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Abstract: It is suggested that fuel pellets made of composites based on solid plant waste should be considered as stochastic systems that are anisotropic in microvolumes but 
isotropic in the entire structure, i.e. quasi-isotropic in volume. Based on this hypothesis and the analysis of the known micromechanical models for forecasting physical and 
mechanical constants of composite materials, the expediency of using the Reuss-Voigt and Hashin-Strickman models to determine the effective elastic coefficients of composite 
biofuels is substantiated. The results of calculations made on these models for a number of two-component biofuel pellets are given. An experimental evaluation of effective 
Young's modulus and Poisson's ratio for two-component pellets with "straw + brown coal" composition was carried out. The obtained results of experimentally determined values 
of coefficients satisfactorily correspond to their calculated values: deviations are up to 26%. The Reuss-Voigt model was used in the calculations because the conditions required 
for the application of the Hashin-Strickman model are not met for composite pellets consisting of straw and brown coal. The results of the study will be useful in calculating or 
selecting press equipment for the production of quality fuel pellets from composites based on solid plant waste. 
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1 INTRODUCTION 
 

Plant agricultural waste, different types of wooden 
biomass and specially grown energy crops are significant 
biomass potential available for energy production [1]. 

To convert biomass into a form that is suitable for 
transportation and efficient energy use, a compaction 
process, known as pelletizing, is used. 

The main advantages of using biofuel pellets are the 
following [1]: 
-  reduction of the harmful emissions into atmosphere: 
such fuel is CO2-neutral, i.e. the amount of the carbon dioxide 
which emitted into the atmosphere during its combustion 
does not exceed the amount of emissions that would have 
been generated by natural decomposition of biomass; 
-  higher calorific value, which exceeding the value of bulk 
biomass and approaching the calorific value of coal; 
-  low cost compared to fossil fuel resources. 

Improvement of the usage efficiency for different types 
of solid plant waste can be achieved through the production 
of pellets made from composite materials, including other 
carbon-containing materials (e.g. household waste 
polyethylene terephthalate (PET), local fuels) [1, 2]. 

Exploitation of these fuels in power plants should 
achieve a synergistic effect as a result of more efficient use 
of biomass resources and a partial reduction of the negative 
impact on the environment as a result of waste disposal.  

In a process of designing of the technological equipment 
for the production of solid composite biofuel and its 
subsequent transportation and use, it is necessary to consider 
the physical and mechanical characteristics of biofuel made 
of composite materials, in particular the elasticity constants 
[1]. Since composite fuels can include different components 
in different proportions with different individual elastic 
constants, the question of determining their elastic constants 
as solids with corresponding new properties in relation to its 
individual components is important and relevant. 

Analysis of recent research and the publications. The 
pellets quality and their production energy consumption 

depend on the design parameters of the press equipment, the 
pressure on the raw material, as well as its physical and 
mechanical characteristics [1, 3]. The required pressing 
pressure depends on both the technological and design 
characteristics of the press equipment and the elastic physical 
and mechanical properties of the raw material, namely the 
Young’s modulus E and Poisson's ratio ν [1, 3]. 

 Values of elastic properties of such materials as coal, 
wood, polymers and others are widely presented in the 
literature [3-5]. As for the study’s results to determine the 
elastic properties of solid plant wastes, such information is 
presented much narrower. Some data about the elastic 
coefficients of composites, including plant wastes, which are 
mainly construction materials and products made using wood 
chips, are given in [6]. Article [7] considered issues of 
analytical determination of elastic constants of composite 
materials of multilayer shells with reinforcing material on the 
basis of epoxy matrix EM-20, but the obtained results of 
research cannot be directly used to calculate the effective 
elasticity constants (EEC) of composite biofuel. 

The aim of the paper is to substantiate the choice of 
methodology for predicting the EEC of composite biofuel 
based on plant wastes (Poisson's ratio and Young's modulus) 
and experimentally assess the possibility of its practical 
application. 

The choice of structural model of composite biofuel. 
Composite materials (CM) or composites consist of two or 
more components: discrete elements, which are 
reinforcement or reinforcement components, and a matrix 
that binds them together. CM have specific characteristics 
that differ from the total properties of the elements that make 
them up [6-14]. 

By the type of reinforcing components, which include 
various fibers, powders, spheres, crystals and other particles 
of organic and inorganic materials, CM is distinguished [12]: 
-  multi-layered; 
-  fibrous, in which components of reinforcement are 
fibrous structures that can be oriented in different directions; 
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-  filled with CM, in which the components of 
reinforcement are heterogeneous particles. 

According to the nature of distribution of reinforcement 
components, CM can be divided into periodic systems, 
stochastic mixtures and structured compositions. 

Depending on the geometry of the reinforcement 
components and their relative position, CM can be isotropic, 
whose characteristics are the same in all directions, and 
anisotropic, whose characteristics differ depending on the 
orientation. Quasi-isotropic ones include stochastically 
reinforced CM, whose reinforcing elements are short 
particles oriented randomly. 

Composite fuel based on solid plant waste with an 
admixture of local fuels or household waste can be classified 
as stochastic systems whose components are chaotically 
distributed and do not form regular structures. At the same 
time, such a material is anisotropic in micro objects, but 
isotropic in the volume of the whole structure, that is, quasi-
isotropic. 

In composite biofuel (CMB) based on plant waste in the 
form of pellets or briquettes, the structure-forming 
component (matrix) can be considered plant or wood waste 
with a lignin extracted during compression, which holds 
reinforcement components in the form of fillers (coal, 
household waste, etc.). In addition to increasing the density 
and heat of combustion of such CMB, it can be expected of 
its higher resistance to abrasion and destruction, which is 
important for the conditions of transportation, storage and 
movement in the elements of the power plant. 
 
2 SUBSTANTIATION OF THE METHOD FOR PREDICTING 

EFFECTIVE CONSTANTS OF ELASTICITY OF 
COMPOSITE BIOFUELS  

 
There are two alternative approaches to determine the 

elastic characteristics of composite material. 
In the experimental approach, a certain structural 

element of the composite is investigated, the one which 
contains a sufficiently large number of reinforcing particles 
so that the results obtained for it could be generalized to any 
volume of composite material. 

Application of this approach allows taking into account 
the change of elastic properties of the matrix and reinforcing 
fibers in the process of composite manufacturing. But in 
order to obtain a composite with the necessary properties it is 
necessary to conduct a large number of experiments, 
changing such parameters as the volume content of 
reinforcement, the nature of the location of reinforcing 
elements, the use of different materials for the matrix and 
reinforcing fibers. Therefore, such studies are carried out to 
refine theoretical models, or when the development or 
calculation of the latter is too complicated. 

An alternative structural approach is the determination of 
the EEC of the composite through the elastic characteristics 
of the matrix and reinforcing material, their volume fractions 
in the composite, the dimensions and relative arrangement of 
reinforcing elements. A significant disadvantage of such an 
approach is that the elastic properties of structural 

components may differ significantly in the initial state and in 
the composition. 

Also determining the value of the effective elastic 
coefficients of composite materials can be relevant by 
solving inverse problems of mathematical physics [15], as 
specific tasks where the desired variables are factors relevant 
model equations and the area where these equations are 
defined. 

The most researched in the theory of composites and 
widespread in practice composite materials are materials 
with fibrous structure [16], to which CMB can be referred. 

To determine the effective elastic characteristics in the 
mechanics of such CM there are various micro-mechanical 
methods of predicting the elasticity constants of fiber 
composites, based on a number of hypotheses and 
assumptions and allow us to consider the material in the CM 
layer transversal-isotropic [17]. 

In [18], the determination of the effective characteristics 
of unidirectional fibrous CM by structural parameters of 
material components is considered on the basis of known 
micromechanical models for the prediction of physico-
mechanical constants. These include models: Hill, 
Kilchinsky, Hashin-Rosen, Vanin, Reuss-Voigt. 

According to Hill's model, the composite consists of a 
fiber that is in a coaxial matrix cylinder [18-20]. In the model 
of Kilchinsky [15, 18, 21, 22], Hashin-Rosen [15, 18, 20, 22] 
CM is considered as a fiber in the form of a cylinder, which 
is placed in a cylindrical shell – a matrix, which in turn is in 
an unbounded medium with elastic parameters equal to the 
effective parameters of the composite. Model Vanin [21] is 
used to determine the effective mechanical characteristics of 
unidirectional composites. 

Model Reuss-Voigt [20, 22, 23] is used for composite, 
the structure of which can be considered as a system of 
rigidly bound isotropic rods, evenly arranged in an isotropic 
matrix. This model is in good agreement with the model of 
the composite biofuel structure chosen above, which makes 
it possible to calculate the elastic constants of СMB. 

According to this model, a certain composite is matched 
with a homogeneous medium, for which elastic 
characteristics must be determined. We believe that Young's 
modules E1, E2 and Poisson's ratios ν1, ν2 of the two-
component composite biofuel granule are known. The ratio 
of components is characterized by volume concentration γ1 = 
V1/V, where V1 - the volume of the first component, V -  the 
volume of the whole granule. 

According to the Reuss-Voigt model, the shear modulus 
μ and compression modulus K satisfy the following 
inequalities: 

 
r v r v, ,K K Kµ µ µ≤ ≤ ≤ ≤                                                (1) 

 
where μr and μv are the shear modules of Reuss and Voigt 
respectively; Kr and Kv are the compression modules of Reuss 
and Voigt respectively. 

The Reuss and Voigt modules are defined through 
component modules using the following formulas: 
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The intervals of possible values of the effective modules, 

which are set by formulas (1) - (3), are often quite large. 
In some cases, these intervals can be significantly 

reduced by using the variational principle of the Hashin-
Strickman model [24, 25], which is developed for investigate 
inhomogeneous elastic materials based on the generalization 
of the Lagrangian variational principle. Together with the 
inhomogeneous body that is studied, some homogeneous 
elastic body (comparison body) is considered.  

On the basis of the Lagrangian, a functional is 
constructed, which has a minimum in the equilibrium 
position if the tensor of the elasticity modules of the 
examined body is "smaller" than the tensor of the elasticity 
modules of the comparison body and has a maximum in the 
equilibrium position if the tensor of the elasticity modules is 
"larger" than the tensor of the elasticity modules of the 
comparison body. If K1 > K2 and μ1 > μ2, so, this approach 
gives the following relations for the shear modulus and 
compression modulus: 

 
h s h s, ,K K Kµ µ µ≤ ≤ ≤ ≤                                                (4) 

 
where μh and μs are the shear modulus of Hashin and 
Strickman, respectively; Kh and Ks are the compression 
modules of Hashin and Strickman, respectively, which are 
defined: 
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The shear modulus and compression modulus can be 

expressed through the Young’s modulus and Poisson's ratio 
[24]: 
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The above approaches can be applied to specific 

composite materials based on solid plant waste. First, it can 
be determined K1, K2, μ1, μ2, and then to calculate Kv, Kr, μv, 
μr, Kh, Ks, μh, μs, using Eqs. (2), (3), (5) - (8). The technical 
characteristics of the composite material may be based on the 
arithmetic mean of the corresponding values, namely 
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On the basis of Eq. (9), we obtain backward transition 
formulas: 
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Using the last Eq. (11), can be defined Erv, νrv, Ehs, νhs.  

 
Table 1 Results of calculations of elastic constants for composite pellets based on plant waste

component 1 
component 2 

ν1 
ν2 

E1 
E2 

K1 
K2 

μ1 
μ2 

Kh 
Ks 

μh 
μs 

Kr 
Kv 

μr 
μv 

νhs 
νrv 

Ehs 
Erv 

straw 
PET 

0.124 
0.41 

3158 
2750 

1400 
5093 

1405 
975.2 

- 
- 

- 
- 

2196 
3246 

1151 
1190 

- 
0.312 

- 
3071 

straw 
pine tree 

0.124 
0.118 

3158 
2680 

1400 
1169 

1405 
1199 

1280 
1280 

1297 
1298 

1274 
1285 

1294 
1302 

0.121 
0.121 

2909 
2909 

husk of sunflower  
straw 

0.125 
0.124 

3441 
3158 

1529 
1400 

1529 
1465 

1463 
1463 

1466 
1466 

1462 
1465 

1464 
1467 

0.125 
0.125 

3297 
3296 

husk of sunflower  
pine tree 

0.125 
0.118 

3441 
2680 

1529 
1169 

1529 
1199 

1338 
1340 

1353 
1354 

1325 
1349 

1344 
1364 

0.122 
0.122 

3037 
3037 

oak tree 
pine tree 

0.127 
0.118 

2987 
2680 

1335 
1169 

1325 
1199 

1250 
1250 

1.26 
1.26 

1247 
1252 

1259 
1262 

0.123 
0.123 

2830 
2829 

The Reuss-Voigt model can be applied to any biofuel 
composite for it can determine the values of the effective 
elastic coefficients in a wide range, but it can lead to large 
errors in determining their values. 

When calculating the Hashin-Strickman model, one can 
expect a smaller error in the determination of EEC composite 

biofuels. However, the range of use of this model is 
considerably narrower and it can be applied only if 
conditions K1 > K2 and μ1 > μ2 are met at the same time. If ν1 
= ν2, then from Eq. (9) it follows that the indicated 
inequalities are guaranteed to be fulfilled at E1 > E2. If, for 
example, ν1 increases with a constant value of ν2, then this 
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leads to an increase in K1 and a decrease in μ1, which in turn 
leads to a violation of the above conditions. Thus, Hashin's-
Strickman's approaches can only be applied when the values 
of Poisson's ratios of the biofuel composite are close. 

Tab. 1 shows the results of calculations of elastic 
constants of composite biofuel pellets according to the above 
mentioned models of Reuss-Voigt and Hashin- Shtrickman. 
Pellets composition was chosen on the basis of common plant 
wastes. 

For calculations of the average values of the elastic 
constants of composite components were used, because their 
values given in the literature sources differ significantly for 
the same materials [3, 4, 26, 27]. In all cases, the value of 
Young's modulus was set in MPa and taken as γ1 = 0.5.  

Analysis of the results given in Tab. 1 shows that the 
calculated values of EEC for composite pellets on the basis 
of common plant waste obtained from Reuss-Voigt and 
Hashin-Shtrickman models practically do not differ. 
Therefore, the application of the Reuss-Voigt model is 
sufficient for composite biofuels, since its use is possible for 
a wider range of elastic characteristics of CMB components. 
 
3  METHODOLOGY AND RESULTS OF EXPERIMENTAL 

STUDIES 
 
The testing machine UIP-50 which was used for 

experimental verification of the calculation method of elastic 
constants of composite pellets is universal, and the 
investigated sample of pellets was located in its working part 
shown in Fig. 1. 

 

 
Figure 1 Location of the investigated sample of composite pellets in a universal 

testing machine 
 

In order to correct possible traction irregularities and 
remove backlashes in the testing machine load system, a 
preload of 100 ± 1H was carried out. 

Deformation by compression of the specified sample 
was performed with simultaneous recording of the 
deformation diagram. 

The specimen was compressed and fixed the amount of 
movement of the moving traverse. Values of the compression 
force were measured using a force meter, the, which were 
also displayed on the device for recording the graph of the 
relationship between the load and the movement of the 
traverse. 

According to the recorded deformation diagrams, the 
Young’s modulus of the sample was determined E = 
(P/F)/(Δl/l), where Δl/l = ε – relative longitudinal 
deformation; P – compression force applied to the sample; F 
– cross-sectional area of the sample; Δl – change in the 
longitudinal deformation of the sample; l – initial height of 
the sample. 

To determine the Poisson’s ratio, the geometric 
dimensions of the samples were measured before and after 
loading: 
 

,'εν
ε

=                                                                              (12) 

 
where ε' = Δd/d – is the relative lateral deformation; Δd – is 
the amount of the change in lateral deformation of the 
sample; d – is the initial diameter of the sample. 

Values for determining the relative longitudinal and 
lateral deformations were measured at the beginning of crack 
formation on the specimens, which appeared on the 
peripheral parts of them before the subsequent destruction 
with the separation of individual material particles. 

An electronic control caliper with a measurement value 
of 0.01 mm was used as a control instrument. 

In experiments, samples of two-component pellets 
consisting of straw (E = 3160 MPa, ν2 = 0.124 [3]) and brown 
coal (E = 3020 MPa, ν1 = 0,3 - dataset for coal [28]) were 
used for the corresponding γ1 = 0.1; 0.2; 0.3 These samples 
were made on the above-mentioned universal testing 
machine using a special press device. The samples had the 
sizes d = 27 mm, l = 20 mm, and for their manufacture straw 
particles with fraction up to 4.0 mm and crushed brown coal 
with fraction up to 1.0 mm were used. 

To evaluate the method of experimental determination of 
the elastic coefficients of a composite sample on the basis of 
plant wastes, an experimental determination E and ν of a 
similar sample (d = 27 mm, l = 20 mm) made of pine was 
carried out using this method. 

The obtained values of elastic coefficients of pine 
samples (E = 3.85 GPa, ν = 0,4) are satisfactory with the 
corresponding values of E = 4.0 GPa, ν = 0.45, given in [29]. 

Results of experimental determination of elastic 
constants of composite granules samples are given in Tabs. 2 
and 3. 
 

Table 2 Results of experimental determination of Young’s modulus values of 
composite pellets 

Volume 
concentration of 

brown coal 

Е ∆E, 
% No. Experiment Еav 

By the model 
Reuss-Voigt 1 2 3 

γ1 = 0.1 2630 2644 2678 2650.6 3161 16 
γ1 = 0.2 2809 2848 2858 2838.3 3158 10 
γ1 = 0.3 3101 3180 3194 3158.3 3150 0.3 

* ∆E – deviation of the calculated values from the experimental ones 
 

Tabs. 2 and 3 show the comparative results of 
experimental studies with the results of the Reuss-Voigt 
model calculations, since the conditions K1 > K2 and μ1 > μ2 
are not fulfilled for the composite consisting of straw and 
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brown coal, and in this case it does not allow using the 
Hashin-Strickman model for calculations. 
 
Table 3 Results of experimental determination of Poisson’s ratio values composite 

pellets 
Volume 

concentration of 
brown coal 

ν ∆ν, 
% No. Experiment νav 

By the model 
Reuss-Voigt 1 2 3 

γ1 = 0.1 0.120 0.121 0.122 0.121 0.146 17 
γ1 = 0.2 0.123 0.123 0.124 0.1233 0.167 26 
γ1 = 0.3 0.144 0.146 0.147 0.1456 0.187 22 

*∆ν – deviation of the calculated values from the experimental ones 
 
The analysis of the obtained results shows the 

satisfactory correspondence of the obtained calculated values 
of the effective elastic constants of the composite pellets to 
their experimentally determined values: deviations of 
Young's modulus value do not exceed 16% and Poisson's 
ratio 26%. 

In [3] on the basis of experimental studies it was shown 
that Young’s modulus for a solid body formed from disperse 
biomaterials of plant origin, depending on the applied load at 
the deformation site remained unchanged (error within 5% - 
15%). By analogy, the elastic constants can be assumed to be 
constant for pellets formed from composite material based on 
dispersed solid plant waste. 

The results obtained suggest a considered approach for 
predicting the effective elastic constants of composite 
biofuels required for the calculation or selection of press 
equipment for the production of quality fuel pellets from 
composites based on solid plant waste. 

In the end it should be noted that the values of elastic 
constants given in the literature sources for the same plant 
materials may differ significantly [3, 26]. 

Therefore, the values of the predicted quantities of the 
EEC of the composite biofuels will significantly depend on 
the right choice in each case of the quantities of the 
corresponding coefficients of composite materials 
components. 

 
4     CONCLUSIONS 

 
It has been suggested to consider fuel pellets made of 

composites based on solid plant waste as stochastic quasi-
systems in which a structural component (matrix) can be 
considered as plant waste emitting lignin during 
compression. 

The analysis of known micromechanical models for the 
prediction of physico-mechanical constant composite 
materials is carried out. To determine the effective elastic 
coefficients of composite biofuels, the feasibility of using the 
Reiss-Voigt and Hashin-Strickman models, the conditions of 
use of these models and the EPC of two-component pellets 
containing distributed plant waste were calculated. 

Experimental estimation of the values of the effective 
Young's modulus and the Poisson's ratio for pellets of the 
"straw + brown coal" mixture was performed. Comparison of 
experimental and analytically determined values of the 
coefficients of elasticity showed that the deviations for the 

Young's modulus are in the range up to 16% and for the 
Poisson's ratio in the range up to 26%. 

The results obtained allow recommending the considered 
approach to predict the effective elasticity constants of 
composite biofuel required in the calculation or selection of 
press equipment for the production of quality fuel pellets 
from composites based on solid plant waste. 
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