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ABSTRACT. Let (M, G) be a finite global quotient, that is, a finite set
M with an action by a finite group G. In this note, we classify all bico-
variant first order differential calculi (FODCs) over the weak Hopf algebra
k(G x M) ~Kk[G x M]*, where G x M is the action groupoid associated to
(M, @), and k[G x M] is the groupoid algebra of G x M. Specifically, we
prove a necessary and sufficient condition for a FODC over k(G x M) to
be bicovariant and then show that the isomorphism classes of bicovariant
FODCs over k(G x M) are in one-to-one correspondence with subsets of a
certain quotient space.

1. INTRODUCTION

It is a somewhat lesser known fact that the differential geometry of a
manifold M is completely encoded by C°°(M), the commutative algebra of
smooth functions on M ([19]). Consequently, one can discard the manifold
M and express any differential geometric property or object associated to
M algebraically in terms of the commutative algebra C'°°(M). Interestingly,
it turns out that many of the familiar objects of differential geometry can
still be defined if one replaces C°°(M) by any unital associative algebra A,
even if the latter is noncommutative. This algebraic generalization of classical
differential geometry is noncommutative (differential) geometry ([7, 8, 23, 16,
15]). If the algebra A is noncommutative, then A certainly cannot be the
algebra of functions on any classical manifold or space. In this case, it is
helpful, for conceptual reasons, to regard A as the algebra of functions on a
noncommutative manifold, even though the latter does not actually exist.
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There are several approaches to noncommutative geometry. The most
prominent is the approach put forward by Alain Connes ([7, 8]) which is based
on the idea of the spectral triple as the operator-algebraic generalization of
a closed Riemannian spin manifold. However, there is another approach of
significant interest: the so-called quantum group approach to noncommutative
geometry. This approach originated with the work of Stanislaw Woronowicz
in [23] and was developed extensively by Shahn Majid and others ([4, 2, 17,
18, 11]). In this approach, quantum groups (i.e. Hopf algebras) serve as a rich
class of examples of noncommutative geometry in much the same way that
Lie groups provide important examples of manifolds in classical differential
geometry. In addition, the mathematical structure of quantum groups also
provides one with the noncommutative geometric analogue of the classical
notion of a group action.

Given an algebra A (which we regard as the algebra of functions on a
manifold), the starting point in the quantum group approach is a choice of
first order differential calculus (FODC) over A; the latter is an algebraic
generalization of the space of differential 1-forms on a (compact) manifold.
Only after fixing a FODC can one begin to construct the algebraic analogues
of other classical differential geometric objects (e.g. higher differential forms,
de Rham cohomology, principle bundles, Riemannian metrics ([4, 18, 20])).
Hence, the notion of a FODC plays a central role in this approach. Since
the number of FODCs can be quite large, it is only natural to look for some
mechanism that will filter out all but the most interesting FODCs. When A
is a Hopf algebra, one has such a mechanism: bicovariance. In other words,
one discards all the FODC over A except those which are compatible with
the natural bicomodule structure of A ([23]).

In this paper, we layout the groundwork for the application of noncom-
mutative geometry (specifically the quantum group approach) to finite global
quotients. Formally, a global quotient is a pair (M, G) where M is a manifold
and G is a finite group which acts on M; a finite global quotient then refers
to the special case where the manifold M is a finite set. Given a finite global
quotient (M, G), we take the weak Hopf algebra k(G x M) ~ k|G x M]*
as the algebra of functions associated to (M, G) and classify all bicovariant
FODCs over k(G x M). Here, G x M denotes the action groupoid associated
to (M, G) (where we assume a left action of G on M) and k[G x M] is the
groupoid algebra of G x M.

The notion of bicovariant FODCs was originally defined for FODCs over
a Hopf algebra A. However, the same basic definition also works if A is
replaced by a weak Hopf algebra. The problem of bicovariant differential
calculi over weak Hopf algebras was originally studied in [6], especially in
regard to differential calculi over weak smash products, and later again in [24].
However, the classification problem for bicovariant differential calculi over the
weak Hopf algebra k(G x M) has yet to be studied. The current paper fills this
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gap in the literature. As one might expect, there are differences between the
Hopf and weak Hopf cases. One such difference is that the universal FODC
over a weak Hopf algebra is not necessarily bicovariant. This is in contrast
to the Hopf algebra case where the universal FODC over any Hopf algebra is
always bicovariant ([23, 2]).

Given a (general) global quotient (X, &), one can associate to it an al-
gebraic structure called a G-Frobenius algebra (or crossed G-algebra), see
[22, 13]. Specifically, one obtains a G-Frobenius algebra from (X, G) by com-
puting its stringy cohomology or stringy K-theory ([12, 14, 10]). Hence, global
quotients serve as a reservoir for G-Frobenius algebras. Roughly speaking, a
G-Frobenius algebra is a G-graded algebra which is equipped with a Frobe-
nius form and a G-action which satisfy a number of conditions. From the
work of Turaev ([22]), part of the significance of G-Frobenius algebras comes
from the fact that they are the algebraic structures which classify certain
2-dimensional homotopy quantum field theories. Hence, G-Frobenius alge-
bras can be viewed as a generalization of the commutative Frobenius algebras
arising from 2-dimensional topological quantum field theories ([1]). In light
of the link between global quotients and G-Frobenius algebras, the current
paper may ultimately serve as a first step towards applying noncommuta-
tive geometry to G-Frobenius algebras. This possibility serves as a secondary
motivation for the current paper.

The rest of the paper is organized as follows. In Sections 2 and 3, we give a
fairly self contained review of the necessary background material. Specifically,
in Section 2, we recall the notion of a weak Hopf algebra ([3]) as well as the
weak Hopf structure of k(G x M). In addition, we also review some of the
basic definitions and results for FODCs. In Section 3, we give a review of the
FODC for finite sets ([9, 8]). Lastly, in Section 4, we prove a necessary and
sufficient condition for a FODC over k(G x M) to be bicovariant. This result
is then used to show that the isomorphism classes of bicovariant FODCs over
k(G x M) are in one-to-one correspondence with subsets of a certain quotient
space. In the special case where M is a point, our result reduces to the well
known fact that the isomorphism classes of bicovariant FODCs over the Hopf
algbera k(G) ~ k[G]* are in one-to-one correspondence with subsets of the
set of non-identity conjugacy classes of G ([5]).

2. PRELIMINARIES

In this section, we recall some of the relevant background for the paper.
Unless stated otherwise, we use the following notation for the rest of the
paper:

e k is a field of characteristic 0,

o = ®k7

e ¢ is the identity element of a group.
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All algebras are unital associative k-algebras unless stated otherwise. The
coproduct A of a colagebra C' will be expressed in Sweedler notation ([21]) as

Alc) = cay ® c(z), (A®id)oAlc) = (id® A) o A(c) = ¢y ® c(2) @ ¢(3)-
Likewise, a left (right) coaction Ay, (Ag) of C on a vector space V will be
denoted as

AL(C)ZC(,D@C(O) eC®V, AR(C)ZC(0)®C(1) eVl
2.1. Weak Hopf algebras.

DEFINITION 2.1. A weak Hopf algebra over k consists of the following
data:

(H,p,1,A,¢,5)
where
(a) H is an associative algebra over k with product
pwH®H—-H, zzQy—zy
and unit element 1.
(b) H is a coassociative colagebra over k with coproduct
A:H— H®H, T = x(1) ® T(2)
and counit € : H — k.
which satisfy the following conditions:
(i) the algebra and coalgebra structures satisfy the following compatibility
relations:
multiplicativity of the coproduct: for all x,y € H
Alzy) = A(z)A(y),
weak mulitplicativity of the counit: for all x,y,z € H

e(zyz) = e(zy))e(y2)2) = e(@y(2))e(y)2),
weak comultiplicativity of the unit:
(A @ idy) o A1) = (A(1) & 1)(1 8 A(1)),
(A®idg)oA(l) = (1@ A(1))(A(1) ®1).
(i) the linear map S : H — H (called the antipode) satisfies the following
conditions for all x € H:
2(1)8(2(2)) = (L)L),
S(z))z) = 1me(@le),
S(z))z9)S(2(3) = S().
REMARK 2.2. Naturally, every Hopf algebra is a weak Hopf algebra. For
a weak Hopf algebra H, one has the following equivalent statements:
(a) H is a Hopf algebra,
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(b) A(l)=1®1,
(c) e(zy) = e(x)e(y) for all z,y € H.

For the sake of completeness, we recall the notion of a groupoid:

DEFINITION 2.3. A groupoid G consists of the following data:

a set Gy of arrows (or morphisms),

a set Gy of objects,

a map s : Gy — Go called the source map,
a map t: Gy — Gy called the target map,
a map

m: Gy X Gr = Go, (g, h) = m(g,h) :=gh
called the multiplication map, where
gl s Xt gl = {(guh) € gl X gl | S(g) = t(h)}7
e amap u:Gy— G, v — u(x) :=1, called the unit map,
e amapt:Gy — Gi, g 1(g9) := g ! called the inverse map
which satisfies the following conditions:
(1) (gh)k = g(hk) for all g,h,k € G1 satisfying s(g) = t(h), s(h) = t(k),
(ii) glsg) = Leg)g = g for all g € Gy,
(iii) g7t = Llyg), 99~ = Ly for all g € G1.
With regard to notation, one typically suppresses any mention of the structure
maps and denotes the groupoid simply as

gl = gOv

or as the pair (G1,Go). The groupoid is said to be finite if both G1 and Gy are
finite.

REMARK 2.4. A groupoid G; =% Gy where Gy consists of a single point is
simply a group. This is the motivation behind the name groupoid.

REMARK 2.5. The reader who is familiar with the notion of a category
will instantly recognize that a groupoid is simply a small category where every
morphism is invertible. This yields the shortest definition of a groupoid.

Now let (M, G) be a finite global quotient and denote the left action of

G on M by
GxM— M, (g,m)— gm.

The groupoid of interest in this paper is the action groupoid G x M, which
encodes all the information about (M, ). Formally, the action groupoid is
defined as follows:

1. the set of objects is (G x M)g := M,

2. the set of arrows is (G x M)y := G x M,
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3. the source and target maps are s(g,m) := m and t(g,m) := gm for
ge G, meM,

4. composition of arrows is (g, hm)(h, m) := (gh,m) for g,h € G, m € M,

5. the unit arrow associated to m € M is 1,, := (e, m).
From the groupoid G x M, we obtain the groupoid algebra k[G x M], which
has a natural weak Hopf structure. The weak Hopf algebra whose differential
calculi we will study is then the dual of this groupoid algebra: k(G x M) ~
k[G x M]J*. As a vector space, the weak Hopf algebra k(G x M) consists of
the k-valued functions on the set G x M. Let {67 | (g,m) € G x M} denote
the natural basis on k(G x M), that is, for (g,m) € G x M, 07" : G x M — k
is defined by

07" (g',m") == 0,9/ Om -

With respect to the natural basis, the weak Hopf structure on k(G x M) is
defined by

1. product: 9;’}%;’;2 = 5g17g25m1,m29;’}1,

2. unit: 1 := Z(gm)erM@;’l,

3. coproduct:
A@O) =Y 00 @05,
hea
4. counit: g(0") := dg.e,
5. antipode: S(0y") := 09",.
REMARK 2.6. Observe that k(G x M) fails to be a Hopf algebra when M

consists of more than one point. Indeed, if my,ms € M are distinct points,
then the counit fails to be multiplicative:

(2.1) (071 00) # (0" )e(60).
The left side of (2.1) is
e(0707) = Oy mn(00) = Omymy = 0
while the right side is
e(0")e(0?) = 1.
2.2. First Order Differential Calcui.

DEFINITION 2.7. A first order differential calculus (FODC) over an al-
gebra A is a pair (T',d) where T' is an A-bimodule and d : A — T is a linear
map such that

(i) T = span{adb | a,b € A},
(i1) d(ab) = adb + (da)b.
The elements of I' are called 1-forms.

REMARK 2.8. Note that if (', d) is a FODC over A, then, in general,
1-forms do not commute with elements of A even if A is commutative.
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Naturally, the above definition includes the following classical example.

EXAMPLE 2.9. Let M be a compact manifold. Then (Q'(M),d) is a
FODC over C*°(M), where Q(M) is the space of differential 1-forms on M
and d : C°(M) — QY(M) is the ordinary exterior derivative. The condition
of compactness implies that every 1-form on M can be expressed globally as
>k frdgi for some smooth functions fy, gr, on M.

DEFINITION 2.10. Let (T',d) and (I",d") be FODC's over an algebra A. A
morphism from (T',d) to (I',d’) is a homomorphism of A-bimodules ¢ : T' —
IV such that pod = d'. If ¢ is also invertible, then (T',d) and (T',d') are
isomorphic as FODCs.

COROLLARY 2.11. Let (I',d) and (I",d") be FODCs over an algebra A. If
there exists a morphism ¢ of FODCs over A from (T',d) to (I, d’), then ¢ is
necessarily unique and surjective.

PROOF. Suppose ¢ : (I';d) — (I",d’) is a morphism of FODCs over A.
Corollary 2.11 follows directly from the fact that

I' = span{adb | a,b € A}, T’ =span{ad'b|a,be A}
and ¢(adb) = ad’b for all a,b € A. O

Every algebra A admits a universal FODC (1 (A),d,), which is defined as
follows. Let p: A ® A — A denote the product on A. Then

(2.2) QL(A) := ker
and d,, : A — QL(A) is the linear map defined by
(2.3) dy(a) =1®a—a®1l YacA

The A-bimodule structure on QL (A4) C A ® A is the natural one, that is, for
w=>,a;,®b; € QL(A) and c € A, the left and right action of A on QL(A4) is

given by
cw:aniQ@bi, wc:Zai@)bic.
i i

One can verify by direct calculation that (QL(4),d,) is a FODC over A. The
use of the word universal is justified by the following result ([23, 20]):

THEOREM 2.12. Let A be an algebra and let (QL(A),d.) be the universal
FODC over A.

(i) Let W be an A-subbimodule of QL(A). Then
(2, (A)/W, 7w o du)

is a FODC over A, where mw : QL(A) — QL(A)/W s the projection
map.
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(ii) Let (T',d) be a FODC over A. Then there exists a homomorphism of
FODCs
dr + (2,(4), du) — (T, d).
In particular, for W = ker ¢r, the induced map
Ur : (QL(A) /W, mw 0 dy) = (T, d)
is an isomorphism of FODCs.

If A is now a Hopf algebra, one typically restricts attention to FODCs
which are left-covariant, right-covariant, or bicovariant ([23]). The aforemen-
tioned symmetries extend naturally to FODCs over weak Hopf algebras:

DEFINITION 2.13. Let (I',d) be a FODC over a weak Hopf algebra H .
1. (I',d) is left-covariant if there exists a left H-coaction
A,:T—-—H®T
such that
(2.4) Ap(adb) = agybay ® a@ydbzy YV a,be H.
2. (I, d) is right-covariant if there exists a right H -coaction
Ar: T T ®H
such that
(2.5) ARg(adb) = aqydb1y ® ai)bz), VYV a,be H.
3. (I, d) is bicovariant if it is both left and right-covariant.

REMARK 2.14. Note that if (T',d) is a bicovariant FODC over a weak
Hopf algebra H, then the covariant left and right coactions necessarily form
a bicomodule structure on I', that is,

(id® AR) oA = (AL ®id) o Ap.
Suppose now that one has linear maps
6L21—‘—>H®1—‘, 5RF—>F®H

which satisfy the covariance conditions (2.4) and (2.5) respectively. When
H is a Hopf algebra, d; and di are easily seen to be coactions of H on I'.
On the other hand, if H is a weak Hopf algebra (which is not Hopf), then
the covariance conditions (2.4) and (2.5) no longer seem to be sufficient to
guarantee that d;, and dr are coactions. The reason for this comes from the
fact that the counit € is now only weakly multiplicative. Consequently, it is
no longer clear that the following conditions necessarily hold:

(e®id)ody =id, (id®e)odr=id.

Hence, in the weak Hopf case, one must take the additional step of verifying
the coaction axioms directly.
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One additional difference between the Hopf and weak Hopf cases concerns
the universal FODC. When H is a Hopf algebra, the universal FODC over
H is necessarily bicovariant (see e.g. [20]). On the other hand, when H is a
weak Hopf algebra, the universal FODC over H is not necessarily bicovariant.
We will observe this feature later when we study bicovariant FODCs over the
weak Hopf algebra k(G x M).

3. REVIEW OF DIFFERENTIAL CALCULI ON FINITE SETS

In this section, we give a brief review of FODC on finite sets ([9, §]).
Throughout this section, X is a finite set, k(X) is the algebra of k-valued
functions on X, and for z € X, we let ¢, : X — k be defined by 6, (y) := 0z,
for all y € X. In addition, we let (QL(X),d,) denote the universal FODC
over k(X).

PROPOSITION 3.1. Let E, = {(z,y) | x,y € X, 2 #y} C X x X. Then
(i) B, := {0,dudy | (z,y) € E,} is a vector space basis of QL (X).
(ii) Let N C QL(X) be any vector subspace. Then N is a k(X )-subbimodule
of QL (X) if and only if there exists a unique subset By C E,, such that
By :={8,dudy | (x,y) € Bn}
is a vector space basis of N.
(iii) 0pduds=—» 0, @0, forz € X.
y#T
PROOF. (i): Since {0, | € X} is a basis of k(X) and
03y 0y =0y @0y — 03,40 @1 =0, ®0, forz#uy,
it follows immediately that E, is a linearly independent subset of QL(X) C
k(X)®@k(X). Also, since the product map k(X)®k(X) — k(X) is surjective,
we have
(3.1) dim QL(X) = [X]? — [X] = |X|(X| - 1)
where | X| denotes the cardinality of X. However, the right hand side of (3.1)

is also equal to the cardinality of E Hence, Eu is a vector space basis of
0,(X).
(ii): Suppose that N is a k(X)-subbimodule of QL(X) and let w € N.

Then
w= Y weybeduby = Y wryd. @03,
(z,y)GEu (m,y)GEu
for some (unique) w, ,, € k. Since N is a subbimodule, we have
Jpwdy = Wy 40y ® 0y € N
for (a: y) € E,. This implies that N is the k-linear span of some subset By
of E Since the elements of E are linearly independent, B ~ 1S necessarily
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a vector space basis of N. The linear independence of E’u also implies that
By is the only subset of E, which is a vector space basis for N. Since the

elements of Eu are indexed by the elements of F,,, there exists a unique subset
By of E, such that

By = {3udu, | (x.y) € Bn}.

Conversely, suppose N is a vector subspace of QL (X) such that there
exists a subset By C E, for which {d,d.d, | (z,y) € By} is a vector space
basis of N. Let f € k(X). Then for (z,y) € By, we have

[ (0edudy) = f(2)00dudy, (62dudy) - f = f(y)dzdudy.

This implies that N is a k(X )-subbimodule of QL (X).
(ili): For z € X, we have

0= 0pdul = 0pduls + »_ Sududy
y#
y#T

= 0aduls + 02 ® 6y,
y#

The last equality yields (iii). O

DEFINITION 3.2. For a FODC (T',d) over k(X), let Br and Er be the
unique subsets of E, defined by

Br :={(z,y) € E, | 6,d6,, =0}, FEr:=E, — Br.

PRrOPOSITION 3.3. Let (T',d) and (I”,d") be FODCs over k(X). Then

(i) Ep:= {0:ddy | (z,y) € Er} is a vector space basis of T
(i) (T,d) and (I',d") are isomorphic as FODCs if and only if Er = Ep

PROOF. (i): By Theorem 2.12, there exists a homomorphism of FODCs

By Corollary 2.11, ¢ is necessarily a (unique) surjective homomorphism
of k(X)-bimodules. Since kertr is a k(X)-subbimodule of QL (X), Propo-
sition 3.1 implies that there exists a unique subset K C F, such that
K = {62du0y| (z,y) € K} is a basis of ker¢pr. For (z,y) € K, we have
Yr(6zdydy) = 0,dd, = 0 which shows that K C Br. On the other hand, by
definition of Br, if (2/,3’) € Br, then 6,/dd,, = 0. This in turn implies that
0zrdy 0, € kerir. Since the elements of Eu are a vector space basis on QL (X)
by Proposition 3.1, it follows that d,/d.6, € K , which in turn implies that
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(2',y’) € K. This shows that Br = K. This implies that as a vector space, I’
is spanned by the elements

Ep := {0,dd, | (z,y) € Er := E, — Br}.
However, the vector space dimension of I is
dimT = dim Q. (X) — dimker¢r = |E, — Br| = |Er|

where | - | denotes the cardinality of a set. Hence, Ep is a vector space basis
of I.

(ii): Suppose that (I',d) and (IV,d’) are isomorphic as FODCs and let
¢ :([,d) = (I',d’) be an isomorphism of FODCs over k(X). (Note that ¢ is
unique by Corollary 2.11.) For (z,y) € Br, we have

0= ¢(0) = ¢(6:ddy) = d.d'dy,

which shows that Br C Brs. Using the inverse map ¢~
Hence, Br = Br/ which in turn implies that Fr = Er.
Now suppose that EFr = Er.. This in turn implies that Br = Brs. Let

"/JF : (Q}J(X)vdu) — (de)v wf" : (Qvli(X)vdu) - (Flvdl)

be the homomorphisms of FODCs over k(X) given by Theorem 2.12. (By
Corollary 2.11, ¢r and tp are unique and surjective.) From the proof of
statement (i) of Proposition 3.3, we see that

{5zdu5y | (CC,y) € Br = BF/}

is a vector space basis of both ker¢r and ker /. Hence, ker¢r = ker .
Let W := ker¢r. By Theorem 2.12, we have the following isomorphisms of
FODCs

1, one has Br D Br.

(D, d) ~ (QL(X)/Womw o dy) =~ (V. d)
where my @ QL (X) — QL (X)/W is the natural projection. u|

We conclude this section by recalling the following correspondence ([9, 8]).

THEOREM 3.4. There is a one-to-one correspondence between isomor-
phism classes of FODCs over k(X) and directed graphs whose vertices are the
elements of X and have the property that for each (z,y) € E, there is at most
one arrow from x to y.

PrOOF. Let (T',d) be a FODC over k(X). Let Gr be the directed graph
whose vertices are the elements of X and has the property that there is exactly
one directed edge from x € X to y € X if and only if (z,y) € Er. Proposition
3.3 implies that if (I,d’) is another FODC over k(X), then Gr = Gy if
and only if (T',d) and (I, d’) are isomorphic. Hence, every isomorphism class
of FODCs over k(X) is uniquely associated to some directed graph whose
vertices are the elements of X and has the property that for each (z,y) € E,
there is at most one directed edge from x to y.
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Now suppose one has a directed graph G whose vertices are the elements
of X and has the property that for each (z,y) € E, there is at most one
directed edge from z to y. We now associate a FODC over k(X)) to G, which
we denote as (I'g,dg). First, let Eg C E, be the set of all pairs (z,y) such
that G has a directed edge from x to y. Let Bg = E,, — Eg be the complement.
Let W be the vector subspace of QL (X) with vector space basis

{62dudy | (z,y) € Bg}.

By Proposition 3.1, W is a subbimodule of QL (X). Let I'g := Q! (X)/W and
dg = my o d, where Ty : QL(X) — QL(X)/W is the natural projection.
Then (T'g,dg) is a FODC over k(X) by Theorem 2.12.

We now verify that the above constructions are inverse to one another.
Suppose first that G is a directed graph whose vertices are the elements of X
and has the property that for each (x,y) € E,, there is at most one directed
edge from z to y. Using the above definition of I'g, we have

Br, = {(x.,y) € By | 6,dgb, = 0} = Bg.
Hence,
Erg := B, — Bry = E, — Bg = Fg,

which implies that G, = G as required.
On the other hand, suppose that (T',d) is a FODC over k(X). From the
above definitions, we have

Er = {(2.y) € B, | 6,d5, # 0} = B, .
Consequently, as a vector space, I'¢,. has basis

{0zdary | (z,y) € Ecr = Er}.
This implies that the homomorphisms

Yr: Qu(X) =T,  trg: Q(X) = ey

u

have the same kernels. It follows from this that (I',d) ~ (T'¢,,dg,.) as re-
quired. O

4. BicOvARIANT FODC oOVER k(G x M)

In this section, we let (2!, d,) denote the universal FODC over k(G x M).
Also, let

{0, |me M, geG}

denote the natural basis on k(G x M) (see Section 2.2). Following Section 3,
we define

E, = {((gvm)v (han)) | (gvm) 7£ (han)v gah € Gv m,n € M}
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By Theorem 3.4, there is a one-to-one correspondence between isomorphism
classes of FODC over k(G x M) and subsets of E,. Explicitly, the FODC
associated to a subset E C F, is given by

(QL /W, 7w o dy,)
where
W= Spank{%nduoz | ((ga m)a (hvn)) € Eu - E}

and 7y : QL — QL /W is the natural projection. (Recall from Proposition 3.1
that W is a k(G x M)-subbimodule of Q! and all subbimodules of Q! are of
this form.) From Section 3, the subset of E, which is associated to a FODC
(T, d) over k(G x M) is

EF = {((gvm)v (han)) | %ndoz 7£ Oa ((gvm)v (han)) € Eu}
Following Section 3, we also define Br := FE, — Er. For m € M, let G,, :=

{g € G | gm = m} denote the isotropy group of m. Let us now introduce the
following definition.

DEFINITION 4.1. A subset B of E, is bicovariant if the following three
conditions are satisfied:
(1) for m,n € M such that m # n, ((g,m), (h,n)) € B for all g,h € G,
(2) for g,h € G, m € M such that g~*h & G, ((g,m), (h,m)) € B,
(3) if ((g,m), (gk,m)) € B for some g € G, m € M, and k € G, — {e},
then
((h,ym), (hyky™*,ym)) € B ¥ h,y € G.

The justification for Definition 4.1 comes from the following result.

THEOREM 4.2. Let (I',d) be a FODC over k(G x M). Then (T',d) is

bicovariant if and only if Br is bicovariant in the sense of Definition 4.1.
Theorem 4.2 can be restated as follows.

COROLLARY 4.3. Let (T',d) be a FODC over k(G x M). Then (T',d) is
bicovariant if and only if the following three conditions are satisfied:
(i) for m,n € M such that m # n, 0,*d0;; =0 for all g,h € G,
(ii) for g,h € G, m € M such that g~*h ¢ G,,, 0y do =0,
(iif) if 0;'d0y; = 0 for some g € G, m € M, and k € Gy, — {e}, then

oymdgiT =0 Y hy€G.

We now turn our attention to proving Theorem 4.2. We begin with the
following lemma.

LEMMA 4.4. Let (T',d) be a FODC over k(G x M) such that Br satisfies
conditions (1) and (2) of Definition 4.1. If

0 : T =2k(Gx M)®T, Orp:T =-Tok(Gx M),
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are linear maps satisfying

(4.1) or (05" doy) = (07")1)(0n) 1) @ (85")2)d(0%) 2y,
(4.2) Sr(0;"doy) = (05")1)d(0;) 1) @ (05")(2)(0h)(2)

for all 0" # 0}, then 61, and 0r satisfy the covariance conditions (2.4) and

(2.5).

PrROOF. Since {67' | m € M, g € G} is a basis on k(G x M), it suffices
to check that d; and Jg satisfy the covariance conditions (2.4) and (2.5) on
elements of the form 67" dfy".

Since the unit element of k(G x M) is 1 =3 ;> o0 and dl = 0,
it follows that

(4.3) ordoy =— Y ordoy=— > 07doy,
{0} | 03#05} kEG., —{e}
where the last equality follows from the fact that Br satisfies conditions (1)

and (2) of Definition 4.1 (which in turn are equivalent to conditions (i) and
(ii) of Corollary 4.3). Applying ¢1, to both sides of (4.3) and using (4.1) gives

Sp(0gdoy) =— > (051 (05 @) @ (05) 205k 2)
keG,,—{e}

DR B AL A

keGn—{e} z,y€G

== > > e wordy,

kEGm —{e} 2€G

=Y - Y e wordey,

z€G keEGm—{e}

=Y 0 @0y doy
zeCG

where the last equality follows from (4.3). On the other hand,

(031 (05" ) @ (052 d(0 )2y = Y Oermi62r, @ 07 dby’
z,yeG

>0 @07 doy.
zeG

(4.5)

Comparing (4.4) and (4.5) gives

o1 (0g"dbg") = (05")(1)(0") (1) ® (0" ) (2)d(63") (27)-
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Applying dr to both sides of (4.3) and using (4.2) gives

Sr(0y'ddy) =~ > () md5) ) ® (652 (65k) 2
keGp—{e}

== DD GEndig ooy
keG,,—{e} z,yeCG

=Y |- > oo @6y

ze€G | k€Gm—{e}

=D |- D Ol ey O
z€G | k€Gm—{e}

=Y |- > emderr., @07
zeG L k'e€Gam—{e}

SO T
zelG

where the last equality follows from (4.3). At the same time, we also have
(07" )07 1) @ (05 @) (07 )@y = D, Oarad6”™, @ 076y
z,yeG

=) 0um,dor, @ 01
zeG

(4.7)

Comparing (4.6) and (4.7) gives
or(05'd0g") = (65")(1)d(05") 1) @ (65")(2)(05") (-
O

PROPOSITION 4.5. Let (I',d) be a bicovariant FODC over k(G x M).
Then Br is bicovariant in the sense of Definition 4.1.

PRrOOF. Let Ay and Ag denote the left and right-covariant coactions
respectively. Applying Ag and Ay to 07'd0y; gives

Ap(7deoy) = > 67.d6Y . 670y
z,yeG

(4.8) = > Gnnba 02O, © O

z,yeG

S b b5 @ 0
zelG
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and
Ap(O o) = Y om0, @ 07doy
(4.9) nuee
= > Gamynlga—t hy—1 050" ® 07d6}.
z,yeG

Since (id ® €) o Ar = id, equation (4.8) implies that
0y doy = Z Om,n0z,e0gn1d0yr—1 = 6m n0y" db} .
z€G

Hence, ¢3'd0; = 0 for m # n. This implies that condition (1) of Definition
4.1 is satisfied.
Likewise, since (¢ ® id) o A, = id, equation (4.9) implies that

(4.10)  077d0; = > OemynOga1 hy—10ga—1 050y = Sgm nnydO}.

z,yeG
From (4.10), we see that if m = n and g~'h ¢ G,,, then
(4.11) O O = 8y om0 A0 = 8,y g1 e OO = 0.

Condition (2) of Definition 4.1 now follows from (4.11).
Now suppose that 67"dfy; = 0 for some g € G, m € M, and k € Gn—{e}.
Equations (4.8) and (4.9) then imply

(4.12) > oo doir . @07 =0
zeG
and
(4.13) > orm, @ 0rdoy;, = 0.
zeG

Since {6} | n € M, h € G} is a basis of k(G x M), equations (4.12) and (4.13)
imply
(4.14) Ogr1dbyi— =0, 0;'d0;, =0, VaxeG.
Using (4.14), we have
AR(07dOT) = > 05 doy . @07 =0, VaeG.
acG

This implies that 027 ,d0%" _, = 0 for all x,a € G. Now let h,y € G be
arbitrary and set a :=y and z := hy. Then

am _ pym ym Ym jaym o
Oza-1d03ka— e(hy)y da(hu)u Yyky=1) — =0, dehyky =0.

This implies that condition (3) of Definition 4.1 is satisfied. O
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LEMMA 4.6. Let (I';d) be a FODC over k(G x M) such that Br is bico-
variant in the sense of Definition 4.1. If ((g,m), (h,n)) € Br, then 0;df} =0
and

(4.15) (05") 1) () (1) @ (05")2)d(67)2) = O,
(4.16) (05")(1yd(03) 1) @ (85") 2) (01 ) (2) = 0.

Proor. Let ((g,m), (h,n)) € Br. The statement that }"df; = 0 follows
directly from the definition of Br. We now prove (4.15). The proof of (4.16)
is similar so we omit it.

Since Br is bicovariant, the element ((g,m), (h,n)) € By falls into one of
the following three cases:

case 1: m # n,
case 2: m =n and g th & G,
case 3: m =n and g 'h € G,,, — {e}.
For case 1, we have
05 (07 1) @ (07) 2 d(OF)2) = D O5a63_, @ 07 doy = 0.
z,yeG

Note that the last equality follows from the fact that 6;"dfy = Oforallz,y € G
since ((z,m), (y,n)) € Br for m # n. For case 2, we have

(05) 1y (0R") (1) @ (07")(2)d(0}") (2) = Z OgorOp "1 © 05 dOy"

z,yeG

Tm m m
E 6mm,ymégm*1,hy*19gmfl ® 996 d9y
z,yeG
rm m m
E 5971h7m71y99171 ® 0, dﬁu
= lyeG,y,

=0

since g~'h ¢ G,, for case 2. Lastly, for case 3, we have h = gk for some
k € G, — {e}. Then

O 1) (0) 1) ® (07) 2 d (O 2) = >, 02m,6%" ., @ 07 doy’

z,yeG

Z Sam,ymOga1 ghy-1 020 @ 07 A0}
z,yeG
Do, @ 0rdoy,
zeG
=0

where the last equality follows from condition (3) of Definition 4.1. Specif-
ically, since ((g,m),(gk,m)) € Br, we have ((z,m), (zk,m)) € Br for all
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x € G, which in turn implies that 07'd07; = 0 for all + € G. This proves
4.15). O

PROPOSITION 4.7. Let (T',d) be a FODC over k(G x M) such that Br is
bicovariant in the sense of Definition 4.1. Then (T, d) is bicovariant.

Proor. Let (I',d) be a FODC over k(G x M) such that Br is bicovariant.
Let
and R R
BF = {H;Rdue;zl | ((gvm)v (han)) € BF} C Eu
By Proposition 3.1, Eu is a vector space basis of QL. Let
AL: Q) k(G M)®Q, Ap:Q,—Q, 0k(Gx M)
be the linear maps whose values on the basis Eu is as follows:
(a) for 6™d, 0 € B, — Br,
AL(07'dub}) = (07) 1) (07 1) @ (05 2)du (07 ) 2)
= 0 @070, 1y,
zeG
Ar(bg'du0y") = (05") 1) du(05) 1) @ (05")(2)(61") 2)
= 3 b 2
zeG
(b) ZL|§F =0 and ZR|§F =0.
Let vr : (QL,d,) — (I',d) be the natural morphism of FODCs given by
Theorem 2.12. Since ker ¢r = span, Br and
spankﬁp C ker Ay, spankf?p C ker Ap,
we see that Ay and A induce linear maps
AL TS k(GxM)®QL,  Ap:T — QL ok(G x M)
which are defined by the conditions
AL =Apoyr, Ar=Agoyr.
Now define
AL :T=k(GxM)®T, Arp:T—=>Tk(Gx M)
by N N
Ap = (id®vYr)oAr, Ag:= (Yr @id) o Ag.
We now verify that Ay, is a covariant left coaction. (The proof that Ag is

a covariant right coaction is similar so we omit it.) To show that Ay satisfies
the covariance condition (2.4), it suffices by Lemma 4.4 to show that Ap
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satisfies the covariance condition on all elements of the form 6;'df} where
05" # 0. The set of all such elements is the image of E, under ¢r. For
0y doy € Yr(E, — Br), we have

(id ® ¢r) o AL (07O}
(id @ ¢r) o A (0 d, 0"
( 05

= (05

A (0, doy")

id @ Yr)((0,") 1) (01" 1) @ (05")2)du(O}')(2))
0 ) (O @) @ (05")2)d(05") 2)
where the third equality follows from the definition of Ar. Now let Hgndu@ﬁ S
Br. Then 0df} = ¢r (07 d,07) = 0 and
Ap(0g'doy) = 0= (05")1)(01) (1) @ (05")2)d(0}) 2)

by Lemma 4.6. With the completion of this step, we have shown that for all
05" # 0}, we have

Ar(0g"doy) = (65") 1) (0h) (1) ® (05")(2)d(0h) 2)
Lemma 4.4 now implies that Ay, satisfies the covariance condition (2.4).

We now quickly verify that Ay is indeed a left coaction of k(G x M).
Specifically, we must verify that

(A@id)OAL:(id®AL)OAL, (E@id)OAL:id.

The first left coaction axiom follows immediately from the multiplicativity and
coassociativity of A and the fact that Ay satisfies the covariance condition
(2.4). For the second coaction axiom, it suffices to verify it on the elements of
wp(Eu — Ep) which is a vector space basis for I". The elements of ¢ (Eu — EF)
are of the form 0;'d0}; where m € M, g € G, and k € G, — {e}. Using the
covariance of Ay, we have

(e ®@id) o Ar (07 d0y;) = € ((07) (1) (05%) (1)) (05 (2)d(03k ) 2)

_ Z qw v omdemk — Z 59171769?619;%

z€G zeG
. qm m
— 0o

Lastly, since Ay, and Ap satisfy the covariance conditions (2.4) and (2.5)
respectively, it follows that Ap and Ag are compatible, that is, they satisfy

(’Ld® AR) oAp = (AL ®’Ld> o ARg.
O

The proof of Theorem 4.2 now follows from Propositions 4.5 and 4.7. We
conclude this paper with the following classification result.
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THEOREM 4.8. For m € M, let G, := Gy, — {e}. Define a left G-
action on J(M,G) := Uneps Gm % {m} by x - (k,m) = (zka=',am) for
adlzeG, meM, and k € G,,. Then there is a one-to-one correspondence
between isomorphism classes of bicovariant FODC over k(G x M) and subsets

of T(M,G)/G.

PROOF. Theorem 4.2 and the proof of Theorem 3.4 imply that there is a
one-to-one correspondence between isomorphism classes of bicovariant FODC
over k(G x M) and subsets E of E,, for which E,,— E is bicovariant in the sense
of Definition 4.1. Worded differently, we have a one-to-one correspondence
between isomorphism classes of bicovariant FODC over k(G x M) and subsets
B of E,, which are bicovariant.

For any subset B of E,,, define

B* := Bﬂ{((gam)a(gkam)) | g€ va € M’ k Eém}

It follows immediately from Definition 4.1 that two bicovariant subsets B;
and By are equal if and only if B} and B3 are equal.
Let 7 : J(M,G) = J(M,G)/G denote the quotient map and define
¢:E; — J(M,G) by
¢(((g,m), (gk,m))) == (97" (gk),m) = (k,m)

and let © = mo . Now suppose that By and Bs are bicovariant subsets such
that

?(BY) = @(B3).
Let ((g,m), (gk,m)) € Bf. Since
@((g,m), (gk, m)) = 7 (k,m) € B(B3),
it follows that (zkz~',zm) € ¢(Bj) for some x € G. Hence,
((h,zm), (h(zkz™'),2m)) € B C By
for some h € G. Condition (3) of Definition 4.1 implies that
(@, yam), (a(yhay ™), yam)) € B}
for all a,y € G, where we note that yrka~ly~! € Gyup,. Setting y = 27! and

a = g, we have ((g,m), (gk,m)) € By. Hence, Bf C Bj. The same argument
also gives BT D B3. This shows that

Bi = B; < 9(BY) = 9(B3).

Let BiCov denote the set of bicovariant subsets of E,, and let Sub(J (M, G)/G)
denote the set of all subsets of J(M,G)/G. Define

® : BiCov — Sub(J (M, G)/G)

by ®(B) := ®(B*). The above argument shows that ® is injective. To see
that @ is also surjective, let X be a subset of J(M,G)/G. Now let Q C E,
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be the subset consisting of all elements of F,, which satisfy conditions (1) and
(2) of Definition 4.1. Now let

B=QU (@) (X).
Observe that if ((g,m), (gk,m)) € B for some g € G, m € M, and k € G,

then ((g,m), (gk,m)) must lie in (¢)~'(X). This implies that w(k,m) € X.
Since 7(k,m) = w(yky~*,ym) for all y € G, it follows that

((h,ym), (hyky~',ym)) € (@) " (X)C B VY h,y € G.

Hence, B satisfies condition (3) of Definition 4.1. In particular, B is a bico-
variant subset. Since ¢ : B — J(M, Q) is surjective, we also have

®(B) :=3(B*) = () (X)) = X.
O

REMARK 4.9. In the special case when M = {m} is a point, we have
k(G x M) =k(G), G, = G := G —{e}, J(M,G) = G, and J(M,G)/G is
equal to the set of non-trivial conjugacy classes of G. Consequently, when M
is a point, Theorem 4.8 reduces to the well known fact that the isomorphism
classes of bicovariant FODC over k(G) are in one to one correspondence with
subsets of the set of non-identity conjugacy classes of G.

EXAMPLE 4.10. Consider the set M = {1,2,3} and let the symmetric
group
Sz = {67 (L 2)7 (L 3)7 (2a 3)7 (L 2, 3)a (17 3, 2)}

act naturally on M. Then

MSg X{Z

{( 3 x {1} U {(1,3)} x {2} U {(1,2)} x {3}.

It is easy to see that |J (M, Ss)/S3| = 1. Theorem 4.8 implies that (up to
isomorphism) there are exactly two bicovariant FODCs over k(S5 x M). One,

of course, is the trivial zero-dimensional FODC over k(S5 x M). Let us denote
the non-trivial bicovariant FODC over k(S5 x M) by (I',d). Also, let

By = {((a,9),(8,0)) | (i) # (B,5), . €53, i,j € M}

and let a1 1= (2,3), as := (1,3), and a3 := (1,2). The FODC (T, d) corre-
sponds to the directed graph whose vertices are the elements of the set Sgx M
and whose directed edges are given by the set

@Cw

EF—U{ 0,1), (ca;,i)) | o € Ss3}.
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From this, we have dimT" = |Ep| = 18. One easily sees that Er is the only
non-empty subset of E, such that F, — Er is bicovariant in the sense of
Definition 4.1.
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