 11 =[T" @t E" @t 1
= (Ti + m)TerT X | + m5m+7«705i10€11 + i5m+7«1051‘7170€21.

:0,
=0.

and
(E™)_11)i(E") 11 = (E™);(E") 11 = [E™ @t E" @t |1
= (ri + m)E™" @721 + My 11000031 + i0pmir00i_1,0041.
By Proposition 5.9 of [28], we have
Yw ((T™) 11, 21), Y ((E") 11, 22)]

Toe”o

_ —1
= Res,, 27 6 (
gl

) LL‘Q@JEOYW (Y(Tm, LL‘Q)ET, ,TQ)

= MY (T™7) 21, 25)0 (ﬂ) + MOprgr.00 <%) lily
1

T

+ (m+ 7)Y (T™7) 11, 9) (“’Qai) ) (E>

T2 T
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+ Omtr0 <$2i> J <ﬁ) lw,
(91:2 X1

Yw ((E™)-11,21), Y ((E") 11, 22)]

Toe®o

and

= Resg, a7 6 < > 2™ Yy (Y(E™,20)E", x2)

T

= mYW((EerT)_Q].,JJg)(S (ﬁ> + m5m+r706 (ﬁ> fglw
Ty Ty

+ (m+ )Y (B™7) 11,25) (%i) ’ (@)

Xro X1
0
+ Omtr,0 (Iz—) J (E> lalw,
8:1:2 X

then we can prove as Theorem 2.13 that W is a restricted £*-module of
level 41934 with T, (x) = Yiw (T™) 211, x), and Ey, () = Y ((E™)_-11, ) for
m € Z. O

ACKNOWLEDGEMENTS.
Hongyan Guo is supported by the Fundamental Research Funds for the
Central Universities.

REFERENCES

[1] T. Abe, G. Buhl and C. Dong, Rationality, regularity, and Ca-cofiniteness, Trans.
Amer. Math. Soc. 356 (2004), 3391-3402.

[2] E. Arbarello, C. De Concini, V. Kac and C. Procesi, Moduli spaces of curves and
representation theory, Comm. Math. Phys. 117 (1988), 1-36.

(3] D. Adamovi¢ and G. Radobolja, Free field realization of the twisted Heisenberg-
Virasoro algebra at level zero and its applications, J. Pure and Appl. Algebra 219
(2015), 4322-4342.

[4] D. Adamovi¢ and G. Radobolja, Self-dual and logarithmic representations of the
twisted Heisenberg-Virasoro algebra at level zero, Commun. Contemp. Math. 21
(2019), 1850008, 26pp.

(5] Y. Billig, Representations of the twisted Heisenberg-Virasoro algebra at level zero,
Canad. Math. Bull. 46 (2003), 529-537.

(6] Y. Billig, A category of modules for the full toroidal Lie algebra, Int. Math. Res. Not.
2006, Art. ID. 68395, 46pp.

[7] S. Berman, Y. Billig and J. Szmigielski, Vertex operator algebras and the representation
theory of toroidal algebras, Contemporary Math. 297, Amer. Math. Soc., Providence,
2002, 1-26.

[8] C. Dong and J. Lepowsky, Generalized vertex algebras and relative vertex operators,
Birkhauser Boston, Inc., Boston, 1993.

[9] C. Dong and X.Lin, Unitary vertex operator algebras, J. Algebra 397 (2014), 252-277.

[10] C. Dong and Q. Wang, The structure of parafermion vertex operator algebras, Com-
mun. Math. Phys. 299 (2010), 783-792.

[11] C. Dong, H. Li and G. Mason, Regularity of rational vertex operator algebra, Adv.
Math. 312 (1997), 148-166.



406

12]
(13]
(14]
(15]
[16]
(17]
(18]
(19]
20]

(21]

[22]
[23]
[24]
[25]
[26]
[27]
28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]

(36]

H. GUO AND Q. WANG

C. Dong, H. Li and G. Mason, Twisted representations of vertexr operator algebras,
Math. Ann. 310 (1998), 571-600.

I. Frenkel, Y. Huang and J. Lepowsky, On azxiomatic approaches to vertexr operator
algebras and modules, Mem. Amer. Math. Soc. 104 (1993), no. 494, Viii+64 pp.

I. Frenkel, J. Lepowsky and A. Meurman, Vertex operator algebras and the Monster,
Academic Press, Inc., Boston, 1988.

I. B. Frenkel and Y. Zhu, Vertex operator algebras associated to representations of
affine and Virasoro algebras, Duke Math. J. 66 (1992), 123-168.

M. Golenishcheva-Kutuzova and V. Kac, I'-conformal algebras, J. Math. Phys. 39
(1998), 2290-2305.

P. Goddard, A. Kent and D. Olive, Virasoro algebras and coset space models, Phys.
Lett. B 152 (1985), 88-92.

H. Guo, H. Li, S. Tan and Q. Wang, g-Virasoro algebra and vertex algebras, J. Pure
Appl. Algebra 219 (2015), 1258-1277.

H. Guo and Q. Wang, Associating vertex algebras to the unitary Lie algebra, J. Algebra
424 (2015), 126-146.

C. Jiang and H. Li, Associating quantum vertez algebras to Lie algebra gl ., J. Algebra
399 (2014), 1086-1106.

C. Jiang and Z. Lin, The commutant of Lsfl;(n7 0) in the vertex operator algebra
Lg;(l,o)(@”, Adv. Math. 301 (2016), 227-257.

V. Kac and D. Peterson, Infinite-dimensional Lie algebra, theta functions and modular
forms, Adv. Math. 53 (1984), 125-264.

B. Lian and A. Linshaw, Howe pairs in the theory of vertex algebras, J. Algebra 317
(2007), 111-152.

J. Lepowsky and H. Li, Introduction to vertex operator algebras and their representa-
tions, Birkh&user, Inc., Boston, 2004.

H. Li, A new construction of vertex algebras and quasi modules for vertex algebras,
Adv. Math. 202 (2006), 232-286.

H. Li, On certain generalizations of twisted affine Lie algebras and quasimodules for
I-vertex algebras, J. Pure Appl. Algebra 209 (2007), 853-871.

H. Li, Local systems of vertex operators, vertexr superalgebras and modules, J. Pure
Appl. Algebra 109 (1996), 143-195.

H. Li, ¢-coordinated quasi-modules for quantum vertex algebras, Comm. Math. Phys.
308 (2011), 703-741.

H. Li, G-equivariant ¢-coordinated quasi-modules for quantum wvertex algebras, J.
Math. Phys. 54 (2013), 051704, 26 pp.

H. Li, Nonlocal vertex algebras generated by formal vertex operators, Selecta Math.
(N.S.) 11 (2005), 349-397.

H. Li, Some finiteness properties of regular vertex operator algebras, J. Algebra 212
(1999), 495-514.

H. Li, S. Tan and Q. Wang, Toroidal vertex algebras and their modules, J. Algebra
365 (2012) 50-82.

M. Xue, W. Lin and S. Tan, Central extension, derivations and automorphism group
for Lie algebras arising from 2-dimensional torus, J. Lie Theory 16 (2006), 139-153.
V. Kac and Rehana, Bombay lectures on highest weight representation of infinite
dimensional Lie algebras, World Scientific Publishing Co., Inc., Teaneck, 1987.

W. Wang, Rationality of Virasoro vertex operator algebras, Internat. Math. Res. No-
tices 1993, 197-211.

Y. Zhu, Modular invariance of characters of vertex operator algebras, J. Amer. Math.
Soc 9 (1996), 237-302.



TWISTED HEISENBERG-VIRASORO VERTEX OPERATOR ALGEBRA 407

H. Guo

School of Mathematics and Statistics
Central China Normal University
‘Wuhan 430079

China

Q. Wang

School of Mathematical Sciences
Xiamen University

Xiamen 361005

China

Received: 3.7.2019.



