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ABSTRACT. In this paper, we show that if (X, Y%) is the kth solution
of the Pell equation X2 —dY 2 = 1 for some non-square integer d > 1, then
the equation Y; = 2™ — 1 has at most two positive integer solutions (k,n).

1. INTRODUCTION

Let d > 1 be an integer which is not a square. The Pell equation
X?—dy*=1

has infinitely many positive integer solutions (X,Y’). Furthermore, putting
(X1, Y1) for the smallest such (i.e., the solution with the smallest value of V),
all other solutions are of the form (X, Y;) where

X+ VdYy, = (X; +Vdyy)*  forall  k>1.

Let U be some interesting set of positive integers like squares, rep-digits in
base 10 or in an arbitrary base g > 1, Fibonacci numbers, Tribonacci num-
bers, factorials, etc. In recent papers the question of determining all positive
integers d such that X}, € U holds for at least two positive integers k has been
investigated (see [3, 4, 6, 7, 9, 10]). In all cases mentioned above, there are
only finitely many such d, meaning that with these finitely many exceptions
in d, the equation X? — dY?2 = 1 has at most one positive integer solution
(X,Y) with X € U. That this is best possible follows from the fact that if
u € U\{1}, then (X,Y) = (u,1) is a solution to X? —dY? =1 for d := u*—1.

In this paper, we start the same program for the coordinate Y. Here, it
is easy to construct infinitely many d such that Y; € U has two solutions k.
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Namely, assume that 1 € U. Take d = u? — 1, where v will be determined
later. Then (X1,Y7) = (u, 1) and (X2, Y2) = (2X7—1,2X1Y7) = (2u®—1,2u).
Hence, if also 2u € U, then for this d, we have Y}, € U for both k = 1, 2. Thus,
if U contains 1 and infinitely many even numbers, then there are infinitely
many d such that Y3 € U for both £ = 1,2. We ask if this is best possible,
meaning whether for particular interesting sets of positive integers U, the
containment Y3 € U holds for 3 or more values of k only for a finite set of d.
We mention that the question of how many solutions k does Y; € U have has
been studied before for a couple of interesting sets U. For example, if U is the
set of squares, then Ljunggren ([8]) showed that there are at most two such k.
Further, if U is the set of Y-coordinates of a Pell equation corresponding to
the non-square integer dy > 1, then for any non-square positive integer d # dy,
the containment Y, € U has at most three solutions k. This is a result of
Bennett ([2]) which improved upon a prior result of Masser and Rickert ([11])
who had shown an upper bound of at most 16 on the number of such solutions
k.

In this paper, we take U := {2" — 1 : n > 1} which is the set of rep-digits
in base 2. We prove the following theorem.

THEOREM 1.1. Let d > 1 be an integer which is not a square and let
(X, Yy) be the sequence of positive integer solutions to X? —dY? = 1. Then
the equation Yy, = 2™ — 1 has at most two positive integer solutions (k,n).

The conclusion of Theorem 1.1 is best possible. To see this we take
d = 22t — 1 for some positive integer £. For such d we have (X1,Y;) = (2°,1)
and (X3,Y3) = (2312 —3.2¢ 22642 _ 1) 50 the equation Y}, = 2" — 1 has the
solutions (k,n) = (1,1), (3,20 4+ 2). We leave it to the reader to determine
if these are the only d such that the equation Y; = 2™ — 1 has two solutions
(k,n), or whether there are other values of d with the above property.

The method of proof follows the approach from [5].

2. PRELIMINARIES ON PELL EQUATIONS
In this section, we collect some useful facts about Pell equations. Let
o= Xl—l—\/EYl and 8= Xl—\/Eleofl.
Since X1,Y7,d > 1 are all positive integers, it follows that o > 14 /2. Then

k| pk k_ ak
2.1) Xk:# and Yk_% hold for all & > 1.

In particular,

(2.2)

Yk:ak_ﬂk ak_ﬂkiak_ﬁk

2/d T 2/dy,  a—f

:Oék71+04k72ﬂ+"'+ﬁk71 Z O[kil.
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The above inequality Y;, > o*~! is strict for k£ > 1. There are many formulas
relating members of the sequence {Xj}r>1 and {Y;}x>1. For example,

(2.3) Xop =2X7 —1 and Yy, =2X,Y; hold for all k> 1.
Furthermore, if k& > /¢, then

Yi=Ye = 2Y4_0)2X (k102
Ye+Ye = 2Yhro2Xk—0)/2

Moreover, if ¢ | k, then Yy | Y. If in addition k/¢ is odd, then also Xy | X.
We will need all these facts later. The following result is well-known (see [5]).
In what follows, for a nonzero integer a we write v5(a) for the exponent of 2
in the factorisation of a.

(2.4) hold provided k=/¢ (mod 2).

LEMMA 2.1. We have:
(7) ( |
. 0 if n=0 (mod 2),
va(Xn) = {VQ(Xl) if n=1 (mod2).
(73) Let e be the smallest of positive integer k such that 2 | Y. Then
e € {1,2}. Furthermore, v5(Y,) = 0 except if e | n in which case

va(Yy,) = va(Ye) + va(n/e).
3. THE PROOF OF THE THEOREM

We briefly discuss the strategy of the proof. From now on until the end
of the paper we assume that (k1,n1), (k2,n2), (k3,n3) are solutions (k,n) to
Y = 2" —1 with k; < ka < k3. Hence, n; < ny < ns. Since Y7 | Yy, for all k, it
follows that Y7 is odd. By (2.3), it follows that Y}, is even for all even k. Hence,
k; are odd for ¢ = 1,2,3. Using the lemmas from Section 2, in Section 4, we
get an inequality among ns and k3. Then in Section 5, we use lower bounds
for linear forms in logarithms to get upper bounds on ny and n3. Specifically,
Lemma 5.2 shows that no < 120 and nz < 10'7. Thus, Y, = 2™ — 1 for
some odd k2 > 3 and ng € [1,120]. In particular, Y7 is a divisor of 22 — 1.
In Section 6, we use reduction methods (the Baker-Davenport method) to
reduce the upper bound on n3 and compute all the possible candidates (d, Y1)
such that Y;, = 2¥ — 1 holds for three pairs of integers (k;,n;) with i = 1,2, 3,
n1 < ng < ng and ny < 120 and confirm computationally that in fact there is
no such solution.

4. AN INEQUALITY AMONG SOLUTIONS TO Y, = 2" — 1
The aim of this section is to prove the following result.

LEMMA 4.1. Assume (ki,n1), (k2,n2), (ks,n3) are positive integer solu-
tions (k,n) to Yy = 2™ — 1 with k1 < ko < k3. Then the inequality

ng < 3log ks
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holds.

PrOOF. Write
Y, =2"-1 (k,n) = (ka,n2) and (k,n) = (ks,ns),
and subtract them to get
272 (2707 — 1) = Yy — Yiy = 2Y(hy—a) /2 X (ks +h2) /25
by (2.4). Thus,
n2 = 12(2Y (ks —ka) /2X (ks +h2) /2)-
Since Y7 is odd, the number e in Lemma 2.1 equals 2. Thus, by Lemma 2.1,
we get
ng =14 v2(Yiky k) /2) + V2(X(kgtk2)/2)

< 1+0a(Y2) +va((ks — k2)/4) + v2(X1)

= 2V2(X1) + I/g(kg - kz)
log k3
log2’
provided that (k3 — k2)/2 is even. In case (k3 — k2)/2 is odd, the last right—
hand side above can be replaced by 1+12(X1) < 2v2(X1)+log ks/log2, where
the last inequality holds because k3 > 3 > 2. Thus, (4.1) holds regardless of
the parity of (k3 — k2)/2. Now

2" > 2™ 1 =Y}, > okl

where we used (2.2) for the right-most inequality, so

(4.2) ng > (ks — 1) (fé;‘) .

(4.1) < 215(X1) +

Assume first that ko > 5. Then,

I 4log X
n2>4<0ga)> o8t

Hence,
4log X3
log 2

logks 2logX; logks

< ng < 2V2(X1) +

log 2 log 2 log2’
which yields
log X7 < 0.5logks.

Thus, in this case
log ks - 2log X7  logks - 2log ks
log 2 log 2 log 2 log 2
Assume next that ks = 3 and let a := v2(X7). Then

2" = Y3 +1=4X7Y; — (Y1 - 1).

(43) no < 21/2(X1) +

< 3logks.
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Assume next that Y3 > 1. Then the above equation shows that the three
numbers 15(2"2), v5(4X?Y7) and v2(Y; — 1) cannot be distinct. Suppose that

(Y1 — 1) = 1 (4X3Y1) = 2a + 2.

Assume 2¢ > /X;. Then 22¢%2 > 4X; > X; and 22*2 | Y; — 1. Hence,
Yi > 142212 > X so0

1=X?—dY? < X? —dX}=—(d-1)X},

a contradiction. Thus, 2% < v/X7. Next suppose that v2(4X7Y7) = 15(2"2).
It then follows that

va (Y1 — 1) > 1p(4X37Y1) = 2a + 2,

and the above argument shows again that 2¢ < /X;. Finally, assume that
vo(Y1 — 1) = 1»(2™2). In this case, we have that Y; — 1 > 2"2. However, then

2" = 4X7Y; — (Y1 —1) > (4X7 —1)(Y1 — 1) > 2™ (4X7 — 1) > 3-2"2,

a contradiction. Thus, in all instances when ks = 3 and Y; > 1 we must have
2% < 4/X1. We then have

2log X3 log v log ks
ko — 1 2u9 (X
log 2 < (k )10g2 <ma < 2p(Xy) + log2
9t log ks - log X3 1ogl<:37
log 2 log 2 log 2
showing that X; < k3. So,
log k log X log k 2log k
ne < 2a + 08 13 %671, 087 08 1 < 3logks.

log 2 log2 log2 log 2
It remains to consider the case ko = 3 and Y; = 1. This leads to
2" =Yy +1 =Yk, + Y1 = 2Y 1511y 2 X (ks —1) /2

(see (2.4)). Since k3 > 3, it follows that (ks —1)/2 > 1. If (ks — 1)/2
is even, then X(;,_x,)/2 is an odd integer larger than 1 (see (2.3)), which
cannot divide 2"2, whereas if (k3 — k1)/2 is odd, then X, _x,)/2/X1 is an
odd integer larger than 1 (see (i) of Lemma 2.1), which cannot divide 2”2,
either. This contradiction shows that this last case (ko,Y7) = (3,1) is not
possible, so the conclusion of the lemma follows. O

5. UPPER BOUNDS FOR 19 AND ng

Using the Binet formula (2.1) of Y%, we rewrite the equation Y = 2" — 1

as
ok — a7k
V= ——=2"—1.
. 20d
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This yields

ok ak
5.1 |22 = |21 <2
(5-1) 2Vd 2vd
Dividing both sides of the inequality (5.1) by 2", we obtain
n _ 1
We define

A:=ak27 2V - 1.
Clearly, A is nonzero since ¥ is irrational. We find a lower bound on its

absolute value using a result of Matveev ([12]), which we now state.

THEOREM 5.1. Let vy, ...,7s be a real algebraic numbers and let by, . . ., bs
be nonzero integers. Let D be the degree of the number field Q(v1,...,vs) and
let A; be positive real numbers satisfying

A; = max{Dh(v;),|log~,|,0.16} for j=1,...,s,

where for an algebraic number v we use h(y) for its usual logarithmic height.
Assume that

B > max{|bi1],...,|bs|}
Ifwfl coqbs —1#£0, then
[0 oqbs — 1] > exp(—1.4-30°13 . 545 D2(1 +log D)(1 + log B)A; - - - Ay).

For us, we take s = 3, v, = @, 72 = 2, 73 = 2V/d, by = k, by = —n and
by = —1. The degree D of the field L = Q(v/d) containing a and v/d is 2. We
can take B = n (since n > k by (4.2) and the fact that a > 1+ /2 > 2). We
can also take

A1 = loga = 2h,(")/1), A2 = 210g2 = 2h(’}/2),
and
Az = 2log o > 2log(2V/d) = 2h(73).
Hence, we get that
|A| > exp(—1.4-30°-3%5.22(1 +1log2)(1 + logn)(log @)(2log 2) (2 log ))
(5.3)
> exp(—2.7- 10'%(1 + logn)(log )?).

Taking logarithms in (5.2) and comparing the resulting inequality with (5.3),
we obtain

(5.4) n—1<3.9-10"%(1+logn)(log o).
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By inequality (4.2), the fact that ks > 3, Lemma 4.1, and the fact that
ks < ng, we have that

log 2 log 2 3log?2
loga < 1208 < 208 < o8 log k3 < 1.041ogns.
ko — 1 2 2
Inserting the above inequality into (5.4) for n := ns, we get
(5.5) n3 — 1< 4.3-10"%(1 + log ns)(log ns)?,

which gives nz < 3 x 10'7. Using Lemma 4.1, we get
ny < 3logng < 121.
Thus, we have the following result.

LEMMA 5.2. Assume (k1,n1), (k2,n2), (ks,n3) are positive integer solu-
tions (k,n) to Yy = 2™ — 1 with k1 < ke < k3. Then

ny < 120 and  n3 <3 x10'7.

6. REDUCING THE BOUNDS AND FINISHING OFF THE COMPUTATIONS

We use the following reduction lemma originally due to Baker and Dav-
enport ([1]).

LEMMA 6.1. Let k be an irrational number, M be a positive integer, and
p/q be a convergent of the continued fraction of k such that ¢ > 6M. Let
A, B, i be some real numbers with A > 0 and B > 1. Let € := ||uq|| — M || kq]|,
where ||-|| denotes the distance from the nearest integer. If € > 0, then there
is mo solution of the inequality

0<|rk—s+ul <AB™"
in positive integers r, s and w with r < M and w > log(Aq/e€)/log B.

From now on, we distinguish two cases depending on the size of d.

6.1. The case d < 1000. There are 969 numbers d € [2,1000] which are
not squares. We eliminate the ones for which Y; is even since they are not
convenient for our problem. Note that these include the ones for which the
period of the continued fraction of v/d has odd length since for those ones the
equation U? — dV? = —1 has infinitely many positive integer solutions (U, V')
and if (U1, V1) is the smallest one, then Y7 = 2U;V; is even. There are 282
values of d remaining to deal with and they include the powers of 2 of odd
exponent larger than 1 in this range, namely 8,32,128,512.

We turn to (5.2) for n := nz(> 3) and using the fact that the inequality
le® — 1| < y for real x and y € (0,1/2) implies |z| < 2y, we deduce that it
yields

|kloga — (n+1)log2 —log Vd| < for  (k,n) = (ks,n3),

2n—2
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which in turn leads to

(6.1) k <loga) 1)+ (—10g(\/8)>‘ - 0.25(log2) 1 _ w

log 2 log 2 2n 2n

So, we apply Lemma 6.1 with the data

K= loga, = M, A:=0.37, B:=2.

log 2 log 2
We take M := 3 x 10'7 and use the fact that £k < n < M. If F,, is the mth
Fibonacci number, then Fyg > 1.3 x 102° > 60, which shows that ggg > 6M.
So, we choose p/q to be pos/qes. We apply the Baker-Davenport reduction
for all our values of d except for d € {8,512}. We get that ¢ > 0.000407 in all
instances and ¢ < 1.6 x 102, This gives

n < log(0.37 x 1.6 x 10°2/0.0004)/log2 < 206.

Hence, ng < 205. When d € {8,512}, qos is even so ||qos/t|| = 0, showing that
€ < 0. In this case, we use qg7 instead which is odd, and which works and
gives the same conclusion because

M 3 x 1017
e = llqorpll — Mllgorr] = 0.5 — = > 0.5 — 2222 > 0.5 0.003 > 0.4.
qos Fos

Thus, for each of our values of d, we computed {Y}x>1 for all £ < 205 using
the recurrence relation Y40 = 2X1Y341 — Y forallk > 0with Yy =0, Y7 =1
and counted in each case how many odd k are there in [1, 205] such that Y3, +1
is a power of 2. No example with 3 such k& was found. This deals with the
case d < 1000.

6.2. The case d > 1000. Here, we note first that since o > 2v/d > 2+/1001
and ko > 3, inequality (4.2) gives
1oga) - 2log(2+/1001)

11.9
log 2 log 2 - ’

ng > (kg — 1) (
so ng € [12,120]. We use the fact that

Lo (00 RTETE 0 RTETR
Y. = Vi —Y1< 2\/% =Y Py(X1),

oy (0 VRT3 = /AT
% (X1) =

2/X2 -1

kY i —1—i
S (e

0<i<k
i=k—1 (mod 2)
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is in Z[X;]. We fix ny € [12,120] and let Y7 be a divisor of 2”2 — 1. Later we
will see that Y7 < 272/3. Then o = X; + v/dY: > 2Y;1/1001. Hence,

ng log 2 - 120log 2
logar ~ log(2Y1/1001)

Since Y7 > 1, we have that ko < 21. Now

(6.2) ko —1<

2n2 —1

(6.3) P, (Xy) = Y.

The following lemma gives the exact value of Xj.

LEMMA 6.2. In (6.3), we have

2n2_1 1/(]92_1)
(6.4) X, = 0.5( % ) +0.5].

1

PRrROOF. The sequence {Py(X1)}x>0 satisfies the recurrence
(65) P]H_Q(Xl) = (2X1)Pk+1(X1) — P]g(Xl) for all k Z 0,

with Py(X71) =0, P1(X1) = 1. Thus, P(X;) = 2X;. It follows by induction
using recurrence formula (6.5) that Py(X;) < (2X1)¥! holds for all £ > 1
and the inequality is strict for £ > 2. Next note that for £ odd and integer
X1, we have that

Pu(Xy) > (X1 +V/X2-1)k -1

2y/X2 - 1
k—1 1
> (24/X2 - 1) I
( ! 2/X2 1
1
> (4X2 —4)th=/2 _ ,
=z (X7 —4) 24/1001

SO
P, (X1) > (4X2 — 4)(k2=1)/2

Thus, we get that

22 — 1

1

(4X12 — 4)(16271)/2 < P, (X)) = < (2X1)k271 _ (4)(12)(@71)/27

SO

onz _ 1 2/(162*1)
4X12—4<< % ) < 4X3.
1



10 B. FAYE-FALL AND F.LUCA

We thus get that

n 1/(k2—1) 2/(k2—1)
m2 — 1 2n2 — 1
(21 o ()
1 1

n 1/(k2—1)

2 —1 4

6.6 = 1+ ——%7—
(66) ( Y) ) (271271)2/(’62*1)

1/2

Y1
In the right-hand side above, we apply Bernoulli’s inequality
(14+a)’<1+ab validfor a,be(0,1),

with a = 4/(2"2 —1)/Y7)?/(®2=1 b = 1/2. We need to check that a € (0,1).
But if this were not so, then (272 —1)/Y;)?*2=1) < 4 and (6.6) would lead
to the conclusion that 2X; < /8, so X; = 1, a contradiction. Thus, we can
apply Bernoulli’s inequality and get that

1/2

2
<1+

1+ (271271)2/(1@71) (271.271)2/(]6271)_.

Y1 Yl

Thus,

QN2 _ 1>1/(k2—1) 2
1+

Y1 (2n2_1)2/(7€2—1)
Y1

onz _ | 1/(k2—1) 2
< * (2n2_1)1/(7€2—1)

Y1
gn2 _ q 1/(k2—1)
< < > .t

2X1<<

=

=

We thus get that

n 1/(k2—1) n 1/(k2—1)
2 —1 2m —1
0.5 ( % ) < X1 <05 ( v ) +0.5

1 1

and X is an integer. So, X; is indeed given by formula (6.4). O

We can now justify that Y7 < 272/3 Indeed, we have X2> Y2 50 X1 > Yi+1.
Thus,

onz _ 1/(k2*1)
Y1+1§X1<0.5< % ) +0.5,
1
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on2 _ 1/(k2—1) ons 1/2
Y, < 0.5
' ( i > = (Y1> ’

giving Y72 < 2™ 50 V) < 2n2/3,

We now describe the computations. We generated the list of pairs (nz, Y1)
with ng € [12,120] and Y; a divisor of 22 — 1 satisfying Y; < 272/3. There are
27401 such pairs. For each odd ke > 3 satisfying (6.2), we computed X; via
formula (6.4). This is of course only a candidate. To check that it is indeed
a solution we checked whether with this value of X, the formula

(k2—1)/2 k
Po(x)= 3 (

j=0
holds. If it did, we further checked that Y | X7 — 1 and that d := (X? —
1)/Y?2 > 1000. If all these tests are satisfied we asked our code to return a
vector of 5 components namely (d, X1, Y7, ka,n2). Over the 27401 such pairs
we obtained only 55 vectors. They all had Y; = 1, ko = 3 and d = 2%¢ — 1,
for ¢ € [5,59]. Thus, these are exactly the parametric family mentioned after
the statement of the main theorem which are in the tested range so by the
argument from the end of the proof of Lemma 4.1 there cannot be a third
solution (ks,n3). Just for the fun of it, we returned to (6.1) and we did the
Baker-Davenport reduction over all the 55 values of d with the same M and
q = qos. The smallest e obtained was larger than 0.015 and all ¢ satisfied
q < 1.9 x 10™. This gives ng < 255. Since k3 < ns, we get k3 < 255. Now we
generated, for each of the 55 values of d, the numbers Y}, for k odd in [5, 255]
and tested whether Y + 1 is a power of 2. No additional example was found.
The theorem is therefore proved.

All calculations were done with Mathematica.

showing that

onz 1
Y;

)ij(Xf _ 1)(k2—1)/2—j —
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