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An Upper Bound Solution for Continued Compression of a Cylinder 
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Abstract: A sequential upper bound method for the cylindrical compression test is developed. The method uses rigid and plastic regions to build up a kinematically admissible 
velocity field. A technique for calculating the power dissipation in continued compression is described. A numerical method is only necessary to evaluate ordinary integrals. 
An illustrative example presented shows that some important parameters of the process are not sensitive to the friction factor if its value is high enough. This observation is 
in qualitative agreement with a finite element solution. 
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1 INTRODUCTION 
 

The cylindrical compression test is often used for 
studying the evolution of various material properties [1-4] 
and frictional conditions for metal forming applications [5-
8]. A widely accepted method of theoretical analysis of this 
test is based on the upper bound theorem. In general, upper 
bound solutions can be conveniently divided into two 
categories. Instantaneous solutions fall into one of these 
categories. These solutions are only valid at the initial 
instant. Therefore, the profile of specimens after finite 
deformation cannot be predicted. Typical solutions of this 
category for analysis of the cylindrical compression test are 
proposed in [5, 9, 10]. A barrel parameter introduced in 
these studies predicts only the tendency to barrelling at the 
initial instant. The solutions that fall into the other category 
are based on the concept of sequential limit analysis. 
Sequential limit analysis is usually used in conjunction 
with a finite element procedure [11-14]. It is known that 
faster methods of analysis are needed for some applications 
[15]. 

Turning to the cylindrical compression test, friction is 
responsible for barrelling. This is usually taken into 
account by assuming a kinematically admissible velocity 
field that includes a barrel parameter [5, 9, 10]. However, 
another important effect of friction is that a rigid region 
must exist in the vicinity of the axis of symmetry. It is well 
known from experiment [3] and the existence of such a 
region is predicted by accurate solutions found by the 
method of characteristics [16]. This region, in turn, leads 
to the existence of the regime of sticking over a portion of 
the friction surface. The friction law in terms of stress is 
not valid where the regime of sticking occurs. Under 
certain conditions, the regime of sticking occurs over the 
entire friction surface. In this case, the solution is 
insensitive to the friction factor. Simple kinematically 
admissible velocity fields such as those adopted in [5, 9, 
10] do not account for these features of real velocity fields. 
It is worthy of note that these simple kinematically 
admissible velocity fields are in general capable of 
predicting rather accurate upper bounds on the load 
required to deform the specimen since mathematical 
properties of the extremum principles of plasticity allow 
close bounds to be obtained even from crude 
approximations for the actual stress and velocity fields (it 
is of course not true for flow pattern) [17]. A general 

kinematically admissible velocity for axisymmetric 
forging has been proposed in [18]. This field accounts for 
the existence of a rigid region and is of the same level of 
complexity as the fields used in Ebrahimi and Najafizadeh 
[5, 9, 10]. The objective of the present paper is to combine 
a particular case of the kinematically admissible velocity 
field proposed in [18] appropriate for the cylindrical 
compression test and the concept of sequential limit 
analysis. 
 
2 STATEMENT OF THE PROBLEM 
 

A solid cylinder of radius R0 and thickness 2H0 is 
forged between two flat dies moving towards each other 
with velocity U. The current thickness of the cylinder will 
be denoted by 2H. Cylindrical coordinates (r, θ, z) are 
taken, with the z - axis taken as the axis of symmetry of the 
process. Also, the process is symmetric relative to the plane 
z = 0. The material of the cylinder is assumed to obey the 
von Mises yield criterion and its associated flow rule. The 
tensile yield stress, σ0, is a material constant. Since z = 0 is 
a plane of symmetry for the flow, it is sufficient to consider 
the region 0z ≥ . The dies are rough and the friction law 
is: 
 

0

3rz m
σ

σ = −                                                                       (1) 

 
at z = H. Here σrz is the shear stress in the cylindrical 
coordinates and m is the friction factor, 0 1m≤ ≤ . Eq. (1) 
is valid at sliding. At sticking, this equation must be 
replaced with the condition that the relative velocity 
between the cylinder and the die vanishes. By symmetry, 
 

0rzσ =                                                                               (2) 
 
and uz = 0 at z = 0                                                                     (3) 
 
and ur = 0 at r = 0                                                               (4) 
 
Moreover, 
 
uz = −U at z = H                                                                    (5) 
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In Eq. (3), Eq. (4) and Eq. (5), ur and uz are the radial 
and axial velocity, respectively. The outer surface of the 
cylinder is traction free. 
 
3 INSTANTANEOUS COMPRESSION 
 

A general upper bound solution for axisymmetric 
forging has been proposed in [18]. The corresponding 
solution for instantaneous compression of a solid cylinder 
can be derived from this general solution as a special case. 
In particular, the general structure of the corresponding 
kinematically admissible velocity field is shown in Fig. 1 
where ac is a velocity discontinuity surface. This surface 
separates plastic and rigid regions. The kinematically 
admissible velocity field in the plastic region is: 
 

( )
0

,
2

r zfu u
U h U

ζρ ζ
ρ

= + = −                                            (6) 

 
where: 
 

0
0

0 0 0
, ,

H r zh
R R H

ρ ζ= = =                                             (7) 

 
and f(ζ) is an arbitrary function of its argument. 
 

Figure 1 The cylindrical compression test and the general structure of a 
kinematically admissible velocity field 

 
The power dissipated in the process under 

consideration is composed of three components: the power 
dissipated within the plastic region, WV; the power 
dissipated due to plastic shearing at the velocity 
discontinuity surface ac, Wd; and the power dissipated by 
friction at the sliding contact between points c and b, Wf. 
All these components have been found in [18]. In 
particular: 
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3 3π 3

f
c c c

W m
U R h

η η η
σ

 = − + 
 

                            (10) 

 
In Eq. (8), Eq. (9) and Eq. (10): 
 

( ) ( ) ( )2

1

d, , d
d

fg F f
ζ

η ρ ζ ζ χ χ
ζ

= = = ∫                    (11) 

 
Moreover: 
 

( ) ( )02
1ac

h F ζ
η η ζ

ζ
= =

−
                                                  (12) 

 
is the equation of the velocity discontinuity surface ac and 
ƞc is the value of ƞ at point c. Eq. (8), Eq. (9) and Eq. (10) 
are valid if point c is closer to the axis of symmetry than 
point b. This condition will be verified a posteriori. Let Pu 
be an upper bound on the force required to deform the 
cylinder and pu is its dimensionless representation. Then: 
 

2 2
0 0 0 0π π

V d fu
u

W W WP
p

R U Rσ σ

+ +
= =                                          (13) 

 
Substituting Eq. (8), Eq. (9) and Eq. (10) into Eq. (13) 

shows that pu depends on f(ζ). It is advantageous to choose 
this function such that some boundary conditions not 
involved in the upper bound theorem are satisfied. In 
particular, it follows from Eq. (2) and the associated flow 
rule that ξrz = 0 at ζ = 0 where ζ rz = 0 ξrz is the shear strain 
rate in the cylindrical coordinate system. Since 
2 rz r zu z u rξ = ∂ ∂ + ∂ ∂  and uz is independent of r as 
follows from Eq. (6), the boundary condition Eq. (2) 
requires that: 
 

0ru
ζ

∂
=

∂
                                                                              (14) 

 
at ζ = 0. Moreover, it is known [19] that 
 

1
rz Oξ

ζ

 
=   

 
                                                                     (15) 

 
as 1ζ →  if m = 1 in Eq. (1). If 1m ≠  then Eq. (15) is not 
valid. Nevertheless, velocity fields satisfying Eq. (15) are 
kinematically admissible at any value of m. Moreover, 
numerical results reported in [20] demonstrated that the use 
of Eq. (15) led to a better upper bound prediction of the 
extrusion pressure for a wide range of m, compared with 
other kinematically admissible velocity fields of the same 
level of complexity. Therefore, it makes sense to use Eq. 
(15) if m is large enough. One of the simplest functions 
satisfying Eq. (14) and Eq. (15) is: 
 

( ) 2

0
1

2
cf
h
η

ζ β ζ= − − −                                               (16) 
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Here β is constant. Eq. (11) and Eq. (16) combine to 
give: 
 

( )

( )

2

2
0 0

0

1

1
2

c

g ,

h h arcsin
F

h

βζζ
ζ

η ζ β ζ ζ β ζ
ζ

=
−

+ − +
= −

                (17) 

 
Since ƞ = ƞc at ζ = 1, it follows from Eq. (12) and Eq. 

(17) that ( )02 πc hβ η= − . Then, Eq. (16) and Eq. (17) 
become: 
 

( )

( )

( ) ( )
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= −
−

 = + − −  

                     (18) 

 
Substituting Eq. (18) into Eq. (8), Eq. (9), Eq. (10), and 

Eq. (12) and, then, the resulting expressions into Eq. (13) 
supplies pu as a function of ƞc. Minimizing this function 
with respect to ƞc provides the best upper bound on pu 
based on the kinematically admissible velocity field 
chosen. 

Numerical minimization of the right hand side of  
Eq. (13) has shown that the solution predicts the existence 
of the rigid region only if m > 0,7 (approximately). 
Therefore, further analysis is restricted to the range 
0 7 1, m≤ ≤ . It has been also confirmed that the condition 
ƞc < 1 is satisfied (i.e. the general structure of the 
kinematically admissible velocity field shown in Fig. 1 is 
correct). 
 
4 CONTINUED COMPRESSION 
 

The shape of the cylinder after any amount of 
compression is schematically illustrated in Fig. 1. No 
velocity boundary conditions are prescribed on the traction 
free surface bd. The velocity field Eq. (6) satisfies the 
boundary condition Eq. (5) if ζ is defined as 
 

z
H

ζ =                                                                               (19) 

 
Therefore, the velocity field Eq. (6) is kinematically 

admissible independently of the shape of bd if h0 is 
replaced with h where h = H / R0. Then, h0 should be 
replaced with h in Eq. (8), Eq. (9) and Eq. (10). At the 
initial instant h = h0 and the definitions for ζ given in Eq. 
(7) and Eq. (19) coincide. The integrand in Eq. (8) is 
independent of the shape of bd but one of the limits of 
integration is. Therefore, Eq. (8) becomes: 
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W
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−= + +∫ ∫   (20) 

where ƞ = ƞbd(ζ) is the equation of the traction free surface 
bd. The integrand and the limits of integration in Eq. (9) 
are independent of the shape of bd. Therefore, this equation 
becomes: 
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     (21) 

 
The power dissipated by friction at the sliding contact 

between points c and b is found from the equation 
 

02π
d

3

rb

f r
rc

m
W u r r

σ
= ∫                                                      (22) 

 
where rb is the radial coordinate of point b and rc is the 

radial coordinate of point c. In Eq. (22), the radial velocity 
is understood to be calculated at ζ = 1. Using Eq. (7) and 
Eq. (11). Eq. (22) can be transformed to: 
 

2
0 0π

d
3

b

f r
c

m R
W u

η

η

σ
η= ∫                                                   (23) 

 
where ƞc = (rc / R0)2 and ƞb = (rb / R0)2 = ƞbd (1). It has been 
shown in [18] that ƞc = −2hf (1) independently of the 
function f(ζ). Therefore, using Eq. (6) and Eq. (11). Eq. 
(23) can be rewritten as: 
 

( )

2
0 0

3 2 3 2

d
π 2 3

3 2
3 3

b
f c

c

c b cb

W m
U R h

m
h

η

η

η
η η

σ η

η η η η

 
= − =  

 

= − +

∫
                             (24) 

 
This equation replaces Eq. (10). It is evident that Eq. 

(10) and Eq. (24) coincide at the initial instant when ƞb = 
1. Substituting Eq. (18) in which h0 is replaced with h into 
Eq. (20), Eq. (21), Eq. (24), and Eq. (12) and, then, the 
resulting expressions into Eq. (13) supplies pu as a function 
of ƞc. In Eq. (12) and Eq. (18) it is necessary to replace h0 
with h. Minimizing pu with respect to ƞc provides the best 
upper bound on pu based on the kinematically admissible 
velocity field chosen. However, in contrast to the solution 
given in the previous section, the shape of the traction free 
surface bd is unknown and should be found from the 
solution. By definition: 
 

0 0

d d d d,
d d d dz r

z U z r U rU u U u
H R h H R h

= = − = = −                  (25) 

 
Substituting Eq. (6) into Eq. (25) and using Eq. (7) to 

eliminate r, Eq. (11) to eliminate ρ and Eq. (19) to 
eliminate ζ in the second equation in Eq. (6) yields: 
 

( )d d2 , ,
d d

z zf h
h h h h
η η ζ= − − =                                       (26) 
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The notation f(ζ, h) emphasizes that, in contrast to the 
solution given in the previous section, the function f 
depends on both ζ and h. The second equation in Eq. (26) 
can be immediately integrated to give: 
 

0

Z z
h h

=                                                                              (27) 

 
where Z is the Lagrangian coordinate such that Z = z at the 
initial instant. It is seen from Eq. (19) and Eq. (27) that 
Z/H0 = ζ and, therefore, ζ is a Lagrangian coordinate as 
well. Then, the first equation in Eq. (26) can be integrated. 
Let ϒ be the Lagrangian coordinate such that ϒ = ρ at the 
initial instant. The solution of the first equation in Eq. (26) 
satisfying the condition ϒ = ρ at h = h0 (or H = H0) is: 
 

( )2
0

0

1 2 d
h

h

h tf ,t t
h

η ϒ ζ
 
 = −
 
 

∫                                           (28) 

 
At the initial instant the equation of the traction free 

surface bd is ϒ = 1. Therefore, it follows from Eq. (28) that 
the equation of this surface after any amount of 
deformation is: 
 

( ) ( )0
0

1, 2 , d
h

bd
h

h h tf t t
h

η η ζ ζ
 
 = = −
 
 

∫                            (29) 

 
Eq. (18) in which h0 should be replaced with h may be 

used to specify the function f. In particular: 
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                    (30) 

 
It is worthy of note that ƞc depends on h. Substituting 

Eq. (30) into Eq. (29) yields: 
 

( ) ( )

( ) ( )

2
0

0

4 11, 1

d

bd

h

c
h

h
h I h ,

h h

I h t t

ζ
η ζ

π

η

 − = + −
 
 

= ∫
                           (31) 

 
Eq. (12) in which h0 should be replaced with h, Eq. 

(20), Eq. (21), Eq. (24), Eq. (30) and Eq. (31) allow the 
right hand side of Eq. (13) to be found at any value of h. It 
is however necessary to develop a procedure for evaluating 
the integral in Eq. (31). A simple predictor-corrector 
method is adopted. Let ( )i

cη  be the value of ƞc and I(i) be the 
value of I at h = hi. It is worthy of note that the value of ƞc 
at h = h0 is found using the solution given in the previous 
section. Therefore, this value is supposed to be known. It 

is also obvious that I = 0 at h = h0. The predictor equation 
to get I(i+1) is 
 
( ) ( ) ( )1 Δi i i

cI I hη+ = +                                                        (32) 
 

Here Δh is an increment of h. Using ( )1iI +
  the 

corresponding shape of the traction free surface bd is 
determined from Eq. (31) and then an initial guess value of 
( )1i
cη
+

  is found by minimizing pu given by Eq. (13). The 
corrector equation to get I(i+1) is: 
 
( ) ( ) ( )1 Δi i i

cI I hη+ = +                                                           (33) 
 

Using I(i+1)  the final shape of the traction free surface 
bd at h = h(i+1) is determined from Eq. (31) and then the 
value of ( )1i

cη
+  is found by minimizing pu given by Eq. 

(13). 
 

 
Figure 2 Contour of the specimen in the (r, z) - plane at m = 0,8 and several 

values of h 
 

 
Figure 3 Contour of the specimen in the (r, z) - plane at m = 1 and several 

values of h 
 

As an illustration of the method developed the 
evolution of surface bd has been found at m = 0,8 and m = 
1. In both cases h0 = 1. The contour of the cylinder at 
several values of h is shown in Fig. 2 and Fig. 3 at m = 0,8 
and m = 1, respectively. The variation of pu with h is 
depicted in Fig. 4 at several values of m in the range 
0 7 1, m≤ ≤ . However, the effect of m on pu is so small that 
the difference between the curves corresponding to 
different values of m is invisible. The values of rb and rd 
are important for methods used to determine the friction 
factor [8]. 

Therefore, the variation of ρb = rb /R0 and ρd = rd /R0 
with h is shown in Fig. 5 at several values of m. The broken 
curves correspond to ρd. It is seen from this figure that the 
effect of m on this parameter is very week. The finite 
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element solution presented in [8] demonstrates the same 
tendency. The parameter ρb is influenced by the friction 
factor. 

This is also in qualitative agreement with the 
aforementioned finite element solution. 
 
5 CONCLUSIONS 
 

An analytical investigation of the cylindrical 
compression test has been conducted. The method 
developed combines rather a simple kinematically 
admissible velocity field proposed in [18] and the concept 
of sequential limit analysis. This simplicity of the 
kinematically admissible velocity field comes at cost: as 
compared to general sequential limit analyses boundary 
value problems that belong to a certain class can only be 
solved by the method developed. Nevertheless, this class is 
rather large. For example, the boundary value problems 
formulated in [6, 21, 22] can be treated without any change 
in the general procedure. The ring compression test can be 
treated by combining the general kinematically admissible 
velocity field [18] and the general procedure developed in 
the present paper. Some modifications of the general 
kinematically admissible velocity field are required to 
solve the boundary value problem presented in [23] and to 
treat upsetting of hollow and solid cylinders with rotating 
tool. The latter process is important for applications [24-
27]. In addition, the method proposed can be extended to 
strain and work hardening materials in the same manner as 
this material property is incorporated in conventional 
sequential limit analyses [11, 12, 28, 29]. 
 

Figure 4 Variation of the dimensionless forging pressure with h 
 
The solution found in the present paper is appropriate 

for higher values of m. In particular, the solution predicts 
no rigid region at m > 0,7 (approximately). This is a 
consequence of the assumption made in [18] that the rigid 
region penetrates the thickness of the specimen. The 
solution for the range 1 0 7m ,≥ ≥  is illustrated in Fig. 4 
and Fig. 5. It is seen from Fig. 4 that the load required to 
deform the specimen is not sensitive to the friction factor. 
This is an effect of the rigid region. In particular, the power 
is not dissipated where the regime of sticking occurs. The 
regime of sliding occurs in the range b dρ ρ ρ≤ ≤ . It is 
seen from Fig. 5 that the area of sliding contact is rather 
small. It is also seen from this figure that the parameter ρd 
is not sensitive to the friction factor. Therefore, the only 

parameter that is sensitive to the friction factor in the range 
1 0 7m ,≥ ≥  is ρb. The same tendency in the dependence of 
ρb and ρd on m has been found in [8] by means of the finite 
element method. 
 

Figure 5 Variation of ρb and ρd with h at several values of m (the solid curves 
correspond to ρb and the broken curves to ρd) 
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