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Abstract. In this paper, our aim is to find the radii of starlikeness and convexity of the
generalized Mittag-Leffler function for three different kinds of normalization by using their
Hadamard factorization in such a way that the resulting functions are analytic in the unit
disk of the complex plane. The characterization of entire functions from the Laguerre-
Pélya class and a result of H. Kumar and M. A. Pathan on the reality of the zeros of
generalized Mittag-Leffler functions, whose origins go back to Dzhrbashyan, Ostrovskii and
Peresyolkova, play an important role in this paper. Moreover, the interlacing properties
of the zeros of the Mittag-Leffler function and its derivative are also useful in the proof
of the main results. By using the Euler-Rayleigh inequalities for the real zeros of the
generalized Mittag-Leffler function, we obtain some tight lower and upper bounds for the
radii of starlikeness and convexity of order zero.
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1. Introduction and the main results

The Mittag-Leffler function arises naturally in the solution of fractional order in-
tegral equations or fractional order differential equations, and especially in the in-
vestigations of the fractional generalization of the kinetic equation, random walks,
super-diffusive transport and in the study of complex systems. The ordinary and gen-
eralized Mittag-Leffler functions interpolate between a purely exponential law and
power-law like behavior. The Mittag-Leffler function has been successfully applied
in many areas of science and engineering. Due to its vast potential of applications in
solving problems on physical, biological, engineering and earth sciences, the Mittag-
Leffler function is an important function that finds widespread use in fractional
modeling [28]. As the exponential function naturally arises in the solution of integer
order differential equations, the Mittag-Leffler function plays an analogous role in
the solution of non-integer order differential equations. The detailed treatment of
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Mittag-Leffler functions can be found in [17, 18, 29] and in the references therein,
see also [12, 14, 15, 21, 22] for more details and applications. Geometric properties
of Mittag-Leffler functions such as univalence, starlikeness, convexity and close-to-
convexity, were established in [16, 19, 3]. Special functions have great importance
in geometric function theory, and because of this, there is an extensive literature
dealing with various geometric properties of certain subclasses of analytic univalent
functions involving special functions such as Bessel, Struve and Lommel functions
of the first kind. Baricz and his coauthors investigated in detail the determination
of the radii of starlikeness and convexity of some normalized forms of these special
functions, see for example [11, 8, 4, 7, 1, 2, 9, 5, 6, 10] and the references therein
for more details. One of the most important things which we have learned in these
studies is that the radii of univalence, starlikeness and convexity are obtained as
solutions of some transcendental equations and the obtained radii satisfy some in-
teresting inequalities. The positive zeros of special functions and the Laguerre-Pélya
class of real entire functions played an important role in these papers. Motivated by
the above series of papers, our aim in this paper is to present some similar results
for the generalized three-parameter Mittag-Leffler function. For this, three different
normalizations are applied such that the resulting functions are analytic. By using
the Hadamard factorization of the generalized Mittag-Leffler function and combining
the methods from [4, 8, 5, 11], we investigate the radii of starlikeness and convexity
for each of the three functions. Moreover, we deduce the interlacing properties of the
zeros of the Mittag-Leffler function and its derivative, and this result is quite useful
in the proof of the main results. Furthermore, our aim is also to give some lower
and upper bounds for the radii of starlikeness and convexity of order zero by using
Euler-Rayleigh inequalities for the smallest positive zeros of some transcendental
equations. It is worth mentioning that the methods used in this paper as well as
the obtained results are very similar to the results on generelized Wright functions
(see [11]); however, there is no direct connection between the present paper and [11].
The result of Lemma 1 below is essential in our paper and is based on a result of H.
Kumar and M.A. Pathan [20] on the reality of the zeros of generalized Mittag-Leffler
functions, whose origins go back to Dzhrbashyan [13], Ostrovskii and Peresyolkova
[23] (for more details, see subsection 1.4 below).

1.1. Characterization of starlike and convex functions

In order to present our results we need the following basic definitions. Let D, be the
disk {z € C: |z| < r}, where r > 0. Moreover, let A be the class of analytic functions
defined in D, which satisfy the normalization conditions f(0) = f’(0)—1 = 0. Denote
by S the class of functions belonging to A, which are univalent in D,.. The class of
starlike functions denoted by S* is the subclass of S, which consists of functions f
for which the domain f(ID,.) is starlike with respect to 0. The analytic description of
S* is
2f'(2)

S*z{fEA:Re(f(z)>>0 for all zEID),,}.
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Moreover, let $*(p) be a subclass of S consisting of functions which are starlike of
order p in D,., where 0 < p < 1, that is,

2f'(2)
f(2)

S*(p)z{féA:Re( >>pfor allze]D)r}‘

The real numbers

2f'(2)
f(2)

r*(f)—sup{r>O:Re( >>O for all ZG]D)T}

and
r;(f)zsup{r>O:Re<ZJJ:(S)) > p for all ZG]D)T}

are called the radius of starlikeness and the radius of starlikeness of order p of the
function f, respectively. We note that r*(f) = r§(f) is the largest radius such that
the image region f(I,-(s)) is a starlike domain with respect to the origin.

The class of convex functions denoted by C is a subclass of & which consists of
functions f for which the image domain f(D,) is a convex domain. The analytic
description of C is

2f"(2)
f'(2)
Moreover, let C(p) be a subclass of S consisting of functions which are convex of
order p in D,., where 0 < p < 1, that is,

2f"(2)
f'(z)

C{fGA:Re<1+ >>Of0r allz€ID)r}.

C(p)z{fEA:Re<1+ >>p for allze]D),}.

The real numbers

r(f) = sup {r >0:Re (1 + Zf//;,(:;)) >0 for all z¢€ DT}
and

1)

>p for all zeD,

)

are called the radius of convexity and the radius of convexity of order p of the

function f, respectively. We note that 7°(f) = r§(f) is the largest radius such that
the image region f(ID,(y)) is a convex domain.

rz(f):sup{r>0:Re<1+

1.2. The Laguerre-Pdlya class of real entire functions

An entire function is a complex-valued function that is holomorphic over the whole
complex plane. An entire function is called real if it maps the real line into itself. A
real entire function £ belongs to the Laguerre-Polya class LP if it can be represented

in the form
2 T w
Q _ m _—ax“+bx 1 B —n
() = ca™e I|(+xn>6 ,

n>1
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with ¢,b,2, € R, @ > 0, m € NU {0} and > 1/x,? < co. We note that the class
LP consists of entire functions which are uniform limits on the compact sets of the
complex plane of polynomials with only real zeros. It is important to mention that
that £P is closed under differentiation, that is, if Q € £P, then Q™) e LP for each
me{2,3,...}.

1.3. The three-parameter generalization of the Mittag-Leffler
function

Now, let us consider the function ¢(«, z) defined by

¢(0572) = n%% m7

where I' denotes the Euler gamma function. This function was introduced by Mittag-
Leffler in 1903 and therefore it is known as the Mittag-Leffler function. Another
function with similar properties was introduced later by Wiman [30] and it is defined

by the following series:
Zn
=y 1

n>0

In 1971, Prabhakar [26] introduced the three-parameter function ¢(a, 3,7, z) in the

form of (v)
_N (e
o(a, B,7y,2) = g n!T(an + B)’

where (7), denotes the Pochhammer symbol (or shifted factorial) given in terms of
the gamma function by (a), = I'(a + n)/I'(a). Some particular cases of ¢(«, 3,7, 2)
are:

¢(131717’2) :ez’ (;3(1,1,2,2) :ez(z+1)’
#(2,1,1, 2) = cosh(+/z), #(2,1,2, z) = cosh(v/z) + %\/Esinh(\/g),
#(2,2,1,2) = %sinh(\/g), #(2,2,2,2) = 2—12(\/Esinh(\/§) + zcosh(v/z)),

1
z

$(2,3,1,2) = ! (Sinh(ﬁ)—l)

(cosh(vz) — 1), ¢(2,4,1,2) = Z NG

1.4. A preliminary result on the Mittag-Leffler function

To state our first preliminary result, we define the following three transformations

mapping the set
1
{(,6) o> 1,6>0}
!

into itself:
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(1,B—l>,if £8>1
1 (0%
C:<,5>—>

o 1

(ﬁ), f0<p<1
[0

We put W, = A(W,) U B(W,), where

Wa:{(;,ﬁ) :1<a<2,5e[a—1,1}u[a,2]},

and we denote by W; the smallest set containing W, and invariant with respect to A,
B and C, that is, if (a,b) € W;, then A(a,b), B(a,b), C(a,b) € W;. By using a result
of Peresyolkova [24], Kumar and Pathan [20] recently proved that if (é, B) e Ww;
and v > 0, then all zeros of the generalized Mittag-Leffler function ¢(a, 8,7, z) are
real and negative. It is worth mentioning that the reality of the zeros as well as
their distribution in the case of 7 = 1, that is of Wiman’s extension ¢(«, 5, z), has
a rich literature. For more details, see for example the papers of Dzhrbashyan [13],
Ostrovskii and Peresyolkova [23], Popov and Sedletskii [25].

The following lemma, which may be of independent interest, plays an important
role in the proof of our main results.

Lemma 1. If (é,ﬂ) € W; and v > 0, then the function z — ¢(a, 8,7, —22) has
infinitely many zeros which are all real. Denoting by Ao g~,n the nth positive zero
of z+ d(a, B,7, —2%) under the same conditions the Weierstrassian decomposition

9 1 22
¢(04757%—Z):mn 1—T
nZl a,0,7,1

is valid. Moreover, if £ 3. n denotes the nth positive zero of ¥'(a, 3,7, z), where
U(a, B,7,2) = 2Pola, B,7y,—22%), then the positive zeros Ao gqm and Eopqn are
interlaced.

Observe that the function z — ¢(a, 3,7, —22) does not belong to A. Thus first
we perform some natural normalization. We define three functions originating from
o(a, 8,7, z) as follows:

Fapn(2) = (ZPT(B)d(a, By, —22)) 7,

ga,ﬁ,'y(z) z (ﬁ)(b(aaﬁa,%_'z?)a
hoﬁﬂv'}’(z) ==z (/8)¢(a7ﬁ77a _Z)

T
T

Obviously, these functions belong to the class A. Of course, there exist infinitely
many other normalizations. The main motivation to consider the above ones is that
they are similar to the frequently studied normalizations in the literature of Bessel,
g-Bessel, Struve, Lommel and Wright functions.
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1.5. Radii of starlikeness of the generalized Mittag-LefHer func-
tions

Now, our aim is to investigate the radii of starlikeness of the normalized forms of
the generalized three-parameter Mittag-Lefller function, that is, of f, 8+, ga,5,y and
ha,g,~- Our aim is to show that the radii of starlikeness of order p of the generalized
three-parameter Mittag-Leffler functions are actually solutions of some transcen-
dental equations. Moreover, we will also find some lower and upper bounds for the
radii of starlikeness of order zero. Throughout this paper for simplicity we use the
notation A(a, 3,7, 2) = ¢(a, 3,7, —22). The technique of determining the radii of
starlikeness in the next theorem follows the ideas from [7], [8] and [4]. The results of
the next theorem are natural extensions of some recent results (see [27], where the
special case of v = 1 was considered) on the Mittag-Leffler function in (1).

Theorem 1. Let (é,ﬁ) €W, v>0and p €[0,1).

(a) The radius of starlikeness of order p of fap~ 5 T)(fa.8.4) = Ta,p.1, wWhere
Ta,8,~,1 U8 the smallest positive zero of the transcendental equation

70)‘1(0‘757’7’7#) - B(p - 1))\(a,ﬁ,’777") =0.

(b) The radius of starlikeness of order p of ga,p~ 5 7)(9a,py) = Ya,8.4,1, Where
Ya,8,4,1 15 the smallest positive zero of the transcendental equation

r)\/(avﬁa’)ﬂr) - (p - 1))‘(047ﬁ77a7a) =0.

(¢) The radius of starlikeness of order p of hap~ s 7 (ha,p.y) = Za,p.4,1, Where
Za,B,~,1 15 the smallest positive zero of the transcendental equation

\/;A/(aa/@a’% \/;> - 2(p - 1))\(0&, 5777 \/;) =0.

The following theorem provides some tight lower and upper bounds for the radii
of starlikeness of the functions considered in the above theorem. The technique
used in the proof of this theorem follows the ideas from [1] and [2], and the main
idea is to deduce some Euler-Rayleigh inequalities for the first positive zero of some
entire functions, which are connected with the transcendental equations in the above
theorem. We mention that it is possible to get more sharp results in the next theorem
by using higher order Euler-Rayleigh inequalities for k € {2,3,...}; however, we
omitted them due to their complicated form.

Theorem 2. Let ( ,6) e W; and v > 0.

1
e
(a) The radius of starlikeness r*(fa,p.~) satisfies the inequalities

YBHALE) (G DBHON@ LS e (B EINE)

Al (a+p) (B+2)L (20 + ) Al (e +B)
(b) The radius of starlikeness r*(ga,p,4) Satisfies the inequalities
HLB) s+ Dle+p) _ . 2 _ 31T
Tath)  a@a+h) 7 W) "< ey
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(¢) The radius of starlikeness r*(ha,p,) satisfies the inequalities

27T(8)
T(a+pB)

7I(B) 3+ Dl(a+p) )
Tla+8)  20Qa+p) (r*(hasy)) <

1.6. Radii of convexity of the generalized Mittag-Leffler func-
tions

Now, we are going to investigate the radii of convexity of order p of the functions
fa,8vs 9o,y a0d hq g ~. In addition, we find tight lower and upper bounds for the
radii of convexity of order zero for the functions g, g, and h.g~. The technique
used in the process of finding the radii of convexity in the next theorem is based on
the ideas from [5] and [6].

Theorem 3. Let (é,ﬁ) €W, v>0and p €[0,1).

(a) The radius of convexity r(fu,p,~) is the smallest positive root of the transcen-
dental equation (1 fa,,4(1))" = pfo, 5.,(T)-

(b) The radius of convexity r5(ga,p,~) s the smallest positive root of the transcen-
dental equation (rga.p~(r))" = pgy 5. ().

(¢) The radius of convezity 75(ha,s,) is the smallest positive oot of the transcen-

dental equation (rha,s~(r))" = phy, 5 (7).

Finally, we present some lower and upper bounds for the radii of convexity of the
functions g g,y and hq g~ by using the corresponding Euler-Rayleigh inequalities.

Theorem 4. Let (é,ﬁ) e W; and v > 0.

(a) The radius of convexity r°(ga,p,y) Satisfies the inequalities

NLB) 20y +Dla+B) . —2 _ NT(B)
Mat8)  T@atp) " Gesa)) "< pogy
(b) The radius of convexity 7°(hq,g,y) satisfies the inequalities
HrB) v+ D0e+p) _ . —1_ 4B
Tla+p)  42a+pf) (r*{has.)) " < Tla+8)

2. Proofs of the main results

Proof of Lemma 1. Recall that Kumar and Pathan [20] recently proved that if
(é, ﬂ) € W; and v > 0, then all zeros of the generalized Mittag-Leffler function z —
o(a, 8,7, z) are real and negative. Moreover, it is well known that z — ¢(a, 8,7, 2)
is an entire function of order 1/« (see [17]), and this is a non-integer number which
lies in (0,1) if (i, 6) € W;. It follows that the generalized Mittag-Leffler function
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has infinitely many zeros, which are all real, and its infinite product exists. Now,
from the infinite product representation we get

\III(O"B?W7Z) _ B ( 5 Y, 2 5
Vo Bome) 2 MawBir) Z . a— (2)

aﬁ’yn

Differentiating both sides of (2), we have

d \I/I(OZvﬁ?’Yaz) ﬁ Z +Aaﬁ n

2 —
a’ﬁ’%z) z n>1 z a,B,7,m

The right-hand side of the above expression is real and negative for each z real,
(é, B) € W; and v > 0. Thus, the quotient on the left-hand side of (2) is a strictly
decreasing function from 400 to —oo as z increases through real values over the open
interval (Aa,8,v,n, Aa,8,v,n+1), 7 € N. Hence the function z — ¥'(a, 3,7, z) vanishes
just once between two consecutive zeros of the function z — A(«, 8,7, 2). O

Proof of Theorem 1. We need to show that the inequalities

() ()20 m ()2

hold for z € ]D)T;(faﬁﬁ), z € ]D)r;(gaﬁﬁ) and z € Dr;(haﬁﬁ), respectively, and each of
the above inequalities does not hold in any larger disk. Recall that under the corre-
sponding conditions the zeros of the Mittag-Leffler function ¢(«, 3,7, z) are all real.
Thus, according to Lemma 1, the Mittag-Leffler function admits the Weierstrassian
decomposition of the form

9 1 22
Qs(aaﬁa’)/a*z):%ﬂ 1- /\25
n>1 a,B,v,n

and this infinite product is uniformly convergent on each compact subset of C. Denot-
ing, as above, the above expression by A(a, 8,7, z), and by logarithmic differentiation

we get
)\,(057/87’)/,2) _ Z —2z
)\(OZ, 57 Vs Z) n>1 Ai,ﬁ,'y,n - 22’

which in turn implies that

“fapa(?) _ Z 29a,50(2) _ -y 227
fap, w( B — 22 z A2 - 22

n>1 a,B'yn gO«ﬁfY( ) n>1 "B,y

and ,
zhapn(2) _ - S E—
ha.p.4(2) n>1 cBrn = 7

We know that [4] if z € C and 6 € R are such that > |z|; then

9_Z||Z|>Re(0fz>. (4)
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Thus the inequality

2 2
e Re ().
)\aﬁ'yn |Z| )‘aﬁ’yn_z

is valid for every (é,ﬂ) € W;,v>0,neNand |z| < Ay p~,1, and therefore under
the same conditions we have that

2fhpa(2)\ 1 222
we(Gosm) e S

n>1 a,B,7,m

-1 Z 2|2|? _ Elf 54 (12D)
- ﬂn>1 a,Byy,n 2|2 fa,p(|2)
z 4 z 2 2
Re (W) —1-Re Z %
ga’ﬁ’v(z) n>1 )\C“ﬂv’)/;n -z
2|22 zlg’ z
>1-— Z . |Z| s = | |go¢,,6,'y(| |)
n>1 )\O‘VBv'Yvn - |Z| gaﬁﬁﬂzl)
and
zh!,
Re (ﬂ'v()> —1—_Re Z %
ho‘vﬁv'}’( ) n>1 )\a,ﬂ;y,n —Z
z|h z
21_2 5 ‘Z| ||aﬁfy(| |)’
n>1 a,Byy,n ‘Z| hu767’)’(|z|)
where equalities are attained only when z = |z| = r. The minimum principle for

harmonic functions and the previous inequalities imply that the corresponding in-
equalities in (3) are valid if and only if we have |z| < 44,1, |2] < Ya,8,4,1 and
|2| < Za,8,~,1, respectively, where Zo g .4,15 Ya,8.4,1 and 24 54,1 are the smallest pos-
itive roots of the following equations:

Pl (r) gl () rhly 5. (7)

, =p and =p,
fa,84(T) 9o,5,~(T) ha,g.(7)

which are equivalent to

’f')J(CY,ﬂ,’Y,T) - 5(9 - 1))\(0{7677,T) = 07 7")\/(04’5;%7") - (P - 1))\(047/3a’)’,7") = O

and
\/’17)\/(04, 53’7, \/’F) - 2([) - 1)>‘(a7ﬂ,’77 \/;) =0.
O

Proof of Theorem 2. (a): The radius of starlikeness of the normalized Mittag-
Leffler function f, 3, corresponds to the radius of starlikeness of the function
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U(a, B,7,2) = z°Xa, 3,7, 2). The infinite series representation of the function
2z U (a, 8,7, 2) and its derivative are as follows:

: _ 5 (FD" ()20 + )2
V(a,B,7,2) = n%% n!l(an + B) ’

) - (=D)"(Y)n(2n+ B)(2n + B — 1)z2n+B—2
V' (, B,7,2) = %‘6 alC(an + B) '

In view of Lemma 1, the function z — ¥(a, 8,7, z) belongs to the Laguerre-Pélya
class LP. This class of functions is closed under differentiation, and therefore z +—
U'(«, 8,7, 2) also belongs to the Laguerre-Pélya class LP. Hence the zeros of the
function z — ¥’'(a, 8,7, z) are all real, and in fact, according to Lemma 1, they are
interlaced with the zeros of z — ¥(a, 8,7, z). Thus, ¥'(«, 8,7, z) can be written as

51H< aﬁ’yn>. (5)

Logarithmic differentiation of both sides of (5) for |z| < £q,8,4,1 gives

\I/l(o‘75777 Z) -

S B R Sy ) o) S
P
V(a, 8,7, 2) n>1£a5vn 51630 SasBym
L 2h+2 it
R D D) SRS
k>0n>1 aﬁ'yn k>0

where x; = Zn>1 fa 3~ n- On the other hand, by using (5) and (5) we get

20" ( ﬂ,% on
—_— anz?" bpz“™, (7)
V' (e, 8,7, 2 7;) n%%
where
R G VTG C Y e e VR O Vi Y YR

nll'(an + 5) n!l(an + B8)
By comparing the coefficients of (6) and (7) we have
(ﬁ — ].)bo = Qaop, (ﬁ — ].)bl — 2X1a0 = aq, (ﬁ — ].)bg — 2X1b1 — 2X2b0 = a3,

which implies that

_ABHATB) | AAB+2TAB) (v + (B +HT(B)
fh(a+p) " 7 Fra+ ) fr2a+h)
By using the Euler-Rayleigh inequalities
—1/k < fa o Xk

ch+1
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for k = 1 we have the inequalities of the first part of the theorem.

(b): If p = 0 in the second part of Theorem 1, then we have that the radius of
starlikeness of order zero of the function g, g~ is the smallest positive root of the
equation (zA(a, 3,7, 7))’ = 0. Therefore, it is of interest to study the first positive

zero of
_ -3 (=D)"(2n +1)(7)nz>"
UJ(CU,B,’)/,Z) - (ZA(aaﬂa/va)) - = ’I’L'F(Oé?’l-kﬁ) . (8)

We know that the function z — A(«, 3,7, 2) belongs to the Laguerre-Pélya class
LP, which is closed under differentiation. Therefore, we get that the function z
w(a, B,7,2) belongs to the Laguerre-Pélya class, and hence all its zeros are real.
Suppose that (s g,,n is the nth positive zero z — w(e, 8,7, 2). Then the function
z = w(a, B,7, z) has the following infinite product representation

52
w(a,B,v,2) = ﬁ nl:[l (1 - 2677%) "

since its growth order corresponds to the growth order of the generalized Mittag-
Leffler function itself. If we take the logarithmic derivative of both sides of (9), for
|z] < Ca,8,4,1 We have

w/( _2221~c+1
e Y =YY
n>1 >aB7.mn n>1k>0 >a,B,y,n
222k+1 b1
=3 e = 2 (10
E>0n>1 aﬁ’yn k>0

_ —2k A
where 0k = >, 51 (. 5., ,- Moreover, in view of (8), we have

w (O[’/B v,z - _9 Z n Z2n+1 Zdn22n7 (11)

( B, Z n>0 n>0
where (—1)"(2n+3)(7) (=1)"(1)u(2n + 1)
= n Y)n+1 T Y)nlsan
= Il (an + o+ B) and - dp = nll(an+8)

Comparing the coefficients in (10) and (11) we have that d1dg = ¢ and dadg+3d1d; =
c1, which yields the following Rayleigh sums:

_ 3B s T8 5+ DT
T(a+pB) 27T I2(a+ pB) I'(2a + B)

By using the Euler-Rayleigh inequalities

Ok

5k < 2 ok
k a,B,7,1 5k+1

for £ = 1 we obtain the inequalities of the second part of the theorem.
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(c): Taking 6 = 0 in the third part of Theorem 1 we obtain that the radius of
starlikeness of order zero of the function h, g is the smallest positive root of the
equation (zA(a, 8,7,4/2))" = 0. Therefore, it is of interest to study the first positive
zero of

_ o (=1)"(Y)n(n +1)2"
O'(O(,B,’)/,Z) - (Z)‘(O‘76777 \/2)) - nzz;) n'F(om + B) . (12)

We know that the function z — A(a, 8,7, 2) belongs to the Laguerre-Pdlya class
LP, and consequently we get that the function z — o(a, 8,7, 2) also belongs to the
Laguerre-Pdlya class. Hence the zeros of the function z — o(«, 8,7, 2) are all real.
Let 1q,8,+,n be the nth positive zero of the function z — o(a, 5,7, ). Then the next
infinite product representation is valid:

o(a, By, 2) = F(lﬁ)];[1 (1 - Z) . (13)

N, B,v,m

This is in agreement with the fact that according to Kumar and Pathan [20], if
(a , B) € W; and v > 0, then all zeros of the generalized Mittag-Leffler function z —
o(a, B,7, z) are real and negative, and consequently all zeros of z — A a, 8,7, /2)
and then of z — o(«, 8,7, 2) are all real and positive.

Logarithmic differentiation of both sides of (13) for |z| < 7a,8,4,1 gives

Ula?ﬂ’ 7Z
o0 Benie LB

n>1 NeuBoyn n>1k>0 Na,By,n
k
Y ,M A (14)
k>0n>1 a,B,7,n k>0

where 0, = >° -, 77;7%777”. On the other hand, logarithmic differentiation of both
sides of (12) gives

(:((j Zun /Zvnz", (15)

n>0 n>0
e (1 +2)) (1" + 1))
_ = n Y)n+1 _ T n Y)n
tn = Il (an + a + ) and v, = nl(an+8)

By comparing the coefficients of (14) and (15), we get the following Rayleigh sums:

_ 29I(B) _ r(B)  3y(v+1I(B)
bh=—— and 6= — .
o+ B) I (a+ B) T'(2a + )
By using the Euler-Rayleigh inequalities
_ 0
0, < Mo, Bry,1 < -
Or+1

for k = 1 the corresponding part of this theorem is proved. O
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Proof of Theorem 3. (a): First note that

Zfo 5. (2) - 20" («, 8,7, 2) N (1 B 1) r¥(a, 3,7, 2)
cly,ﬁ,'y<2) \IJ/(O[,IB,’}/,Z) (Oé,ﬂ,’}/,Z) ’

g
and let us recall the following infinite product representations from the proof of

Theorem 1
F(B)\p(aaﬂa’y; *Zﬁ H <1 >
aﬁ'yn

n>1

1+

and

1—‘(6)\11/(04767772) = ﬁzﬁ_l H (1 - 22> )

n>1 a,B,7,m

where Ao g.~,n and €a,g,4,n are the nth positive roots of z — ¥(«, 8,7, 2) and z —
U (e, 8,7, z), respectively, as in Lemma 1. Logarithmic differentiation of both sides
of the above relations yields

2V (a, B,7,2) _Z

( ,5,% n>1 ﬁfyn — 22

and V(a8 ) 9,2
z a, P,7,2 o
(avﬂvvﬁz) n>1 6057677777/ #

which implies that
Py " (Z) 1
By
14+ =2 = =1~ ( — 1) -
t/x,Bw(z) p nz>:1 A a,B,y,n -2 nz>:1 ga Byy,m

By using inequality (4) for 8 € (0, 1] we have

f”,m()> ( )
Re 1+ 228270 > . (16
( aﬁ,'y(z) o ngl)‘iﬁ'yn_ ;gaﬁ'yn_rg ( )

where |z| = r. Moreover, in view of the following inequality (see [5, Lemma 2.1])

aRe——) —Re : > o 12 — 2] ,
a—z b—=z a—|z| b-—|z|

where @ > b > 0, a € [0,1], z € C such that |z| < b, we obtain that (16) is also
valid when 8 > 1 for all z € D¢, , . Here we used that the zeros of A, 5., and
€a,8,~,n interlace according to Lemma 1. Now, the above deduced inequalities imply
for 7 € (0,6a,8,4,1)

2! P - -
inf {Re( 1+ ;”37”() =1+ f/aﬂiv()
=D aﬁw(z) a,ﬁ,’y(r)
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The function uq gy : (0,&a,8,4,1) = R, defined by

Ua,p(r) =1+ m)
o,y

is strictly decreasing since

4re?

1 4r)\2
’ _ a,B,7,m a,B,7,m
U (1) = — (ﬂ - 1) Z (2 —r2)2 - Z G —r2)2

n>1 a,B,v,n n>1 a,B,y,n

4r\? 4re?
8,7, Byy5n
<Z 1T2)2_2(2 1r2)2<0

n>1 aﬂ'm n>1 “oB,y.n

for r € (0,€q,8,~,1), where we used again the interlacing property of the zeros stated
in Lemma 1. Observe that lim,\ o ua,p,~(r) = 1 and lim, »¢, , | Ua,p,~(r) = —00,
which means that for z € D,,, we get

fa5.(2)
Re <1+a5,7(2) ) >p

if and only if r1 is the unique root of

z2f" 5 (r
14+ j/loﬁﬂa'}’( ) =p
a,B,fy(r>

situated in (0,£4,8,4,1)-
(b): According to (9), we have

52
9(/1,/3,7(2) = H (1 - > .

2
n>1 Ca,ﬂ’%n

Now, taking logarithmic derivatives on both sides, we get

1+4ga67 = ZCZ

gaﬁv( n>1 >aBymn

Application of inequality (4) implies that
g(x B 'y( ) 2T2
Re[l+ """ ]2>21- -,
( o5 (2) 7%:1 G —r

where |z| = 7. Thus, for r € (0,(a,5,4,1), We get

2a" 5 o ,
inf SRe( 1+ M =14 M
zeD, ga7577(z) ga,B,'y(T)
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The function vy g,y : (0,Ca,8,,1) = R, defined by

ng,ﬁ,v(r)

Ua’ﬁﬁ(?“) =1+ q 5 (T)
o8,y

)

is strictly decreasing and takes the limits

l{% Va,p,4(1) =1

and

lim v r) = —00,
7'/(4(1,5,'7,1 O‘767'Y( )

which means that for z € D,, we get
zgl 5. (2
Re (14 Hasal®)
ga,[i,’y(’z)

if and only if ro is the unique root of

zg” (7“)
1+ /O‘)ﬁ;’Y( ) =p
Yo, A\"

situated in (0, (a,8,4,1)-
(c): According to (13), we have

n>1 Nev,,v.n
which implies that
1 + Zhgvﬂv'y(z) =1— 4
he,p.4(2) S

Let r € (0,7q,8,4,1) be a fixed number. The minimum principle for the harmonic
function and inequality (4) imply that for z € D,. we have

zh!” z
Re |1+ 7/0"5’7( )
haﬁﬂ(z)

z z
= Re 1727 > minRe [ 1— _
e e i Mo pyn = 2
e r rh” r
Cwin (1Y RS 1oy T gy a0
|z|=r n>1 Na,Byn — 2 n>1 Na,Bym =T hoﬁﬁv'}/(r)
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Consequently, it follows that

Zh'/ z T'h// r
inf {Re |1+ M -1+ M
2€D, haﬁﬂ(z) haﬁﬁ(r)

Now, let r3 be the smallest positive root of the equation

rh
1+ h/a[ﬁfy()

0 =p. (17)

For z € D,,, we have

In order to complete the proof, we need to show that equation (17) has a unique
root in (0, 74,3,4,1). But equation (17) is equivalent to

and we have lim,~ o wa, (1) =1 —p > 0, and lim, ~,, ,  wapg~(r) = —00. Now,
since the function wa,g~ : (0,7q,8,4,1) — R defined above is strictly decreasing, it
follows that the equation wq g () = 0 has indeed a unique root in (0,7q,8,~,1). This
completes the proof of the theorem. O

Proof of Theorem 4. (a): By using the infinite series representations of the gen-
eralized Mittag-Leffler function and its derivative we obtain

=14y EOLLBEn F 1

o(a, B,7,2) = (zga,ﬁ v n'F (an+5)

n>1

We know that go5~ € L£P and this in turn implies that z — ¢(«, 8,7, 2) also
belongs to the Laguerre-Pdlya class and consequently all its zeros are real. Assume
that 7a,3.~,n is the nth positive zero of the function z — ¢(«, 5,7, 2). Then we have

that
2'2
w(a7577’z):H (1_ 2 )

n>1 TC%,B,’Y,TL

and for |z < Ta,8.4.1

2@ f72) _ 5 _y Yy
= ) 2k+2
QO(O‘MB777Z) n>1 T(X”BKY, n>1k>0 7/3’)’"

_9,2k+1

_ Z Z 2k+2 722 Mk+122k+1, (18)

E>0n>1 Ta,B,y,m k>0
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where p =3, 5, ;25 - On the other hand, we have

( 6 ) n n
(,T:l -2 Zq 22 +1/Zrnz2 , (19)

n>0 n>0

where

_ (D@l B)En+3? (D (A2 + 1)
n nll(a(n+ 1) + B) " n!T(an + B)

By comparing the coefficients of (18) and (19) we obtain

_ NrB). _ 819°I%(B)  25v(y + 1)I'(B)
Tlat+p) "7 T2a+p) T(2a + B)

and by using the Euler-Rayleigh inequalities

1/k HE
py U< T2 <
a,B,v,1 Lt 1
for £ = 1 we have the inequalities of this part of the theorem.

(b): In view of the definition of the generalized Mittag-Leffler function we have

B (Vn(n+1)2z
w(a, B,7,2) = (2hy 5. (2) 1+; n'F (an + B)

and consequently
w/(a7 57 /77 Z)
—_— = tn2" Sp2", (20)
oo )

where

_ (ED"B)(Wnrr(n +2)

(=D)"C(B)(V)n(n +1)?
n!T(a(n + 1) + 5) )

n!T(an + B)

and s, =

Since hq g,y € LP, it follows that h;’ﬁﬁ € LP, and consequently z — w(a, 5,7, 2)
also belongs to the Laguerre-Pdélya class LP, and hence all its zeros are real. If we
suppose that ¢4 .~.n is the nth positive zero of the function z — w(a, §,7, 2), then

we get
waaﬂv’)/az)H<l z >

n>1 gaﬁy%n

and for |z < a,8,41

ﬂ )
) Y Y

no1 SaBn n>1k>0 SouB,7,n

= *ZZ k+1 *ZVkHZk, (21)

E>0n>1 Sa,B,7,m k>0
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where v =3, 5 <§,’}§,w,n- By comparing the coefficients of (21) and (20), we have

Lo ArE) 169T%(B) 9y + DT(B)
""T@+8) ? T Ta+pf) T(2a+h)

and by using the Euler-Rayleigh inequalities

Vi

—1/k
Vi /< Sa,B,7,1 <
VE+1

for k = 1 we have the inequalities of the second part of the theorem. O
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