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INTRODUCTION

ITHIN the simple Hückel molecular orbital (HMO)
model, there are two energy-based stability criteria
– the total π-electron energy and the energy difference
between the highest occupied and lowest unoccupied
molecular orbital, the so-called HOMO-LUMO gap.[1–3] If the
eigenvalues of the molecular graph are λ1 ≥ λ2 ≥  ≥ λn ,
then the HMO total π-electron energy (in β-units)2,3 is given
by
n /2

E π = 2∑ λi .

(1)

i =1

whereas the eigenvalues λn /2 and λn /2 +1 correspond,
respectively, to the energies of HOMO and LUMO. Thus,
λn /2 − λn /2 +1 , which for
the HOMO-LUMO gap is Δ=
HL
alternant hydrocarbons (including benzenoids), because of
λn /2 +1 = − λn /2 , is equal to

Δ HL = 2 λn /2 .

(2)

In Eqs. (1) and (2), and later in the text, it is assumed
that n, the number of π-electrons (and also the number of
carbon atoms in the underlying conjugated molecule, and

the number of vertices of the respective molecular graph)
is even. If n were odd, then the definition of the total
π-electron energy would have to be modified, whereas the
concepts of HOMO and LUMO would lose their meanings.
The total π-electron energy is related to the
thermodynamic stability of the underlying conjugated
compounds, for details see.[4,5] The structure-dependency
of E π is nowadays well understood, see[5–7] and the
references cited therein.
The HOMO-LUMO gap is considered as a measure of
reactivity of the respective conjugated system. Although its
structure-dependency has been much studied,[8–13] George
Hall’s claim[14] that “the variation in Δ HL from molecule to
molecule follows too complicated a pattern to be
summarized in general rules” is still applicable.
Benzenoid hydrocarbons are the class of polycyclic
conjugated molecules to which the predictions of the HMO
model best agree with experimentally determined facts.
The topological properties of this class of compounds have
been studied in due detail.[5,15,16] It is worth mentioning that
Edward Kirby also did significant contributions to this
field.[17–20]
It is reasonable to expect that E π and Δ HL are
somehow related. However, very little is known on such
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hypothetical relation. In view of Hall’s doubts,[14] it may well
be that its exact mathematical form will never be
established.
In the paper[21] the approximation

(λ1 − λi )(λn /2 − λi ) =
0 holds for all i = 1,2,..., n / 2 , but this
is the only molecular graph with such an exceptional
property.). Therefore, except for benzene,
n /2

∑ (λ

2

 2m Δ HL 
E π ≈ A 2mn − xn 
−
 +B
2 
 n

(3)

was put forward, where A, B, and x are fitting parameters.
In the paper[22] another expression of this kind was
considered:

Δ

Δ2  
E π ≈ A  HL + (n − 1)  2m − HL   + B
 2
4 




(4)

where A and B are fitting parameters (different from those
in Eq. (3)). In formulas (3) and (4), and later in this text, n
denotes the number of vertices and m the number of edges
of the underlying molecular graph (i.e., the number of
carbon atoms and carbon-carbon bonds of the respective
conjugated molecule).
The approximations (3) and (4) are prohibitively
complicated. The fact that their mathematical forms are
completely different casts doubts on their reliability. We
now offer a significantly simpler formula:

(

E π ≈ A0 + B0 Δ HL

)

2mn

(5)

which is based on the classical McClelland approximation[23] and a recently established result by Oboudi.[24]

McCLELLAND AND OBOUDI
INEQUALITIES
The upper bound (6) for total π-electron energy,
E π < 2mn

(6)

established by McClelland[23] in 1971, is one of the classical
results of chemical graph theory.
Its practical value lies in the fact (also established by
McClelland)[23] that
E π ≈ A 2mn

(7)

is a very accurate approximation, especially for benzenoids.
Here, again, A is a fitting parameter. Formula (7) was tested
in due detail[5,25] and found to be better than any other
(n,m)-type approximation.
For molecular graphs with even number of vertices,

(λ1 − λi )(λn /2 − λi ) ≤ 0
holds for all i = 1,2,..., n / 2 , and the inequality is strict for
at least some value of i. (In the case of benzene,
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i =1

1

− λi )(λn /2 − λi ) < 0

i.e.,
n /2
n /2
n
λ1 λn /2 − ( λ1 + λn /2 ) ∑ λi + ∑ (λi )2 < 0 .
2
=i 1=i 1

For alternant conjugated hydrocarbons (including benzenn /2
oids), ∑ i =1 (λi )2 = m . Then, in view of Eqs. (1) and (2),
Eπ >

λ1 λn /2n + 2m
λ1 + λn /2

≥

2 λ1 λn /2
λ1 + λn /2

2 2 λ1Δ HL
2mn =
2mn
2 λ1 + Δ HL

(8)

and we arrive at Oboudi’s lower bound.[24]
It is interesting to note that in Eq. (8), the McClelland
term 2mn is multiplied by the ratio of the geometric and
arithmetic means of λ1 and λn /2 .

RELATING E π AND Δ H L FOR
BENZENOID MOLECULES
In this section we are concerned with Kekulèan benzenoid
hydrocarbons, that is benzenoid systems possessing Kekulè
structures and therefore a non-zero HOMO-LUMO gap. We
require that these be polycyclic, that is to possess at least
two mutually condensed benzene rings. Consequently, the
smallest benzenoid hydrocarbon is naphthalene (n = 10),
whereas benzene (n = 6) is excluded from consideration.
Recall that the same has been done in our earlier studies of
π-electron properties of benzenoid hydrocarbons.[5,21,22,25]
Bearing in mind McClelland’s upper bound (6) and
Oboudi’s lower bound (8), we see that the true value of
total π-electron energy must lie between these two
estimates, i.e., it should be


2 2 λ1Δ HL 
E=
B  2mn
 A+
π

2 λ1 + Δ HL 


(9)

for some pertinently chosen values A and B. Note that for
B = 0, formula (9) reduces to the original McClelland approximation (7).
In the case of benzenoid systems (as well as
practically all molecular graphs), Δ HL is at least one order
of magnitude smaller than the spectral radius λ1 .
Therefore, 2 λ1 + Δ HL ≈ 2 λ1 and thus Eq. (9) is simplified as

2Δ HL 
E=
B  2mn .
 A +
π

λ1



(10)

The spectral radius of benzenoid systems varies in a
DOI: 10.5562/cca3593
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very narrow range. Thus, for naphthalene λ1 = 2.3
(minimum) and for ovalene λ1 = 2.7 (close to maximum).
Bearing this in mind, we can additionally simplify formula
(10), arriving to Eq. (5).

TESTING FORMULA (5)
Same is in our earlier works,[5,21,22,25] formula (5) was tested
on the standard sample of 105 Kekulèan benzenoid
hydrocarbons from the book of Zahradnik and Pancir.[26]
A0 0.889 ± 0.001
By least-squares fitting we found=
B0 0.025 ± 0.005 , with correlation coefficient R =
and=
0.99994, average relative error 0.177 %, and maximal
relative error 1.01 %. Thus, formula (5) has nearly the same
precision as the earlier proposed approximations (3) and
(4), but its advantage over (3) and (4) is in its simplicity. In
contrast to (3) and (4), formula (7) reveals a straightforward
connection between the two HMO stability criteria and its
simple algebraic form will be easily acceptable by the
chemistry community, especially by chemistry students.
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