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Abstract 
Fibonacci numbers can be found in nature and have application in various fields 
of human activity. The Fibonacci sequence can also be used to predict population 
of settlements. The goal of this paper is to examine whether the hierarchy of the 
Croatian urban system can be approximated with the Fibonacci sequence on 
historical census data from 1857 to 2011. Actual values of urban rank according 
to settlements size were compared to the predicted values using two Fibonacci 
methods from the Fibonacci sequence. First method divides the population of the 
largest city by the golden ratio constant while the second method takes the 
population of each successive city and divides it by the golden ratio constant. The 
conducted analysis has shown that Croatian urban system conforms to the 
Fibonacci sequence with very good precision. Method 2 gives more precise 
overlaps of the actual number of inhabitants by settlements in the urban 
hierarchy of Croatia with the Fibonacci sequence than Method 1. If the largest 
city Zagreb is excluded from the analysis, the estimations are more precise with 
smaller mean MAPE. 

Keywords: Croatia, urban system, Fibonacci sequence, rank-size rule 
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1. INTRODUCTION 
Fibonacci numbers appear everywhere in nature and are applicable to 

growth of every living thing, from single cell to spiral galaxies. The most 
important application of Fibonacci sequence in financial economics is in stock 
price market prediction, (Talreja, 2014, Kumar, 2014, Lahutta, 2016, and 
Kandalgaonkar, 2015). Fibonacci retracements are popular tool for technical 
analysis in the stock market primarily related to strategies for trading using 
(Giryn and Kozubski, 2012). Fibonacci retracements can be used to predict trends 
on forex market using graphics such as Fibonacci arcs, channel, fan and 
expansion, (Gaucan and Maiorescu, 2011). Other applications of Fibonacci 
sequence in the economics are in the field of financial mathematics, Goetzmann 
(2004), microeconomic relations, Suleiman (2017), artificial intelligence, 
Tanackov, Tepić and Kostelac (2011), Kalman filter and optimal control, 
Benavoli, Chisci and Farina (2009) and even on betting on soccer draws 
(Lahvicka, 2013).  

Fibonacci sequence can be also used to predict population of 
settlements. The use of Fibonacci numbers in analyzing urban rank-size hierarchy 
so far has been isolated and scarce. Fonseca (1988) was first to investigate the 
U.S. urban area population system in 1970s and 1980s using Fibonacci sequence. 
He came to the conclusion that Fibonacci sequence was a valuable tool for 
studying urban population systems. This paper is based on Fonseca’s work and 
follows up on Žmuk and Jošić (2019) who investigated urban (ir)regularities such 
as Zipf’s law and Fibonacci growth sequence for Eastern Croatia in the case of 
decreasing population in the period from 1991 to 2011. The goal of this paper is 
to explore whether Croatian urban rank-size system follows Fibonacci growth 
sequence. We conducted an analysis using Croatian historical census data, from 
the year 1857 to 2011.  

Therefore, the research question of this paper which will be investigated 
is whether Croatian urban system can be approximated with the Fibonacci growth 
sequence. In the analysis two Fibonacci methods will be used. The first method 
takes into account population of the largest city and divides it by golden ratio 
constant. The second method takes the population of each successive city and 
divides it by the golden ratio constant. The precision of the two forecasting 
methods based on the Fibonacci series will be checked by following overall 
forecasting errors; mean squared error (MSE), root mean squared error (RMSE) 
and mean absolute percentage error (MAPE). The analysis will be firstly 
conducted with inclusion of the largest city Zagreb, and after that without Zagreb 
in order to get more precise results, because it has been noticed that capital city is 
disproportionately larger than any other city in the urban hierarchy. 

This paper is structured in six chapters. After the brief introduction, the 
second chapter presents literature review displaying main theoretical postulates in 
urban economics. In section three the Fibonacci sequence, golden ratio, golden 
rectangles and the Fibonacci growth spiral are explained and elaborated while 
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methodological issues and data are presented in section four. Main results of the 
analysis and discussion are displayed in chapter five. In the last chapter 
concluding remarks are given.  

 

2. LITERATURE OVERVIEW 
As the goal of this paper is using the Fibonacci sequence to determine 

Croatia’s urban rank-size hierarchy on historical population data, in this section 
main theoretical postulates in urban economics will be examined and explained. 
The most important urban regularity in the literature in this field is Zipf’s law or 
rank-size rule. Another important regularity in urban economics is Gibrat’s law 
which states that proportionate growth of cities is independent of its size (Gibrat, 
1931). Auerbach (1913) was the originator of Zipf’s law in urban economics but 
got its name after George Kinsley Zipf (Zipf, 1949). It stated that city size is 
inversely proportional to its rank, respectively the second largest city is two times 
smaller than the largest city, the third largest city is three times smaller than the 
largest city and so on. Many studies have been conducted in this field in the last 
few decades with results pointing to the conclusion that the Zipf’s law holds in 
the upper tail of the Pareto distribution (Rosen and Resnick, 1980, Krugman, 
1996, Jiang and Jia, 2011). However, there was some scepticism about validity of 
Zipf’s law for all cities (Gabaix, 1999, 1999a, Soo, 2005). Fonseca (1988) 
demonstrated a new interpretation of a rank-size regularity, data which conform 
to the rank-size pattern approximate the pattern of an equiangular curve. He 
calculated predicted population of U.S. urbanized areas using data for 1970 and 
1980 census. Urbanised area data are used because they are more scientifically 
defined than city populations or standard metropolitan area data. It appeared that 
spiral constant may be able to predict urban distributions more accurately than 
rank-size.  

Research works in the field of urban economics in Croatia have been 
made by Jošić and Nikić (2013) and Jošić and Bašić (2018) on the population 
data for Croatia using 2011 Census of Population Survey. In both cases results 
corroborated to the existence of Zipf’s law in Croatian urban system. 
Furthermore, rank-size distribution for settlements in Croatia holds for the 
majority of the settlements' sizes but it did not hold for extremely small and large 
sizes of settlements. The Croatian rank-size distribution indicates that Zagreb is 
too large in comparison to other large Croatian cities, Bačić and Šišinački (2014), 
but according to authors there is a potential for Croatia's polycentric 
development. The similar statement can be said for Serbian urban system.  The 
urban system is marked by Belgrade and its prominent domination in terms of the 
size, (Živanović et al, 2019).  

Žmuk and Jošić (2019) conducted the analysis on Eastern Croatia urban 
rank-size system using 1991, 2001 and 2011 population data.  Five counties form 
the area of Eastern Croatia; the County of Osijek-Baranja, County of Požega-
Slavonia, County of Slavonski Brod-Posavina, County of Virovitica-Podravina 
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and County of Vukovar-Sirmium. In the analysis, two forecasting Fibonacci 
methods were used.  The precision of these two models was checked using MSE, 
RMSE and MAPE metrics. The analysis has shown that the structure of Eastern 
Croatia’s urban population system comports with the Fibonacci sequence. Mean 
absolute percentage errors (MAPE) for both models were relatively small (8.32% 
and 13.08%) implying small estimation errors between actual data and those 
predicted with the Fibonacci growth sequence.  

 

3. FIBONACCI SEQUENCE 
The Fibonacci sequence is a series of numbers: 

0,1,1, 2, 3, 5, 8,13, 21, 34, 55, 89,144, 233, ...                (1) 

developed by the famous Italian mathematician Leonardo of Pisa, known 
as Fibonacci, in his 1202 book Liber Abaci in which he introduced this sequence 
to Western European Mathematics. The Fibonacci sequence has its origins in 
Indian mathematics. According to Goonatilake (1998) the development of the 
Fibonacci sequence is attributed to Pingala (200 BC), Virahanka (700 AD), 
Gopāla (1135 AD) and Hemachandra (1150 AD). The expression „Fibonacci 
sequence“ was coined by a 19th century French mathematician Édouard Lucas 
who studied the Fibonacci sequence and invented his own Lucas series similar to 
the Fibonacci numbers. 

In the Fibonacci sequence each number in the series is found by adding 
the two numbers before it. This expression can be written as: 

1 2n n nx x x                                         (2) 

with seed values 0 0x   and 1 1x  .  

Although, Fibonacci rabbits are unrealistic condition, the Fibonacci 
numbers do appear in nature such as flower petals, seed heads, pinecones, fruit 
and vegetables, shells, spiral galaxies, hurricanes, human body, DNA molecules, 
etc., (Watson, 2017). Golden ratio and the Fibonacci numbers are specially 
connected. The ratio of any two successive Fibonacci numbers is very close to the 
golden ratio: 

a b a
a b


                  (3) 

where 0a b  . Ratio of 𝑎 to 𝑏 is equal to the ratio of whole length (𝑎 + 𝑏) to the larger section 𝑎 as shown in Figure 1. 
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Figure 1: Golden ratio 

The outcome of Equation 3 is an irrational number often called “golden 
number”  (Greek letter phi) or sometimes   (tau) which represents the golden 
ratio Debnath (2011). The method for finding the value of   continues on 
Equation 3 and substitutes 1b a  : 

11 1a b a b b
a a a a 


      ,   (4) 

implying that 
11 


  .                          (5) 

Multiplying with  gives the quadratic equation: 
2 1 0    ,    (6) 

with two solutions 

1
1 5 1.6180339887

2
 
     (7) 

and 

2
1 5 0.6180339887

2
 

   .   (8) 

In Figure 2 golden rectangles are illustrated whose sides are in the golden ratio. 

 

 
Figure 2 Golden rectangles 

Source: Harvard Math Department, 2018 
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Inside the shorter side of the golden rectangle can be inserted a similar 
golden rectangle and so on. In Figure 3 is illustrated Fibonacci spiral. 

 

 
Figure 3 Fibonacci spiral 

Source: Wolfram MathWorld (2018) 

 
Logarithmic or equiangular spiral is a growth spiral whose polar 

equation is given by: 
br ae  ,      (9) 

where 𝑟 is distance from origin, 𝑎 and 𝑏 are constants and 𝜃 is the angle 
from the x-axis. It is related to Fibonacci numbers, golden ratio and golden 
rectangle (Weisstein, 2018). The term equiangular refers to constant angle 
maintained between of extension of any radius of the curve and a line tangent to 
the curve at the point where the two met (Fonseca, 1988). 

 

4. METHODOLOGY AND DATA 

This paper uses rank-size distribution of cities which is the distribution 
of size by rank. This distribution usually follows the power law distribution. Size 
distribution of cities based on the Pareto distribution was firstly introduced by 
Felix Auerbach in 1913 (Auerbach, 1913): 

R C P  ,    (10)  

where R is the city rank (largest city gets the rank one, second largest city gets 
the rank two and so on), C  is a constant while P  is the population of a city. 
  is a Pareto exponent which takes negative values but for the economic 
purposes is usually expressed in absolute value. This equation can also be written 
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using natural logarithms. Right-skewed city size distribution provides a better fit 
for samples encompassing small cities (Gabaix, 1999a): 

     ln ln lnR C P  .   (11) 

Pareto exponent 𝛼  is often employed as a measure of population 
concentration among cities of different sizes, (Zipf, 1949). When the 𝛼 equals 
one, the values are centred around an average value and the rank-size rule is 
validated. Higher values of Pareto coefficient imply that the urban system is less 
concentrated. On the other hand, lower values of Pareto exponent imply more 
inequality between cities and more hierarchy between them. In order to predict 
population in settlements, two different methods which are based on Fibonacci 
series are going to be applied, (Fonseca, 1988). At the first step, the settlements 
are ranked according to their population size in decreasing order. After that the 
Fibonacci series is used to select settlements for which the population will be 
predicted. According to Method 1, the population from the largest settlement is 
taken and divided by 1  from Equation 7: 

1
1

1

, 2,3,4,...FR FR

yFP FR
   ,   (12) 

where 𝐹𝑃  is predicted population of a settlement, 𝐹𝑅  is the settlement rank 
according to the Fibonacci series (the largest settlement gets the rank one, the 
second largest settlement gets the rank two, the third largest settlement gets the 
rank three, the fifth largest settlement gets the rank four, the eight largest 
settlement gets the rank five and so on), 1y  is the actual population size in the 

largest settlement, 1  is the golden ratio (value of 1.6180339887 ). Contrary to 
Method 1, Method 2 takes into account the population of the previous ranked 
settlement and divides it by 1  from Equation 7: 

1

1

, 2,3,4,...FR
FR

yFP FR


     (13) 

where 𝐹𝑃  is predicted population of a settlement, 𝐹𝑅  is the settlement rank 
according to the Fibonacci series (the largest settlement gets the rank one, the 
second largest settlement gets the rank two, the third largest settlement gets the 
rank three, the fifth largest settlement gets the rank four, the eight largest 
settlement gets the rank five and so on), 1FRy 

 is the actual population size at the 

previously Fibonacci ranked settlement, 1  is the golden ratio (value of 
1.6180339887 ). The precision of the two prediction methods based on the 
Fibonacci series will be inspected by following overall prediction errors: 

 2

2

n

FR FR
FR

y FP
MSE

n






,        (14) 
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 2

2

n

FR FR
FR

y FP
RMSE

n






,             (15) 

2
100

n
FR FR

FR FR

y FP
y

MAPE
n









,                 (16) 

where MSE  is mean squared error, 𝐹𝑅 is the settlement rank according to the 
Fibonacci series, FRy  is the actual population size at certain Fibonacci ranked 
settlement, FRFP  is predicted population at certain Fibonacci ranked settlement, 𝑛 
is the number of Fibonacci ranked settlements for which population is predicted, 
RMSE  is root mean squared error, 𝑀𝐴𝑃𝐸 is a mean absolute percentage error. At 
all three overall prediction errors, the calculation begins from the second 
Fibonacci ranked settlement because there are no predicted values for the largest 
settlement. The lower the overall prediction errors are, the used method is 
considered to be better and more accurate than the other one. Data for analysis are 
provided from the Croatian Bureau of Statistics for years from 1857 to 2011, 
(Croatian Bureau of Statistics, 2018a and Croatian Bureau of Statistics, 2018b). 

 

5. RESULTS AND DISCUSSION 
In the analysis, population of Croatia according to the population 

censuses conducted in the period from 1857 to 2011 is observed. The population 
censuses include all population in a country. In this way full information about 
population and it characteristics can be obtained. However, population censuses 
are very expensive. Because of that, population censuses in Croatia are usually 
conducted only once per decade. The first population census conducted in Croatia 
was in 1857. Due to the Second World War there was unusually high gap of 17 
years between two population censuses. Since 1961 population censuses are 
conducted every 10 years or, in other words, in year ending with number one. 
Table 1 shows basic descriptive statistics results for the 16 observed population 
censuses in Croatia so far, from year 1857 to 2011. 
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Table 1 

Descriptive statistics results for population in Croatia, population censuses from 
1857 to 2011 

Statistics 
Census year 

1857 1869 1880 1890 1900 1910 1921 1931 
No of settlements 5,382 5,128 5,910 6,238 6,347 6,345 5,665 5,829 
Population (in mil.) 2.181 2.398 2.506 2.854 3.161 3.460 3.443 3.785 
Mean 405 468 424 457 498 545 608 649 
Mode 133 156 105 96 118 70 158 124 
Standard deviation 778 927 1,040 1,220 1,567 1,984 2,327 3,375 
Coeff. of variation 192 198 245 267 315 364 383 520 
Kurtosis 626 600 923 1,215 1,717 1,734 2,434 3,571 
Skewness 19 19 25 29 36 37 44 55 
Range 32,200 36,998 48,135 60,908 87,236 109,028 140,813 227,836 
Minimum 3 3 1 2 3 1 2 2 
1st quartile 132 148 125 136 144 156 178 189 
Median 237 270 239 264 282 306 343 360 
3rd quartile 453 523 465 499 540 586 650 683 
Maximum 32,203 37,001 48,136 60,910 87,239 109,029 140,815 227,838 

 

Table 1 

Descriptive statistics results for population in Croatia, population censuses from 
1857 to 2011 – continued 

Statistics 
Census year 

1948 1953 1961 1971 1981 1991 2001 2011 
No of settlements 6,624 6,665 6,664 6,673 6,548 6,533 6,651 6,560 
Population (in mil.) 3.779 3.935 4.159 4.426 4.601 4.784 4.437 4.276 
Mean 571 590 624 663 703 732 667 652 
Mode 138 206 93 102 79 69 4 2 
Standard deviation 4,261 4,742 5,854 7,701 8,941 9,666 9,257 9,207 
Coeff. of variation 747 803 938 1,161 1,273 1,320 1,388 1,413 
Kurtosis 5,101 5,056 4,906 4,824 4,455 4,397 4,701 4,765 
Skewness 68 67 66 66 63 62 65 65 
Range 325,221 361,563 442,767 579,942 656,379 706,769 691,723 688,162 
Minimum 2 1 1 1 1 1 1 1 
1st quartile 150 150 138 117 97 87 57 51 
Median 296 295 283 248 218 199 157 143 
3rd quartile 568 567 556 510 471 447 382 358 
Maximum 325,223 361,564 442,768 579,943 656,380 706,770   691,724   688,163 

Source: authors’ calculation. 

 

According to the Table 1 the lowest number of settlements was in 1869, 
when there were 5,128 settlements, whereas the highest number of settlements, 
with value of 6,673 settlements, was registered in 1971. The population of 
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Croatia had a steady increase, except the population census right after the First 
World War in 1921, until 1991. In the last two population censuses, which were 
conducted in 2001 and in 2011, a quite large decrease of population was present. 
Namely, according to the population census conducted in 2011, Croatia had 4.276 
million of citizens which is quite similar to the population size obtained with the 
population census in 1961. The average settlement size ranged from 405, 
according to population census in 1857, to 732 citizens, according to population 
census in 1991.  

However, the obtained statistical results showed that there are huge 
differences in settlement sizes and that the distributions of settlements according 
to their size are highly positively skewed in all census years. Because of that 
median is here superior measure of central tendency than mean. Since 1948 
population census, median values of settlement size are decreasing, which is 
mainly due to migration of population to the largest cities. In all population 
censuses capital Zagreb had the most citizens.  

In Figure 4 the comparison of settlements, selected by the Fibonacci 
sequence, spiral constant and the ideal equiangular curve using data from 
population census conducted in 2011, is shown. In order to keep clarity of the 
figure only first eight settlements are shown. The rank of the settlements is 
determined by the Fibonacci sequence. Zagreb as the largest city got the rank 1 
with the value of the angle from the 𝑥-axis, 𝜃 ൌ 0° , Split as the second largest 
city got the rank 2 with 𝜃 ൌ 90°, Rijeka got the rank 3 with  𝜃 ൌ 180°, Zadar got 
the rank 5 with 𝜃 ൌ 270°and so on.  

 
Figure 4 Comparison of settlements, selected by using Fibonacci series, by the 

spiral constant and the ideal equiangular curve, data from population census 
conducted in 2011 

Source: authors 
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In Table 2 the results of predicted population in settlements according to 
the methods 1 and 2 (equations 12 and 13) for the population census from 2011 
are provided.  

 
Table 2 

Predicted population in settlements by using Fibonacci series, applied Method 1 
and Method 2, data from population census conducted in 2011 

Fibonacci series / 
Settlement rank Settlement Settlement 

size Method 1 Method 2 

1 Zagreb 688,163 ----- ----- 
2 Split 167,121 425,308 425,308 
3 Rijeka 128,384 262,855 103,286 
5 Zadar 71,471 162,453 79,346 
8 Slavonski Brod 53,531 100,402 44,172 
13 Vinkovci 32,029 62,052 33,084 
21 Požega 19,506 38,350 19,795 
34 Križevci 11,231 23,702 12,055 
55 Kaštel Sućurac 6,829 14,648 6,941 
89 Prelog 4,324 9,053 4,221 

144 Dugopolje 2,993 5,595 2,672 
233 Mokošica 1,924 3,458 1,850 
377 Novoselec 1,362 2,137 1,189 
610 Funtana 907 1,321 842 
987 Generalski Stol 589 816 561 

1,597 Gornji Prnjarovec 369 505 364 
2,584 Sedramić 205 312 228 
4,181 Gostenje 87 193 127 

Source: authors’ calculation 
 

The full list of settlements, which have been selected by using Fibonacci 
series, along with their rank, name and population for all observed population 
censuses is given in Appendix in Table A1. According to the population census 
conducted in 2011, Croatia had 6,560 settlements with one or more citizens. 
Consequently, the last used number from the Fibonacci series is 4,181. It has to 
be emphasized that the first ranked settlement is the largest one. Actual settlement 
sizes are taken for chosen ranked settlements and Method 1 and Method 2 are 
applied to predict settlement size of the chosen settlements. In Table 2 predicted 
values are given just for the population census from 2011 as an example. Results 
of predictions by using Fibonacci series and Method 1 and Method 2 are 
graphically presented in Figure 5 for all census years. 
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EKON. MISAO I PRAKSA DBK. GOD XXIX. (2020.) BR. 1. (3-28)                                                    H. Jošić, B. Žmuk: CAN CROATIAN... 

15 

Figure 5 Predicted population in settlements by using Fibonacci series, applied 
Method 1 and Method 2, population censuses from 1857 to 2011 

Source: authors’ calculation 
 
In Figure 5 the actual settlement sizes and predicted values calculated by 

Method 1 and 2 are provided. In that way the precision of the used methods can 
be observed. The closer the predicted line is to the line of actual values, the more 
precise predicted values are. Generally speaking, the used methods seem not to be 
so precise when settlements with lower ranks are observed (that would be the 
largest settlements). On the other hand, the used methods seem to be more precise 
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in predicting settlement sizes when small settlements are considered. However, 
Figure 5 does not reveal which of the two used methods is better.  

 
Table 3 

Mean squared errors, root mean squared errors and mean absolute percentage 
errors of applied Method 1 and Method 2, population censuses from 1857 to 2011 

Census 
year 

Method 1 Method 2 

Mean squared 
error 

Root mean 
squared 

error 

Mean 
absolute 

percentag
e error 

Mean squared 
error 

Root mean 
squared 

error 

Mean 
absolute 
percenta
ge error 

1857 3,809,035 1,952 62 2,033,289 1,426 16 
1869 5,179,341 2,276 62 2,046,204 1,430 16 
1880 5,756,925 2,399 57 4,413,454 2,101 15 
1890 5,565,635 2,359 52 4,422,466 2,103 16 
1900 1,838,820 1,356 44 2,416,607 1,555 14 
1910 20,648,624 4,544 43 34,236,067 5,851 18 
1921 58,754,309 7,665 43 39,670,048 6,298 14 
1931 427,891,223 20,686 57 283,758,937 16,845 19 
1948 1,602,069,304 40,026 88 1,063,912,859 32,618 28 
1953 1,932,738,013 43,963 86 1,339,540,986 36,600 29 
1961 2,619,385,097 51,180 80 1,832,347,644 42,806 27 
1971 4,312,754,912 65,672 83 3,264,225,551 57,133 29 
1981 4,490,375,279 67,010 74 3,533,096,380 59,440 23 
1991 4,925,832,978 70,184 72 3,789,539,327 61,559 19 
2001 5,364,513,958 73,243 81 3,846,107,487 62,017 18 
2011 5,689,594,172 75,429 82 3,967,184,288 62,986 16 

Source: authors’ calculation 
 
Overall prediction errors mean squared error (MSE), root mean squared 

error (RMSE) and mean absolute percentage error (MAPE) are calculated and 
given in Table 3. In order to get better insight which method is more precise, 
RMSE or MAPE, the values of the two used methods are graphically compared in 
Figure 6 as well. 
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Figure 6: Root mean squared errors and mean absolute percentage errors of 

applied Method 1 and Method 2, population censuses from 1857 to 2011 
Source: authors’ calculation 

 

If values from Table 3 for Methods 1 and Method 2 are observed, it can 
be concluded that at the first couple of population censuses the MSE and RMSE 
for both used method were quite stable. After the population census conducted in 
1900, the values of MSE and RMSE are continuously increasing up to the last 
population census in 2011. It can be concluded that the precision of both used 
methods is declining by each following census. According to the Figure 6, 
Methods 1 and 2 have about the same level of precision until population census 
conducted in 1921. After population census in 1921, Method 2 has shown to be 
more precise than Method 1. On the other side MAPE, according to results from 
Table 3, seems to be quite stable at Method 2 whereas MAPE value at Method 1 
increased for about 20 percentage points in the observed period. Figure 6 shows 
that, according to MAPE, Method 2 seems to be more precise than Method 1 at 
all population censuses. The results from Table 3 and Figure 6 show that Method 
1 did not achieve satisfactory level of precision. That is especially emphasized 
when MSE and RMSE values are observed. On the other hand, Method 2 seems 
to have good level of precision throughout of the observed period. According to 
Lewis (1982:40) the cut-off values for MAPE are as follows: <10 percent is 
highly accurate forecasting (in the paper it will be used as a prediction level), 10-
20 percent is good forecasting, 20-50 percent is reasonable forecasting and >50 
percent is inaccurate forecasting. It can be noticed that in the most of censuses the 
value of MAPE belongs to the good forecasting (prediction) level.  

As previously noticed, the capital city Zagreb is too large in comparison 
with other large Croatian cities, therefore the largest city problem arises. In other 
word, it is suspected that there is too big a difference in size between Zagreb and 
the second largest settlement Split which is having a powerful impact on the 
results. Consequently, it has been decided to omit the largest settlement from the 
analysis and to repeat the analysis. Due to omission of the largest city Zagreb 
from the analysis, the rank one now has the second largest settlement Split, the 
rank two has the third largest settlement Rijeka and so on. The new predicted 
values with omitted capital city and by applying Methods 1 and Method 2 are 
given in Figure 7 for all census years. 
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Figure 7 Predicted population in settlements by using Fibonacci series, applied 
Method 1 and Method 2, population censuses from 1857 to 2011, without the 

largest settlement 
Source: authors’ calculation 

 
The precision of the new predictions is also observed by using the MSE, 

RMSE and MAPE metrics. The results from Table 4 show that, by omitting the 
largest settlement, the precision of both methods is significantly increased. The 
values of MAPE for both methods were lower in all census years than in the case 
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of inclusion of the larget city Zagreb. Furthermore, the value of MAPE for 
Method 2 in the census year 2011 is 8 percent which can be interpreted as a 
highly accurate prediction. 

Table 4 

Mean squared errors, root mean squared errors and mean absolute percentage 
errors of applied Method 1 and Method 2, population censuses from 1857 to 

2011, without the largest settlement 

Source: authors’ calculation 

In addition, Figure 8 clearly shows that, by RMSE and MAPE criteria, 
Method 2 is more precise in predicting the settlement sizes than Method 1. 

 

 
Figure 8 Root mean squared errors and mean absolute percentage errors of 

applied Method 1 and Method 2, population censuses from 1857 to 2011, without 
the largest settlement 

Source: authors’ calculation 

Census 
year 

Method 1 Method 2 

Mean squared 
error 

Root 
mean 

squared 
error 

Mean 
absolute 
percenta
ge error 

Mean 
squared 

error 

Root mean 
squared 

error 

Mean 
absolute 

percentage 
error 

1857 6,912,072 2,629 72 2,172,040 1,474 18 
1869 8,379,416 2,895 71 2,546,111 1,596 17 
1880 15,719,785 3,965 70 5,289,464 2,300 16 
1890 11,149,803 3,339 64 3,885,451 1,971 15 
1900 8,829,393 2,971 60 2,532,111 1,591 15 
1910 29,237,049 5,407 57 21,798,576 4,669 15 
1921 15,673,153 3,959 58 11,869,377 3,445 17 
1931 20,850,498 4,566 56 17,018,399 4,125 16 
1948 46,466,205 6,817 60 30,674,842 5,538 20 
1953 82,075,794 9,060 61 41,359,571 6,431 22 
1961 123,691,422 11,122 57 59,017,126 7,682 20 
1971 283,316,947 16,832 55 143,842,153 11,993 17 
1981 312,336,022 17,673 48 181,145,898 13,459 12 
1991 266,081,920 16,312 45 148,600,292 12,190 11 
2001 169,216,688 13,008 46 82,563,546 9,086 10 
2011 134,755,041 11,608 47 48,173,735 6,941 8 
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It can be concluded that the hypothesis of the paper that Croatian urban 
system conforms to the Fibonacci growth sequence can be validated taking into 
account the results of the Fibonacci Method 2 and MAPE values. The value of 
MAPE with and without the inclusion of the capital city Zagreb belonged to the 
good prediction level. However, the values of MAPE for both methods were 
lower in all census years than in the case of inclusion of the largest city Zagreb. 
The capital city is usually the largest city in a country, disproportionately larger 
than any other in the urban hierarchy. This is also the case for Zagreb so the 
omittance of Zagreb from the analysis further improved the precision of the 
prediction methods. The value of MAPE for Method 2 in the census year 2011 
was 8 percent which can be interpreted as a highly accurate prediction.  

The aforementioned results shed a new light on this relatively 
unexplored field of urban economics. Contribution of the paper is twofold. The 
results point out to the conclusion that the Fibonacci sequence can be used as a 
convenient tool for analysing the structure of urban rank-size systems going hand 
in hand with other urban economics regularities such as Zipf’s law and Gibrat’s 
law. Second important contribution of this paper is the confirmation of previously 
obtained results from Žmuk and Jošić (2019).  The value of mean absolute 
percentage errors (MAPE) obtained from Method 2 in which the capital city 
Zagreb was omitted from the analysis was 8%, which is very similar to 
previously obtained results of 8.32% and 13% in the case of Eastern Croatia 
urban hierarchy system which results were highly expected. Furthermore, better 
precision of the results has been achieved when the largest city Zagreb was 
excluded from the analysis. It is highly recommended to repeat the analysis with 
new data after a new population census in Croatia planned to be conducted in 
2021. It will be interesting to see whether Fibonacci growth sequence can se used 
as a good approximation of Croatian urban system in the case of decreasing 
population.  

 

6. CONCLUSIONS 
The Fibonacci sequence can be found in various growth processes in 

nature but its application in estimating urban rank-size hierarchy was rare so far. 
Seminal paper in this field was work of Fonseca (1988) in the case of U.S. 
urbanized area in 1970 and 1980. Research question of this paper was to 
investigate if the structure of Croatian urban population system conforms to the 
Fibonacci growth sequence. For that purpose two Fibonacci methods have been 
used in prediction of Croatian urban rank-size hierarchy on historical population 
data, for 16 population censuses from 1857 to 2011. The precision of the two 
prediction methods was inspected with the help of overall forecasting (prediction) 
errors; mean squared error (MSE), root mean squared error (RMSE) and mean 
absolute percentage error (MAPE). The results have shown that the Croatian 
urban system conforms to the Fibonacci sequence. Method 2 has proven to be 
more precise than Method 1. Method 2 had a good level of precision throughout 
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the observed period. Furthermore, the precision of results was higher when the 
largest city Zagreb was excluded from the analysis. Limitations of the paper are 
related to uneven number of years between the two population censuses and the 
problem of zeroes in the case when some settlements ceased to exist. There was 
also the problem of identifying the settlements with the same name. 
Recommendations for future research could be application of the Fibonacci 
growth sequence in the approximation of urban rank-size hierarchy for other 
countries and regions in the world in other time periods, inclusion of data for 
urbanized areas instead of settlement sizes, etc. Using urbanised areas’ data 
instead of using the settlements’ sizes data would be in the spirit of the Fibonacci 
sequence.  Urbanised areas’ data correspond more naturally to the distribution of 
population approximated with the Fibonacci sequence, instead of using data for 
administratively determined units or those defined by the political boundaries. In 
addition, usage of city data neglects the suburbanization and thus underestimates 
the growth of cities.  
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MOŽE LI SE HIJERARHIJA HRVATSKOG URBANOG 
SUSTAVA APROKSIMIRATI FIBONACCIJEVIM NIZOM? 
ANALIZA NA POVIJESNIM PODACIMA O BROJU 
STANOVNIKA 

 
Sažetak 

Fibonaccijevi brojevi se mogu naći u prirodi i primjenjuju se u raznim 
područjima ljudske djelatnosti. Fibonaccijev niz se također može koristiti za 
predviđanje populacije naselja. Cilj ovog rada je ispitati može li se hijerarhija 
hrvatskog urbanog sustava aproksimirati Fibonaccijevim nizom na povijesnim 
podacima popisa stanovništva od 1857. do 2011. godine. Stvarne vrijednosti 
urbane hijerarhije s obzirom na veličinu naselja uspoređene su s predviđenim 
vrijednostima za dvije Fibonaccijeve metode dobivenima uz pomoć 
Fibonaccijevog niza. Prva metoda stavlja u omjer populaciju najvećeg grada i 
zlatnog omjera, dok druga metoda uzima stanovništvo svakog sljedećeg grada i 
dijeli ga sa zlatnim omjerom. Provedena analiza je pokazala da hrvatski urbani 
sustav odgovara Fibonaccijevom nizu uz vrlo dobru preciznost. Metoda 2 daje 
preciznija preklapanja stvarnog broja stanovnika po naseljima u urbanoj 
hijerarhiji Republike Hrvatske u odnosu na Metodu 1. Kada bi se najveći grad 
Zagreb izostavio iz analize, rezultati bi bili još precizniji s manjim MAPE.  

Ključne riječi: Hrvatska, urbani sustav, Fibonaccijev niz, pravilo reda veličine. 

JEL klasifikacija: P25, R11, R23. 


