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New applications of concave operators to existence and
uniqueness of solutions for fractional differential equations
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Abstract. Recently, Feng and Zhai have studied some results of positive solutions to
fractional differential equations. By using mixed monotone operators on cones and the
concept of y-concavity, we study an application for fractional differential equations. An
example is also provided illustrating the obtained results.
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1. Introduction

In 2017, Feng and Zhai investigated the following problem:

Diu(t) + f(t,u(t)) + g(t,u(t) =0, 0<t<1, (1)
u(0) = ' (0) = / 0(€)u(€)de,

where 2 < k < 3, Dy is the standard Riemann-Liouville fractional derivative of order
k. The authors obtained one positive solution to this problem (see [4, 14]).
The function 6 satisfies the following conditions:

6:[0,1] — [0,00) with 6 L'[0,1] and
1 1
o1 = /O 1 - 60()dE >0, oy = /0 £°19(8)de < 1.

Motivated by [4], in this paper we establish the existence of a positive solution to
the following problem:

Diu(s,t) + f(t,u(s,t), —u(s,t)) + g(t, u(s,t), %u(s,t)) =0, (2)

0

0s
8 1

0<s,t<1, u(s0)= ﬁu(s,O) =0, u(s,1)= / o(s,&u(s, &)dE,
0
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where 2 < k < 3, f,g are continuous and increasing with respect to the second
argument and decreasing with respect to the third argument. Dj is the standard
Riemann-Liouville fractional derivative of order k. The function ¢(t) satisfies the
following conditions:

(®) ¢ :[0,1] x [0,1] = [0,00) with ¢ € L*([0,1] x [0,1]) and

1
G = /5*”" L1 - &)p(s,)dE > 0, <2=/0 (s, €)de < 1.

Definition 1 (see [7, 8]). The Riemann-Liouville fractional derivative of order k
for a continuous function f is defined by:

x 1 d., " [
D) = g )" | Gt (=)

where the right-hand side is point-wise defined on (0,00).

Definition 2 (see [7, 8]). Let [a,b] be an interval in R and k > 0. The Riemann-
Liowville fractional order integral of a function f € L*(|a,b],R) is defined by:

N N
50 = 5 |, @ g

whenever the integral exists.

It exists extensively in the research of nonlinear fractional differential and integral
equations (see [1, 2, 8, 6, 13, 12]).

In this paper, we present some basic concepts in ordered Banach spaces and a
fixed-point theorem which will be used later. For the convenience of readers, we
suggest that one refers to [5] for details. Suppose that (E,] . ||) is a Banach space,
which is partially ordered by a cone P C FE, that is, z < w if and only if w — 2z € P.
If z # w, then we denote z < w or z > w. We denote the zero element of E by
6. Recall that a non-empty closed convex set P C E is a cone if it satisfies (i)
2€P, A>0= Xz€ P,and (ii) 2€ P, —2€ P=z=20. A cone P is called
normal if there exists a constant N > 0 such that § < z < w implies || z |[< N || w ||.
We also define the ordered interval [z1, 23] = {2z € E|2z1 < 2z < 29} for all z1, 25 € E.

Definition 3 (see [5]). A: P x P — P is said to be a mized monotone operator if
A(z,w) is increasing in z and decreasing in w, i.e., u;,v;(i = 1,2) € Pyu; < ug, vy >
vy imply A(u1,v1) < A(ug,v2), z € P is called a fized point of A if A(z,z) = z and
for h >0, P, ={z € P|3\, u >0 such that \h < z < ph}.

Definition 4. Let v be a real number with 0 < v < 1. An operator A: P — P is
said to be vy-concave if it satisfies A(tz) > tVA(z) for allt > 0,z € P. An operator
A: P — P is said to be homogeneous if it satisfies A(tz) = tA(z) for allt > 0,z € P.
An operator A : P — P is said to be sub-homogeneous if it satisfies A(tz) > tA(z)
forallt >0,z € P.
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We point out that C[0,1] = {z : [0,1] — R is continuous}, || z ||= sup{|z(¢)] :
t € [0,1]} is a Banach space. Let P = {z € C[0,1] : z(¢t) > 0,t € [0,1]}, then it is
a normal cone in C[0,1] and the normality constant is 1. We know that this space
can be equipped with a partial order given by:

z<w, zweC,1]<z(t) <w(), telo1l].

Theorem 1 (see [10]). Let P be a normal cone in a real Banach space E, v € (0,1)
A : P — P an increasing sub-homogeneous operator, B : P — P a decreasing
operator, C' : Px P — P a mized monotone operator and let the following conditions:

1 1
B(EZ) > tBw, C(tz, gw) >t7C(z,w), te€(0,1),z,weE P,
be satisfied. Assume that
(i) there is hg € Py such that Ahg € Py, Bho € Py, C(ho, ho) € Pp;

(#) there exists a constant g > 0 such that C(z,w) > 6o(Az+Bz) for all z,w € P.
Then

(1) AtPh —)Ph, B: P, — P, andC:P;L X Py —>Ph;
(2) there are ug,vo € P, and r € (0,1) such that

rug < ug < vg, up < Aug + Bvg + C(ug,vo) < Avg + Bug + C(vo, up) < vo;

(3) the operator equation Az + Bz + C(z,2) = z has a unique solution z* in Pp;
(4) for zo,wq € Py, construct
zn = Azp—1+ Bwp—1 + C(zp—1,Wn-1),n=1,2,...,
wy, = Awp—1 + Bz + Clwp—1,2p-1),n=1,2,....
We have z, — z* and w, — z* as n — oo.

Lemma 1 (see [11]). If

k—1  A\k—1 k-1
Gr(t,€) = {t (1 —(t-& ' 0<e<t <1,

T T(e) L6, o<i<e<1 G

Then for G1(t,&) the following property holds:

r—=1(1 _ _ k-1 e\l
From [9] and Lemma 1, we have
QIO < A9 e, @

(1—-¢)l(x) (1-G)(k)
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where G(t,£) is given as follow:
G(t7 g) = Gl (ta 5) + GQ(ta 5)7 (t7 g) € [07 1] X [Oa 1]a (5)

where

Golt € /Glrf (€, 7)dr (6)

1 -G
In 2017, Feng and Zhai established the following theorem.
Theorem 2 (see [4]). Assume (®) and

(H1) f,9:]0,1] x [0,00) — [0,00) are continuous and increasing with respect to the
second argument, g(t,0) # 0;

(Hs) g(t,Az) > Mg(t,z) for X € (0,1),t € [0,1],z € [0,00), and there exists a
constant v € (0,1) such that f(t, z) > NV f(t,2) for allt € [0,1],A € (0,1),z €
[0, 00);

(H3) 3 09 > 0 such that f(t,z) > dog(t,z),t € [0,1],z > 0.

Then problem (1) has a unique positive solution u* in Py, where h(t) = t*~1 ¢ € [0,1]
and for ug € Py construct

1
u7l+1( ) G(t 5)[.]0(5)1‘71(6)) +g(€7u7l(€))]d§7 n= 011727""

0

We have u,(t) — u*(t) as n — oo, where G(t,&) is given as (5).

2. Main result

As a prompt consequence of Theorem 1 we have the following result.

Proposition 1. Let P be a normal cone in a real Banach space E, v € (0,1),
T,C : P x P — P mized monotone operators and let the following conditions

T(tz, %w) >tT(z,w), te€(0,1),z,weE P,
C(tz, %w) >t7C(z,w), te(0,1),z,we P,
be satisfied. Assume that
(i) there is hg € Py such that T'(hg, ho) € Py, C(ho, ho) € Pr;
(@) there exists a constant dg > 0 such that C(z,w) > 60T (z,w) for all z,w € P.
Then
(1) T:PpX Py, — Pp and C: P, x P, — Pp;
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(2) there are ug,vg € Py and r € (0,1) such that

rug < ug < vo,up < T(ug,vo) + C(ug,vo) < T(vg,uo) + C(vo,un) < vo;

(3) the operator equation T(z,z) + C(z,z) = z has a unique solution z* in Pp;
(4) for zo,wg € Py, construct
zn =T (2n—1,Wn-1) + C(zn_1,wWn—_1)
wy = T(wp—1, 2n—1) + C(Wn-1,2n-1),n =1,2,....
We have z,, — z* and w,, — z* as n — o0o.

Definition 5. An operator A: P x P — P is said to be y-concave if
1
Altz, ;w) > t"A(z,w), te€(0,1),(z,w)ePXxP, 0<vy<1.

Definition 6. An operator B : P x P — P is said to be sub-homogeneous if it
satisfies the following:

1
B(tz,;w)ztB(z,w), te(0,1), zweP.

Definition 7. Let v be a real number with 0 < v < 1. An operator A: P x P — P
is said to be y-concave if it satisfies A(tz, tw) > t7A(z,w) for all t > 0,z,w € P.
An operator B : P x P — P is said to be sub-homogeneous if B(tz, }w) > tB(z,w)
forallt >0,z,w e P.

Lemma 2. Assume (®) holds and y : [0,1] x [0,1] — R is continuous. Then the
problem

Diu(s,t) +y(s,t) =0, 2<k<3, (7)
b 1
st € [0.1) uls.0) = Suls.0) =0, ulsi1) = [ (s, uls. e,
0
has the solution )
u(sit) = [ Gt €yl )i,
0
where G(t, &) is given as (5).
Proof. By (7), the following inequality holds:
u(s,t) = —Ify(s,t) + ct™ P+ eot™ 2+ c3t™2 1, co,c3 €R.

Hence

t _ \k—1 .
u(s,t) = 7/0 %y(t,ﬁ)dg + et 4 et gttt T3,

From u(s,0) = Fu(s,0) = 0 and u(s, 1) = fol (s, &u(s, £)dE, we obtain

_[fa-got ! -
c1 = /0 T(x) y(s,&)d¢ +/0 o(s,8)u(s, £)dE, co =c3 =0.
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Therefore
t _ rk—1 rk—1 1
us.t) == [ Ty o+ £ -0 e e
1
k—1 d
1 /0 (5, €)u(s, €)de
1 1
- / G (1, €)y(s, )de + 1! / (5, €)u(s, €)de.
0 0
Consequently,

/Olgo(s,t) (s,t)dt = / st/Gltf

s r—1 S
N /0 (o(s. )t /0 (s, E)uls, €)d)dt
:/ (/ ©(s,t)G1(t, &)dt)y(s, &)dE

0 0

+( / 15T (s, £)db) / (s, E)u(s, €)dE),

1
1—42

/ K / G (. €. (s, e
/ /Glrs (s, 7)dr)y(s, €)de.

/O (s, €)uls, €)dE =

e
Clearly we get
= 1

u(s,t) = /0 1G1<t,§>y<s,5>ds+ / / G (7, €)p(s, 7))y (s, )€

1 1
:/ Gl(t,g)y(s,g)d§+/ Ga(t, €)y(s, §)d€
0 0

- /O G(t, €)y(s,€)de

Now we consider the new Banach space E; as follows:
0
E, = {u(s,t) € C([0,1] x [0, 1])|$u(s,t) e C([0,1] x [0,1])}.
F; is a Banach space with the norm

lul| = max{ max |u(s t)], max |gu(s t)|}.
telo, s,t€[0,1]

F; is endowed with an order relation

u(s,t) < v(s,t) if and only if u(s,t) < v(s,t), gu(s,t) < gv(s,t),
s s
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for all u(s,t),v(s,t) € E.
Moreover, let P, C E; be defined by:

0
Py ={u€ E; :u(s,t) ZO,%U

We point out P; is a normal cone. Indeed, for u(s,t),v(s,t) € Py, with u(s,t) <
v(s,t) we have

(s,t) >0, s,t €[0,1]}.

0 0
< — < — .
u(s,t) <w(s,t) and 8Su(s,t) < 8Sv(s,t)

Then obviously for M = 1 the following conditions hold:
|u(s, t)| < Mv(s,t)| and |2u(s,t)| < M|2v(s,t)|.
s 0s
So we have four items below:
(@) || u(s,t) ||= max|u(s,t)|, || v(s,t) ||= max|v(s,t)| and M = 1, then we have

max |u(s, t)| < M max|v(s,t)|,

therefore
| u(s,t) [I<[l v(s, ) ||,
(i) JJu(s,t)|| = max|a%u(s,t)| and || v(s,t) ||= max|%v(s,t)\, then we have
o, 1) 1= max | - (s, 1)] < mave |- o(5,8)] = (5, 1)|
) - as ) — as 9 - ) )
(iii) |lu(s,t)|| = max | Zu(s,t)| and || v(s,t) ||= max|v(s,t)|, then we have

I u(s,t) ||= max|2u(s,t)| < max|gv(s,t)\ < max |v(s,t)] = ||v(s, t)]],
Os Os
() JJu(s,t)|| = max |u(s,t)] and || v(s,t) ||= max|a%v(s,t)\, then we have
| u(s,?) |= max|u(s, t)| < max|v(s,t)] < maXl%v(S,f)l = [Jv(s, )],

therefore P; is a normal cone.
Now here, continuing the work of Feng and Zhai, we establish the existence and
uniqueness of solution to fractional differential equation (2).

Theorem 3. Assume (®) and

(H1) f,9:]0,1]x[0,00)x[0,00) = [0,00) are continuous and increasing with respect
to the second argument, but also decreasing with respect to third argument.
g(t’ 0’ 1) % 0’.

(H2) g(t, Az, %w) > Ag(t,z,w) for X € (0,1),t € [0,1], z,w € [0,00), and there exists
a constant v € (0,1) such that f(t, Az, yw) > XV f(t,z,w) for all t € [0,1], X €
(0,1), z,w € [0,00);
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(H3) there exists a constant 09 > 0 such that f(t,z,w) > dog(t, z,w), t € [0,1] and
z,w > 0.

(Hy) y(s,t) <4y'(s,t) implies that %y(s,t) < %y’(s,t).

Then problem (2) has a unique positive solution u* in Py, , where h(t) = t*71t €
[0,1] and for ug € Py, , construct

1
wnia(st) = [ GO (5., 5 un(5,)

0
+g(£aun(57£)a%un(saf))}dga 7'1,20,1,27....

We have un(s,t) = u*(s,t) as n — oo, where G(t,£) is given as (5).

Proof. From Lemma 2, problem (2) has an integral formulation given by

uls.t) = [ Gt UE (5., 5uls.6) + a6l €1, (s, e

Define A: Py x P, - P, and B: P, x P, — Py by:

Alulsnt).o(5.0) = [ Gl (€u(5,8), 50l

Bluls).0(5.0) = | G(t.£)0(€.u(5,8), Fo(s. ).

Then w is the solution to problem (2) if and only if
u= A(u,u) + B(u,u).

Firstly, we show that A, B are two increasing operators with respect to the second
argument, but also decreasing with respect to third argument. For (u,v), (v/,v') €
P; x Py with u = ¢/ and v < v/, we have

Au(s,t)v(s,)) = [ G016 €0 5ol €0

1

> [ GO (5.8, 5o/ .0
=A(u'(s, £),0'(s,1)).

By (Hy), it is easy to see that

9 Afuls, 1), v(s, 1) >

s A/ (s,),0'(s,1)).

Fle

So
Alu(s,t),v(s, t)) = A(u'(s,t),v'(s,t)).
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Similarly, B(u,v) = B(u/,v"). Secondly, we prove that A is a v-concave operator
and B is a sub-homogeneous operator. For any A € (0,1) with (u,v) € P, x Py,
from (Hz) we obtain:

* oo, €)de
1
>0 [ 616 u(s.9). 5ol )i

= AV A(u(s, t),v(s,t)).

AQu(s. ). 50(5.0) = [ GULOFE (s, )

By (H,), we have & A(Mu(s, t), +v(s,t)) > N2 A(u(s,t),v(s,t)), therefore
A(du(s,t), %U(S,t)) = A7 A(u(s, t),v(s, t))
B(Nau(s.t), 30(.0) = [ Gt €)glé Mu(s, ). 5 5ol €

1
>0 [ Gl a6 uls. €0, 5ol )i
= AB(u(s,t),v(s,t)),

and also

0 1 0
%B()\u(s t), - i v(s,t)) > )\aB(u(s,t),v(s,t)),

hence
B(Au(s,t), %v(&t)) = AB(u(s,t),v(s,t)).

So A is y-concave and B is sub-homogeneous.
Next, we prove that A(h,h) € P;, and B(h,h) € P;,. From (Hy), (3), (6) and
(4), we have

A1), h(t)) = / Gt ) F (€., 0)de

tl{l

1
1_C2)()/(1§)H f(€,1,0)dg,

/ G(t, &) f(&,€°71 0)d¢

1tn 1

><1—<2

From (Hs) and (H;) we have

/51— )P E(€,0, 1)d.

f(£,1,0) > f(£,0,1) > dog(&,0,1) > 0.
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Because £ — 1 > 0 and ¢g(&,0,1) # 0, we can get

1 1
[a-o e o= [ a-9 e
0 0
1
>0 [ €19 1gle.0.1de > 0
0

Let

R nl
L= 1_@ /s F(6,0,1)de.

1 k—1
b= m/()( A6 1,0)de.

Then Iy > I; > 0 and thus [1A(t) < A(h(t), h(t)) < Ioh(t),t € [0,1]; similarly,

0 0 0
hh(E) < S AW, h(D) < L h(r).

hence
L1h(t) < A(h(t), h(t)) = Iah(t),

Thus A(h,h) € P, .
Also
1

B(h(t),h(t)) = | G(t,&)g(&,€"",0)dg

s [ ot o

(e}

IN

G(t,€)g(&,€",0)d¢

Kk—1
S s

B(h(t), h(t)) =

\\/\H

We can easily get B(h,h) € Py,, from g(¢,0,1) # 0 and similarly to operator A.

That is, condition () of Theorem 1 holds.
Further, we prove that condition (i) of Theorem 1 is also satisfied.

For (u,u) € Py x Py, by (H3),

A(O).u(t) = [ GOFE uls. &), ool €)de

1
> b0 [ Gl E)g(E uls, ), ool )

0

= doB(u(t), u(t))
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and
%A(u(t), u(t)) > do %B(u(f), u(t)).

Hence we get A(u,u) = 6o B(u,u).

Finally, from Theorem 1 we know that A(u,u)+B(u,u) = u has a unique solution
u* € Py; for ug € Py, , construct u, = A(up—1,Un-1)+ Btp—1,un—1), n=1,2,....
We have u,, — u*. That is, problem (2) has a unique positive solution u* € P;, for
the sequence

wnia(st) = [ GEOIE (5,8, 5 n(5,6)

0
+g(£,un(57£)a%Un<87£))]d€7 n:07172a""
We have uy,(s,t) — u*(s,t). O
Corollary 1. Assume (®) and

(Hy) Let f :]0,1] x [0,00) x [0,00) — [0,00) be a continuous and increasing with
respect to the second argument, but also decreasing with respect to the third
argument. f(t,0,1) £ 0;

(Hs) there exists a constant v € (0,1) such that f(t, Az, yw) > XV f(t,z,w) for all
te[0,1,A€(0,1),z,w € [0,00);

(H3) y(s,t) <y'(s,t) implies that %y(s,t) < %y’(s,t).
Then

Diu(s,t) + f(t,u(s,t), %u(s,t)) =0, 2<rKr<3,

a 1
0<st <l uls0) = fuls0) =0, uls 1) = [ (sOuls e,
0
has a unique positive solution u* in Py, , where h(t) = t*~1 t € [0,1]. Foruy € Py,
construct

! 0
un-‘rl(sat) :/0 G(tag)f(fvun(sa§>7%un(sag))dg n:071a2a"-'

We have un(s,t) — u*(s,t) as n — oo, where G(t,&) is given as (5).

Example 1. Consider the problem

u(s,t) |1 u(s,t)
D?3u(s,t) + 2+
(&:2) (%u(s,t)) u(s,t) + ,/%u(s,t)

1
0<s<§, 0<t<l,

el +a=0, (8)

u(5.0) = (0 =0, u(s1) = [ o5, uls. )i,
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where a > 0 is a constant.
Here, ¢(s,t) = (t+3s)2. Then ¢ : [0,1]x[0,1] — [0, 00) with » € L*([0,1]x[0,1]),

1 1
G= [ €909t >0and o= [ €+ sPdE <L
0 0
Suppose also

0 0
< ) ) — < = .
u(s,t) < u'(s,t) implies that asu(s,t) < 55t (s,t)

Take 0 <b < a and f,g:[0,1] x (0,00) x (0,00) — [0,00) defined by:
Vi
VRN

f and g are increasing with respect to the second argument, but also decreasing
with respect to the third argument, g(t,0,1) = a—b > 0 for A € (0,1), t € (0,1),
z,w € (0,00) and

1
—-b =-.

)E4b gltzw) = L r=5

f(t,Z,’LU) :(

SHRS

1
g(tv )‘Za Xw) Z )‘g(tv Z,’lU),

ft, Az, %w) > Mf(t, z,w).

Moreover, for & € (0, Tz,b);

£t z,w) = (g)% th2b=———(cta—b)
> 50(%& +a—b) =dog(t, z,w).

By Theorem 3, problem (8) has a unique positive solution in Py, , where

1
h(s,t) = (t +s)*3, 0<s<§ and 0 <t<1l
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