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Abstract. The aim of this paper is to obtain the spectra and fine spectra of the matrix
U(a;0;b) on the Hahn space. Also, we explore some ideas of how to study the problem
for a general form of the matrix, namely, the matrix U(ao, a1, - . .,an—1;0;b0,b1,...,bn—1),
where the non-zero diagonals are the entries of an oscillatory sequence.
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1. Introduction

In numerical analysis, matrices from the finite element or finite difference problems
are often banded. Such matrices can be viewed as descriptions of the coupling
between problem variables; the bandedness corresponds to the fact that variables
are not coupled over arbitrarily large distances. Such matrices can be further divided
- for instance, banded matrices exist where every element in the band is nonzero.
These often arise when discretizing one-dimensional problems. Problems in higher
dimensions also lead to banded matrices, in which case the band itself also tends to be
sparse. For instance, a partial differential equation on a square domain (using central
differences) will yield a matrix with a bandwidth equal to the square root of the
matrix dimension, but inside the band only 5 diagonals are nonzero. Unfortunately,
applying Gaussian elimination (or equivalently an LU decomposition) to such a
matrix results in the band being filled in by many non-zero elements (see [13]). And
S0, the resolvent set of the band operators is important for solving such problems.
Spectral theory is one of the most useful tools in science. There are many ap-
plications of mathematics and physics which contain matrix theory, control theory,
function theory, differential and integral equations, complex analysis, and quan-
tum physics. For example, atomic energy levels are determined and therefore the
frequency of a laser or the spectral signature of a star is obtained in quantum me-
chanics. The resolvent set of band operators is important for solving the above
explanation problems. Band matrices emerge in many areas of mathematics and its
applications. Tridiagonal, or more general, banded matrices are used in telecom-
munication system analysis, finite difference methods for solving partial differential
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equations, linear recurrence systems with non-constant coefficients, etc. (see [16]);
S0, it is natural to ask the question of whether one can obtain some results about
the spectral decomposition of a U(a;0;b) matrix.

Let X and Y be Banach spaces, and L : X — Y a bounded linear operator. By

R(L)y={yeY :y=Lx, vz € X}

we denote the range of L and by B(X), we show the set of all bounded linear
operators on X into itself.

Let L : D(L) — X be a linear operator, defined on D(L) C X, where D(L)
denotes the domain of L and X is a complex normed linear space. Let Ly := A — L
for L € B(X) and A € C, where [ is the identity operator. L)' is known as the
resolvent operator of L.

The resolvent set of L is the set of complex numbers A of L such that L;l exists,
is bounded and is defined on a set which is dense in X and denoted by p(L, X).
Its complement is given by C\p(L; X) which is called the spectrum of L denoted by
o(L, X).

The spectrum o(L, X) is a union of three disjoint sets as follows: The point
spectrum o,(L, X) is the set such that L;l does not exist. If the operator L;l is
defined on a dense subspace of X and is unbounded, then A € C belongs to the
continuous spectrum o.(L, X) of L. Furthermore, we say that A € C belongs to
the residual spectrum o,.(L, X) of L if the operator L;\l exists, but its domain of
definition, i.e. the range R(AI — L) of (A — L) is not dense in X, then in this case
L;l may be bounded or unbounded. From the above definitions we have

o(L,X)=0,(L,X)Uo.(L,X)Uor(L,X) (1)
and
op(L, X)No(L,X) =0, 0,(L,X)N0o,(L,X)=0, 0,.(L,X)No.(L,X)=0.

By w we denote the space of all sequences. Well-known examples of Banach se-
quence spaces are the spaces {., ¢, ¢o and bv of bounded, convergent, null and
bounded variation sequences, respectively. Also, by ¢, bv, we denote the spaces of
all p—absolutely summable sequences and p—bounded variation sequences, respec-
tively.

Hahn [10] introduced the space h of all sequence x = (x)) € ¢o such that

oo
Z klzgs1 — o
k=0

is finite. The norm -
Il = kl2krr — 2] + sup |2k
k=1 k
was defined on the space h by Hahn [10]. Rao ([12] Proposition 2.1) defined a new
norm of h given by

o0
Izl = klarsr — 24 -
k=1
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The dual space of h is norm isomorphic to the Banach space

n
Z | < oo} .
k=1

Many investigators studied the spectrum and fine spectrum of linear operators on
some sequence spaces. In 2013, Tripathy and Saikia [14] calculated the spectrum of
the Cesaro operator Cy on bvg N {s. In 2014, Paul and Tripathy [11] studied the
spectrum of the operator D (r,0,0, s) over the sequence spaces ¢, and bv,. In 2016,
Yesilkayagil and Kirigci [17] calculated the fine spectrum of the forward difference
operator on the Hahn space.

1

aooz{x:(xk)Ew:sup
n T

2. Fine spectrum

The upper triangular matrix U(a;0;b) is an infinite matrix with non-zero diagonals
that are the entries of an oscillatory sequence of the form

[ag 0 00 0 0 0 0 ---]
0a; 0b; 000 0 0 -
0 0a; 0b, 00 0 0 -
U(a;0;0) = [0 0 0 ao 0.bo 00 0 - bo, b1 , by # 0). 2
@0 = 0 0 0 a0 b 0 0. CobbF0 (2)
0000 0a 0 by 0 -

In this paper, we will calculate the spectral decomposition of the above matrix.

Lemma 1 (see [12, Proposition 10]). The matriz A = (ani) gives rise to a bounded
linear operator T € B(h) from h to itself if and only if

o0
(1) > nlank — ant1,5| converges, for each k;
n=1

8

k
(44) supk% | Y (Gny — Ang1e)| < 005
n=1 v=1

(4ii) lim ang =0, for each k.
n— o0

Theorem 1. U(a;0;b) : h — h is a bounded linear operator if and only if a, + b, =
An1 + bn+1 ; = 07 13 2.

Proof. Let us use Lemma 1 for the proof.

o) |CLQ| y k=1
(i) > nlank — any1kl = § 3las], k=2 is convergent.
n=1 (Qk— 1) |ak,1|+(2k—5) |bk|,k2 3

Herein a, = ay, b, = by for x =y (mod 3).
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(i)

118

k
n Z (anv - an+1’v)
v=1

n=1

k—1 k—2 k—2

CUSIIIE o) 0y oo — by + CLELOIE 1) oy by — iy
B +wm2_a0+b2_b0|+(k5—2)|ak73_ak72+bk73|
+(k—1)|ak—2 — ap—1| + k|ag—1],k >2
lao] k=1

where |z] denotes the greatest integer less than or equal to . Herein a, = ay,
by = by for x =y (mod 3). Therefore

oo
don
n=1
is convergent if and only if a,, + b, = ap41 + bpy1 , 7 =0,1,2. Hence

k
Z (anv - an+1,v)
v=1

is convergent if and only if a,, + b, = ap411 + bpr1 ,n=0,1,2.

(iii) For each k, it is clear that lim ay,, = 0.
n— oo

Thus the assertion of Lemma 1 holds. O

k

Z (anv - an—i—l,v)

v=1

| =

3

1
sup — < o0
kp k

n
1

n

Lemma 2 (see [9, p.59]). T has a dense range if and only if T* is 1-1.
Lemma 3 (see [9, p.60]). T has a bounded inverse if and only if T* is onto.
Theorem 2. 0,(U(a;0;b),h) ={A € C: |A—ao| |X —a1| |A — az| < |bo||b1] |b2]}-

Proof. Let A be an eigenvalue of the operator U(a; 0;b). Then there exists x # 6 =
(0,0,0,...) in A such that U(a;0;b)z = Az. Then we have

n

Tén = q o,
Tont1 = q"T1,
)\7(10 n
Tent2 = b q Zo,
\ 0
—a
Tents = — Loy, n >0
A—ag) A—a
T6nt4 _ ) 2) "o,
boby
- _ ()\—ao)(/\—al) "37
6n+5 bob1 1-
A — A — A —
where ¢ = ( %) ( a1) ( a2). Thus we get

bob1bo

‘xﬁk-ﬁ—r - $6k+r+l| = |K7'| |q|k , T = 07 57
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where
To — T1, r=20
)\ — ap
L1 — Zo, r =
bo
A—ap A—aq
./L'() - b xl; r = 2
1
=<{ A— A\ — \—
Kr ; ay _ ( a/()) ( @2)$0’ r—3
1 002
(A —ao) (A —a2) (A —ag) (A —ay)
xro — 1, r=4
bObQ bObl
(A —ap) (A —a1) . s
bObl qxo,
and so
(6K + 1) |Z6k+r — Tehsrr1l = [K | (6k+7)]g/ ,r=0,5
Therefore we have
Z n|ey, — Tnp1| = Z (6k + 1) |Tekrr — Tekrrit
n=1 k=1

Z (6k +1)]q" .
k=1

Since
(6k +r +6) |q|" ™
1m
k—oo  (6k + 1) |q|*

= |q|

from D’Alembert’s ratio test, the series

oo

Z (6k +7) |q]"

k=1

is convergent if and only if |¢/ < 1 and hence, x = (z,) € h if and only if
A —ao| |A — a1]|A — az| < |bo] |b1]|b2]. Therefore,

0, (U(a;0;b),h) = {A € C : |\ — ag| |A — a1| [A — as| < |bo| |b1] |b2]} -
O

If T : h — h is a bounded linear operator represented by a matrix A, then it is
known that the adjoint operator T* : h* — h* is defined by the transpose A? of the
matrix A. It should be noted that the dual space h* of h is isometrically isomorphic

n
to the Banach space oo = {x = (z) €Ew :sup = ’ > | < oo

k=1

Theorem 3. 0,(U(a;0;b)*, h*=0.) = 0.
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Proof. Let X\ be an eigenvalue of the operator U(a;0;b)*. Then there exists z #
6 =(0,0,0,...) in 0o such that U(a;0;b)*z = Az.
Then, we have

agTo = A\xo (3)

a1r1 = A1 (4)

boxo + azre = A\To (5)

bix1 + aprz = A3 (6)

bao + @124 = A\Ts (7)

boxs + asrs = A5 (8)

bixs + agre = ATg 9)

boxs + a1x7 = A\x7 (10)

boxg + asrs = Ars (11)

Then we have

n = 3k, boxy + a2Tpio = ATpyo (12)
n=3k+1, bix,+ aoTnt2 = ATpi2 (13)

n=3k+2, box, +a1Tpt2 = ATp4o

Let x¢ # 0; then we obtain that A = ag from (3), 1 = 0 from (6), z4 = 0 from (9),
x2 = 0 from (7) and z¢ = 0 from (5). But this contradicts our assumption.

Now let £y = 0 and 1 # 0; then we obtain that A = ay from (4), 2 = 0 from
(7), x5 = 0 from (10), 3 = 0 from (8), 1 = 0 from (6). But this contradicts with
our assumption.

Similarly let 2o = 0, 27 = 0 and z2 # 0; then we obtain that A = a; from (5),
x¢ = 0 from (11), z4 = 0 from (9), x5 = 0 from (7). But this contradicts with our
assumption.

Finally, let 23511 be the first non-zero of the sequence (x,). If n = 3k, then
from (12) we have A = ag. Again from (12) for n = 3k + 3 we have byzsris +
2T3k+5 = A2T3k+5; then we get x3x+3 = 0. But from (13) for n = 3k + 1 we have
b1x3k4+1 + apTskr3 = a2x3k+3, we have xsx41 = 0, a contradiction.

Similarly, if zs or xsr + 2 is the first non-zero of the sequence (z,), we get a
contradiction.

Hence, 0,(U(a;0;b)*, c§=t1) = 0. O
Theorem 4. ¢, (U(a;0;b),h) = 0.

Proof. Since 0,(A,h) = 0,(A*,000)\0p(A, h), Theorems 2 and 3 give us the re-
quired result. O

Lemma 4.

(S-S )

k=1 \=0 =0 k=i+1
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where (ar) and (bni) are real numbers.

Proof. It is clear. ]

Theorem 5. o.(U(a;0;b),h) ={A € C: X —ao||A — a1] |\ — az| = |bo]| |b1] |b2|} and
U(U(a;o;b)7h) = {)\ eC: |)\ - a0| |)\ - a1| |)\ - a2| S |b()| |b1| |b2|}

Proof. Let us take y = (yn) € 0o such that (U(a;0;b) — AI)*x = y for some
x = (z,,). Then we get a system of linear equations:

(ap — N)zo = yo
(al - )\)$1 =M%

boxsn + (a2 — A)Z3nt2 = Ysny2, n >0
b123n4+1 + (@0 — A\)Z3n4+3 = Y3n+3

baznt2 + (@1 — N)Tanta = Ysnta

Solving these equations, we have

n—=k

o
Tontt = |f/2n+t + Z )"yt H

b2n 21/+t
)\ b
a2n4t — A2n—2v4t —

t=0,1;n=12,...

Herein a, = a,, by = b, for x =y (mod 3).
Therefore we get

2n—+t
! Zx S |0 + 21 + @2 + 23+ - + Topit]
D 2 v R 1 2 3 2n+t
Tifetnt
= €T €T X
o 11 | %0 1 2+t
k=1
< 1 o W
2n+t|lag—A  a;— A
1 n k—i b
2k—2v+t
+ + e | [
o+t ZanH Yok+t Z y21+t£[1a2k72y+t — )\]
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< 1 Yo + Y1
2n+t|lag— A a1 — A
+2 1 t Y2kt -
n+ oy B2k4t —
1 n k=i
; 2k—2v+t
Jr . - = = -
2n+t Z Aokt — A Z i 1,1;[1 A2k—20+t — A
< 1 Yo, W
2n+t lag— A a; — A
9 1 1 n n k-1 k—1i b
2k—2v+t
+ma P - o
mao am—A‘ 2n+t Zy2k+t 2n+t 2::1 ;( y21+t H A2k—20+t— A
Thus
1 2n+t
x
o+t F
, ] n k-1 k=i
2k—2v+t
< ma 2 i || -
g o+ [Tt I e
=1 1=0 v=
Now, we consider the sum
n k—1 k—i
by H bak—2u
; ——=" .
2n +t — 2:0 o Ggk—2utt — A
k=t bog_ou4t

In Lemma 4, if we take a; = yo;1¢ and by; = (fl)kﬂ

v=1 Q2k—2v+t — )\7
n k—1 k—1 b
2k— 2V+t
y2 t
2n+tk “0 " Ha2k v+t —
-5 Zy > o I e
= ,L'+t _— - .
2n+t i=0 k—it1 1 B2k—2v4t — A
k=i Bor ,
Also, since [] B h— p*~%, where M is constant and
v=1 Q2k—204t — A
( babybo )1/3
p= )
(CLQ — )\) (a1 — )\) (ao — A)
the last equation turns into the sum 5—L ‘ Z Yoitt Z pF~%|. Then
k=i+1

n

= k—i i
> yoire »o (=1)TpM =
i=0

k=i+1

Mp

Z Y2itt (1 —(

2n+t 2n+t

—p)"_i)

] |

then we have
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n—1 )
Mp 2n+t Z Y2itt — Z Y2i+t —p)n_z’
Mp Z n—i
> 2n+t Y2i+t + 1 p 2n+1 Z 921+t< p) '
Hence
M n—1 n i .
211—!—‘t DI S G VAR
i=0 k=i+1 (14)
Mp Mpnt! 1= ;
< | —= e (=p) .
_‘l_p’llyll%—k T | ;yw( p)

If we take al = Yoi+t, by = (—p)_i and apply Abel’s partial summation formula to

the sum Z Y2+t e obtain
=0 (—p)"

=0
n 1
since s, = > Yaitt, Ab; = & Thus
i=0
Mpn+1 1 n—1 i
1—p |20+t iz:yzwt (—p)
Mpn+1 p+
1, 2n+t Zy21+t+z l+1 Zy2k+t
Mp| 1 M(p+1)p"+1 S L T
< |— ; -
ST 2n+ e ;ymﬂ-l— 1—p o+t Z; ~ z+1Zka+t
n —2
Mp| 1 M(p+1)p" 1
< | = ) il S
ST 2n+ e ;ymﬁ +‘ 1—p Z|p| Ton 1t Zy2k+t
n 2
Mp M({p+1)p
< | 222 ol + [P o, Y
1 -p =0 |
and we get
Mpt 1 &= i p|"”" Mp
(= <1 1 15
lfp M+t §y2+t( p) = +(p+ )p |‘ || Ho'(x,( )
Replacing (15) in (14), we have
| M| ki i
i -1 !
o+t Zy2+tk§1 )P

(16)

n—1
P M(p+1)p lp[" " —1
<2 22 ol + [HLEEDE gy, .
-p

Ip| =1
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Replacing (16) in (14), we have

b2k72v+t

n k—1 k—1

DY D) e [
0

k=1 1i= v=1

p|" " = 1] | Mp
24+ (+1)p T Iyl -

1
2n+t 2k —204+t — A

A

Ip| —1

Finally, replacing (17) in (14), we get

2n-+t n—1
1 9 Mp| |M(p+1)p?| |p|" " =1
< 242 .
| 2 7| < ol | _A‘{ n ‘1_ M ot e bl
Since
. boby bo 1/3

= (Yn) € Ooo, & = (T) € 0 iff = < 1.

Y= (yn) (zn) p| CESCERN TS

Consequently, if for A € C, |ag — A||a1 — A||ag — A| > |ba] |b1] |bo|, then (z,) €
0oo- Therefore, the operator (U(a;0;b) — AI)* is onto if |A — ag| |A — a1||A — az| >
|bo] |b1] |b2]. Then by Lemma 3, U(a;0;b) — A has a bounded inverse if

|)\ — a0| |)\ — a1| |)\ — a2| > |b0| ‘bl‘ |b2| SO,

0e(U(a:0:6), h) € {A € C: |A—ap| |A — a| |A — as| < [bo] [ba] o]}
Since (L, h) is the disjoint union of o,(L, k), o,(L, h) and o.(L, h), therefore
o (U(a: 0:5), 1) € {3 € C: |A— ag| A — a| A — as| < [bo] [bs] o]}
By Theorem 2, we get
{Ae Co A —aol [A = ar] | — ag| < [bof [b1] |b2[} =07 (U (a; 0;b), h) C o(U(a; 0;b), ).

Since o (L, h) is closed and thus,

{AeC:|A—ag||A—a1]|X — az] < |bo||b1]|b2]} C o(U(a;0;b),h)
— o (U(a:0:b), h)

and

{AeC:|A—agl|A—a1]|A —az| < |bo| |b1] |b2]} C o(U(a;0;b), h).
Hence,

o(U(a;0;b),h) ={A € C: |A—ao| |\ —a1] |A — az] < |bol |b1] |b2|}
and so

0.(U(a;0;0),h) ={A € C: |A—ap| [N — a1| |X — az| = |bo| |b1] |b2|} -
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3. Subdivision of the spectrum

The spectrum o (L, X)) is partitioned into three sets which are not necessarily disjoint
as follows:

If there exists a sequence (z,) in X such that ||z,| = 1 and || Lz,|| — 0 as
n — oo, then (x,) is called a Weyl sequence for L.

We call the set

Oap(L, X) := {X € C : there exists a Weyl sequence for A\I — L}
the approximate point spectrum of L. Moreover, the set
o5(L, X) :={X € o(L,X): A\ — L is not surjective}
is called a defect spectrum of L. Finally, the set
0oL, X)={A€C: R\ - L) # X}

is called compression spectrum in the literature.

The following proposition is quite useful for calculating the separation of the

spectrum of the linear operator in Banach spaces.

Proposition 1 (see [1, Proposition 1.3]). The spectra and subspectra of an operator
L € B(X) and its adjoint L* € B(X™*) are related by the following relations:

(a) o(L*, X*) = o(L, X), (b) 0o(L*, X*) C 0up(L, X),
(€) oap(L*, X7) = 05(L, X),  (d) 05(L", X*) = 0ap(L, X),
(€) op(L", X*) = 0co(L, X),  (f) 0co(L™, X™) 2 0(L, X),
(9) o(L, X) = 0ap(L, X) Uy, (L*, X*) = 0p(L, X) U gap (L™, X™).

Goldberg’s Classification of Spectrum

If T € B(X), then there are three cases for R(T):

(I) R(T) = X, (I) R(T) = X, but R(T) # X, (IIT) R(T) # X
and three cases for T~ 1:

~1 exists but is discontinuous, (3) 7!

(1) T~ exists and is continuous, (2) T
does not exist.

If these cases are combined in all possible ways, nine different states are created.
These are labelled by: Iy, I, I, IT, I, 113, 111y, I115, I115 (see [9]).

o(L, X) can be divided into subdivisions leo (L, X) =0, I30(L, X), IIz0(L, X),
Il30(L,X), I11o(L,X), IIIy0(L,X), III30(L, X). For example, if T'= A — L is
in a given state, IT1l5 (say), then we write A € II1s0(L, X).

By the definitions given above and the introduction, we can write following table:
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1 2 3
L;\l exists L;l exists L;l

and is bounded | and is unbounded | does not exists

A€ op(L, X)

I |RAM-L)=X A€ p(L,X) — A€ 0gp(L, X)
A€o (L, X) A€ op(L, X)

IT | RAM—-L)=X A€ p(L,X) A € 0gp(L, X) A€ 0gp(L, X)
)\605(L,X) )\GO'(;(L,X)

A€o (L, X) A€o (L, X) A€ op(L, X)

IT | RAM—L)# X A€ os(L, X) A € 0gp(L, X) A€ 0gp(L, X)
)\605(L,X) )\EO'(;(L,X)

A€ 0eo(L, X) A€ 0eo(L, X) A€ oeo(L, X)

Table 1:

Section 2 mentioned articles concerned with the decomposition of the spectrum
defined by Goldberg. However, in [4], Durna and Yildirim investigated a subdivision
of the spectra for factorable matrices on c¢p, and in [2], Bagar, Durna and Yildirim
investigated subdivisions of the spectra for a generalized difference operator on the
sequence spaces ¢y and ¢ and in [5] Durna, have studied subdivision of the spectra
for the generalized upper triangular double-band matrices A"V over the sequence
spaces ¢g and c¢. Moreover, in [3], Das calculated the spectrum and fine spectrum
of the upper triangular matrix U(ry,r2;s1, s2) over the sequence space ¢g. In [8],
El-Shabrawy and Abu-Janah determined spectra and fine spectra of a generalized
difference operator B (r,s) on the sequence spaces bug and h, in [18], Yildirim and
Durna examined the spectrum and some subdivisions of the spectrum of discrete
generalized Cesaro operators on ¢, (1 < p < 00). In [15], the fine spectrum of the
upper triangular matrix U(r, 0,0, s) over the squence spaces ¢g and ¢ was studied by
Tripathy and Das. In 2018, Durna et al. [6] studied a partition of the spectra for
the generalized difference operator B(r,s) on the sequence space cs, in [7], Durna
studied a subdivision of spectra for some lower triangular doule-band matrices as
operators on ¢ and in [19], Yildirim et al. studied the spectrum and fine spectrum
of generalized Rhaly-Cesaro matrices on ¢y and c.

In this section, we will take ag = a1 = az = a and by = by = by = b.

Lemma 5.

oo /n—2 o o
> (o) =3 (3wt
k=0 k=0 \n=2+k
where (a) and (bni) are positive real numbers.
Proof. It is clear. O
Theorem 6. If |\ —a| < |b], then A € I30(U(a;0;b),h).

Proof. Suppose that |A —a| < |b] and so from Theorem 2, A € 0,(U(a;0;b), k).
Hence, \ satisfies Golberg’s condition 3. We shall show that U(a;0;b) — AI is onto
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when |\ —a| < |b)].
Let us take y = (y,) € h such that (U(a;0;b) — AI)x =y for x = (x,). Then
(a—Nap+brgra=yr, k>0
Calculating zy, we get

n—2

1 A—a n—k—1
Tantt = 3 |}J2n—2+t + Z Y2k+t < b )

k=0

t=0,1; n=2,3,...

We must show that x = (zy) € h. Since

oo oo o0
> onlwn = zapal =Y (20— 1) [z20-1 — Ton| + Y 20|20 — T2n4al,

n=1 n=1 n=1
oo}
let us investigate whether the series > 2n|ra, — 2,41| is convergent. Similarly,
n=1

(o]
we can show that the series > (2n — 1) |z2,—1 — ®2,| is convergent. Since
n=1

1 n—2 A—a n—k—1
Ton — T2n+1 = 5 |}J2n—2 — Yon—1+ ;70 (ka - y2k+1) ( b > ]

+ (o — x1) ()\;a>”’

we have
1 n—2 \A—a n—k—1
2n|Tay, — Topy1| < ] [271 [Y2n—2 — Yon—1| + 2n kz_o Yok — Y2k+1] 3
+ |£U0 - $1| 5
Therefore
> lzg — 3] 1 &
2 — 3
> 2nlwen — wonia ST + 0 > 2nlyan—2 — yan-1l
n=1 n=2
1 oo n—2 \A—a n—k—1
— 2 — 19
+ ) Z nz Yok — Y2r+1] b (19)
n=1 k=0
oo n
A—a
—+ |£C0 — 1’1| Z b .
n=2

n

o0
Since |A — a| < |b|, the series >

n=2

is convergent. And also, since y = (y,) €

o0
h, the series > 2n |y2n—2 — yYan—1| is convergent. Hence, it is enough to show that
n=2
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the series
n—2

o ne
D20 [yk — yars|
n=1 k=0

o0
is convergent, for the series Y 2n |29, — Zan41] is to be convergent. From Lemma 5,

A—a n—k—1

b

n=1
we get
[e') n—2 n—k—1 oo o] n—k—1
A—a A
D20 [yak — Yok 5 => > 20y — Yokl
n=1 k=0 k=0 n=k+2
A n—k—1 (20)
—a
= 22 Y2k — Yart1] Z
n=k+2
Setting r := ‘;a’ Since A € 0,(U(ag, a1, a2;),h), 7 < 1. Thus
5wk =3 ks 1y znr Y
n=k+2 n=1 n=1
T
= E+1
(1—7) ( ) 1-
is valid. Replacing this in (20), we obtain
Z QTLZ lyor — Yora| T F !
n=1
= 2 — k+1
Z [y2k — Y2r-+1] <( e + (k + )1—r>
k=0
= QZ‘ka_y2k+l|+7Z2 (k+1) ly2 — Y2n41| -

Thus since y = (y,,) € h, the series

22 (k+ 1) |yax — Yor+1]
k=0

is convergent. Also since |yor — Yok+1| < (K + 1) |y2x — yok41] for K € N,y = (yn) €
h implies that the series

oo

Z Y2k — Y2k+1]

k=0

is convergent from the comparison test. Therefore from (19), y = (y,) € h and
A € 0,(U(ag, a1, az; ), h) imply that the series

oo
E 20 |T2y, — Tapt1

n=1
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is convergent.
Finally, if we show that hm xn = 0, there exists © = (z,) € h for all y =

(yn) € h. Since y = (yn) € h hm yn = 0 and since every convergent sequence
n— 00

is bounded, there exists N > 0 such that |y,| < N for all n € N. Also, since

A € 0,(U(ag, a1, as; ), h) implies r < 1, from (18), we have

1 1n72 \—a n—k—1 A—a n
hrrolo Tontt = nh_{rolo FYen—2+t + nh_{f;o b Zy2k+t< ) + x; lim ( 2 )

n— b n—oo

n—2

A\ —
= nlin;o 3 Zy2k+t <) . (21)

Hence we have

1 n—2 A—a n—k—1 n—k—1
0<lm - kZ:O Yok+t (b) < lim. m Z |y2k+t|
3 k
L jim i yonral |2 T, = A _— (22)
=— 1 —_— = — .
|b‘ s o0 ~ Y2k+t b |b| =500 b n—1
A—a
If we take ) X .
=Z|y2k+t| N—a andbn:’Aa )
k=0
then (b,,) holds conditions of the Stolz theorem since > 1. Therefore, from
—a
(22), we obtain
k b n—1
g: Y2kt )\ 1 [Y2n—24+| N_a
O < ™ h n—1 = 770 n—1
A—a A—a A—a
1

hm |y2n—2+¢] = 0.
A=

Thus from the sandwich theorem and (21), hm Top+t =0,t=0,1andso lim =z, =
n—oo

0. Thus, (z,) € hiff [N —a| < |b]. Therefore U(a;0;b) — Al is onto. So, A € I.
Hence we get the required result. O

Corollary 1. I1I10(U(a;0;b),h) = I1130(U(a;0;b),h) = 0.

Proof. Since o,.(L,h) = IITyo(L,h)UIIlIy0(L,h) from Table 1, the required result
is obtained from Theorem 4 with ag = a1 = a2 = a and by = by = by = b. O
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Corollary 2. II30(U(a;0;b),h) = I1130(U(a;0;b),h) = 0.
Proof. Since o,(L,h) = Is0(L,h) U [I30(L,h) U I1I30(L,h) from Table 1, the

required result is obtained from Theorem 2 and Theorem 6 with ag = a1 = as = a
andbozblszZb. O

Theorem 7. It holds:
(a) 0ap(U(a;0;0),h) ={XA e C:|X\—a| <b|};
(0) 05(U(a;0;6),h) = {A € C: |A —al = [b]};
() 0co(Ula; 0;0),h) = 0.
Proof. (a): From Table 1, we get
oap(L,h) = o(L,h)\III,o(L,h).

And 50 04,(U(a;0;b),h) ={A € C: |X —a|] < |b|} from Corollary 1.
(b): From Table 1, we have

os5(L,h) = o(L,h)\Is0(L, h).
So using Theorem 5 and 6 with ag = a1 = ay = a and by = by = by = b, we get the
required result.
(c): By Proposition 1 (e), we have

op(L*,h") = 0co(L, h).

Using Theorem 3 with ag = a1 = a2 = a and by = by = by = b, we get the required
result. O

Corollary 3. It holds:
(@) 0ap(U(a;0:0)", h* = 0os) ={A € C: |\ —al = [b};
(B) o5(U(a: 0:b)", b = 0) = (A € C: A —a] < o).
Proof. Using Proposition 1 (¢) and (d), we have
0ap(U(a;0;0)", " = 000) = 05(U(a;0;b), h)

and
o5(U(a;0;0)",h* 2 0s) = 04p(U(a;0;b), h).

Using Theorem 7 (a) and (b) with ap = a1 = a3 = a and by = by = by = b, we get
the required results. O
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4. Results

We can generalize our operator

65

a0 bp 0 O O O O O ]
0ap 0O b6 0 0 O O O
00" 0 - 0 000
U(ao,al,...,an_l;O;bo,bl,...,bn_l) =(0 0 O Ap—1 0 bn—l 0 0 O
000 O a 0 b 0 O
000 O O a 0 b O
where by, by, ...,b,_1 #0.

One can get all our results obtained in the previous section as follows.

Theorem 8. If

n—1

rec: ]
k=0

s-1{ <1},

/\—ak
by

S is the interior of the set S and 0S is the boundary of the set S. Then the following

holds:
1. 0,(U(ag,a1,...,an-1;0;b0,b1,...,bp_1),h) = D,
2. op(U(ag,ai,...,an—1;0;b0,b1,...,bp_1)", h* = 04) = 0;
3. 0.(U(ag,a1,...,an,-1;0;b0,b1,...,bp_1),h) =0;
4. 0.(U(ag,a1,...,a,-1;0;b0,b1,...,bn_1),h) = 0S;
5. o(U(ap,a1,-..,an-1;0;b0,b1,...,bp—1),h) = S.
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