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ABSTRACT

This paper proposes a fault diagnosis and fault-tolerant control method for a system with a
fast time-varying delay and time-varying parameters. A fault observer is designed to estimate
faults, and an improved fast adaptive fault estimation (FAFE) algorithm is developed to reduce
the relevant constraints in the general form of this algorithm. With newly introduced relaxation
matrices, this study estimates faults in a system exhibiting a fast time-varying delay. Based on
the estimated faults, an output feedback controller is designed to accommodate the faults. The
fault-tolerant control is realized using the introduced relaxation matrices. An algorithm is derived
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to solve for the observer and controller. Finally, the theory and method are validated using a real

example of a helicopter system.

1. Introduction

With the increasing complexity of control systems
in modern industrial processes and the increasing
requirements of reliable systems [1,2], the diagnosis
and accommodation of faults for dynamic systems have
become more important.

The diagnosis and accommodation of faults for sys-
tems with a time delay is an important and challeng-
ing task [3-5] because many realistic systems exhibit
a time delay [6]. Furthermore, because of the uncer-
tain parameters in most practical systems, the design
becomes more difficult [7,8]. Only few studies have
been conducted in the area of fault estimation for
time-delay systems. A sliding mode observer has been
designed to estimate faults; however, in this method,
the system demand is so high that its applicability is
poor [9]. Moreover, it is only suitable for systems with
a constant or a slow time-varying delay. In another
study [10], a fault estimation filter method was used to
estimate the faults in a near spacecraft. However, this
method is not suitable for all types of faults because of
its strict constraints. An observer-based iterative learn-
ing method was used to estimate the fault in a space-
craft; however, the design process of this method is so
complicated that its generality is poor, and this method
must also satisfy difficult conditions [11]. An adaptive
observer was designed to estimate faults in a system
with a time-varying delay using the common adap-
tive fault estimation (CAFE) algorithm. This method is
simple and effective while being less restrictive on the

system and faults. However, the method is unsuitable
for systems with a fast time-varying delay [12]. A fast
adaptive fault estimation (FAFE) algorithm has been
developed to estimate faults in a system with a fast
time-varying delay by introducing relaxation matrices.
However, in the FAFE algorithm, the corresponding
constraints need to be calculated via an approximate
method. Moreover, no method has been provided for
fault-tolerant control of the system [13].

Studies on the fault-tolerant control for systems with
a time-varying delay are limited [14]. A fault-tolerant
controller for a linear system without time delay has
been designed based on online fault estimates [15]. In
another study, a fault-tolerant controller for a linear sys-
tem with a slow time-varying delay has been designed
via the adaptive control method based on online fault
estimates [16]. A fault accommodation method for a
system with a slow time-varying delay has been pro-
posed based on adaptive sliding mode control [17]. The
above methods can achieve satisfactory results for sys-
tems with slow time-varying delays or without any time
delay but are unsuitable for systems with a fast time-
varying delay. Studies on the fault-tolerant control for
systems with a fast time-varying delay are lacking [18].

The main objective of this study was to develop a
method for the fault diagnosis and fault-tolerant con-
trol of systems with a fast time-varying delay. Estimat-
ing and accommodating faults for such systems with
loose constraints and improved applicability is a chal-
lenging task.
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In this study, a fault observer is designed based on
the improved FAFE algorithm for systems with a fast
time-varying delay and time-varying parameters. The
faults are estimated by introducing relaxation matrices.
Based on this, an output feedback fault-tolerant con-
troller is designed. The relaxation matrices are intro-
duced to realize fault-tolerant control. Because the
observer and controller cannot be solved directly, this
paper derives a corresponding iterative algorithm to
solve the problem. Finally, the accuracy of the method
is proven through numerical and real examples.

The contributions of this study are as follows. (1) The
system reported in this paper has a fast time-varying
delay and time-varying parameters; we estimate the
faults in this system, despite the challenging nature of
the task. (2) After the fault estimation, we propose a
method for fault accommodation.

2. System description and preliminaries

A system with a fast time-varying delay can be repre-
sented as

x(t) = (A + D1F(H)E)x(t)
+(Ag + DiF()Eg)x(t — d(t))
+(B + DiF(t)E)u(t) + (G + D1F(H)E3) >

xf(t) + (W + DiF() Eyyw(?)
y(t) = Cx(t)

(1)
where x(¢) € R", u(t) € R™, and y(t) € RP are the state,
control input, and output vectors, respectively. f(t) €
R7 indicates the fault in the actuator of the system,
satisfying the condition f(t) € L,[0,00); d(t) is the
time-varying delay in the system, which satisfies 0 <
d(t) < h and d(t) < 7; and w(t) € R® is the noise in
the system, which satisfies w(t) € L»[0,00). In addi-
tion, A, Ag, B, G, W, C, Dy, E1, E4, E;, E3, and E,4 are
known real constant matrices with appropriate dimen-
sions, F(t) represents the matrix associated with the
time-varying parameters of the system, satisfying the
condition FT(t)F(t) < I, and I is a unit matrix.

Prior to diagnosing the faults and developing a fault-
tolerant control for the system represented in (1), we
assume the following:

Assumption 2.1: B is a full column rank matrix, and C
is a full row rank matrix.

Assumption 2.2: (A, B) is controllable, and (A, C)is
observable.

Assumption 2.3: rank(B,G) = rank(B) and rank

(Ez,E3) = mnk(Ez).

Remark 2.1: Assumptions 2.1 and 2.2 are reasonable
for the control system and are necessary conditions for
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fault estimation and accommodation. The fault studied
in this paper occurs in actuators. According to a pre-
vious study [19], assumption 2.3 is reasonable and is
equivalent to considering a matrix G* € R™*", imply-
ing that BG* 4+ G = 0 and E;G* + E3 = 0 hold.

Lemma 2.1: [20]: Y is assumed to be a symmetric
matrix, where D and E are matrices of appropriate
dimensions. Accordingly, the inequality

Y + DFE+ ETFTDT < 0

will hold for all matrices satisfying F'F < I, if and only
if the inequality

Y +eDDT + ¢ 'ETE < 0

holds for a positive scalar ¢.

3. Design of a fault estimation observer

The following observer is designed to estimate faults:

x(H) = (A + DiF()EDA(t) + (Ag + DiF(t)Eq)
xx(t — d(t)) + (B+ D1F(H)Ex)u(t)
+(G + DIF(OE3)f (1) — L) — y(1)
—H(@H(t — d(1) — y(t — d(t)))

() = Cx(t)

(2)
where %(t) € Rn is the observer state vector, y(t) € RP
is the observer output vector, f‘ (t) € R1 is the fault esti-
mates, and L and H are the gain matrices of the observer
to be designed.

We used the improved FAFE algorithm to estimate
the fault:

JO = =T (K50 + K30 )

where I' = I'T > 0 is the adaptive learning factor, and
Kj and K; are matrices with unknown parameters to be
solved.

From the improved FAFE algorithm (3), the fault
estimation signal can be obtained.

f(t) = =T (Kij(t) + Kz fh(s)ds) (4)
Remark 3.1: The CAFE algorithm is expressed as
J(6 = —TK5) )
and the FAFE algorithm is expressed as
76 ==K (5o +50) Q

Equations (5) and (6) show that the FAFE is the
improved version of the CAFE. Because the FAFE
includes an additional y(t) term, the performance of the
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FAFE is better than that of the CAFE. From (4) and (6),
we see that in the general FAFE algorithm, K = K; =
K,. It needs to satisfy the equation (G + DF(tE3)T
P = KC. Because of the uncertain parameter matrix
F(t), this equation is difficult to solve. The improved
FAFE reported in this paper does not require the con-
straints of this equation; thus, we compensate for the
shortcomings of the general FAFE algorithm. In (3), I'
is an adaptive learning factor; its role is only to improve
the fault estimation performance and has nothing to
do with the performance indicators, namely the robust-
ness and stability, of the observer. Therefore, we do not
consider I" (we take I' = I at first, where I is a unit
matrix) when the observer is designed using the Hy
performance indicators. Once the parameters affecting
the performance indicators are determined, we assign
I" a specific value to improve the fault estimation per-
formance.
We define

f=i-xj=j-y andf=f—f

where X is the state estimation error, y is the output
estimation error, and f is the fault estimation error.
Furthermore, we define

A’ = A+ DiF(t)Ey, Af = Ag + DiF(t)Eg,
B =B+ D F(t)E,, G =G+ D, F(t)E;, and
W' = W + D1F(t)E,4

Thus, we can obtain the following extension system:

X(f) = (A — LC + D F(HEX(t)
+(A; — HC + D F()E )x(t — d(t))

L (7)
—(W + DF(t)E4) iu(t)
y(t) = Cx(t)

where
_ ( A G ) _ ( L )
A= ) L = )

_K,CA—K,C —K,CG —K,CL
=0, b= E, = (E,E

= (C0), D; = _x.cD, )’ 1 = (E1E3),

_ H _ — w 0
H= , Eg=(E;0), W= ,
—K;CH —KiCW 1

Ey = (E40), () = G (1)f ()", and
T

n(® = (w'nf o)

To reduce the steady state error in the system, we define
the following Hy, performance indicator:

1
J=r3 ;&T(o&m — yuT (O t)dt (8)

Theorem 3.1: For the given Ho, performance indicators
y > 0and constants h > 0, if there exist symmetric pos-
itive definite matrices Py, P, Z1,Q1,111, and I, € R™>*"
and matrices K1,K; € R1*P, N;, N, € R"™" L, and H €
R™ P such that (9) holds,

® KN  hd T D,
* —hZ 0 0
* * —hz, 7! 0
* * * —IT;
* * * *
* * * *
* * * *
o7 Dy Dy
0 0 0
0 0 0
0 0 0 <0 €)
-t o0 0
* —I1, 0
* * —I1,7!
where
o1 92 93 —PW 0
I 0 0
dyg=1]| *x * ¢@s PKICW —P,|,
* * * —ylI 0
* ok ok * —yl

o1 =P1(4' —1O) + A — LOTP + Q
+N T+ N +y7ICTC,
@1 =Pi(A'—LC) + (A" — LC)TP,
+Q+NT+ N +y7ICTC,
g1 =Pi(A' —LC) + (A —LO'P + Q1 + N1 + Ny
+y7'CTC g2 = Pi(AS — HO) + N2T = Ny,
@3 = PG — A/TCTK, TP,
—C'KR Py s = —(1 = DQ = N' = N,
95 = —C'Ky'Py, ps = —P,K,CG
— G/TCTK P, and N = (N 'N,T000)”
the improved FAFE algorithm (4) can make the state
and fault estimation errors robust and stable, and the

extension system (7) will satisfy the Hy, performance
1y®O2 < yll@®]l2.

Proof: The following Lyapunov function is selected:

V() = Vi) + V2 () + V(1) (10)



where
Vi) = %I () Px(b) (11)
Va(t) = [i_g X' ()QE(Ddt, and (12)
Vs(t) = [0, /1 g (9ZR()dsds  (13)

00
Taking the derivatives of V1 (¢), V2 (), and V3(¢) with

respect to time, we obtain:

where P = (%1 }?2>,Q= (3 9),andz=(%7).

Vi = 28T (0)Py(0) + 27T (O Pof (1)

= 2xT(H)P1 (A" — LO)X(1)
+ (A4 — HO)x(t — d(t))
—Ww(t)) + 2f " ()P (K1 C((A" — LO)X(t)
+(A4 — HOX(t — d(t)) — W'w(t))
— K Cx(t) —f (1))

< 28T ()P (A" — LO)X(t) + 251 (1)
x Pi(A4 — HO)X(t — d(t))
+ 25N ()P G (1) — 2xT ()P, W w(t)
—2fT(H)P, (K, CA” + K, O)k(t)
— 2fT(t)PLK, CAS % (t — d(1))
—2fT(1)PLK CGf (1) 4 2f * (1) P, K  CW (1)
—2fY(OPf (t) + FL (1) P, K, CTT; !
x (P,K1C)Tf (1) + XT (1) CTLT T, LCx (1)
+fT (6P, K, CTT, ™ (K ©)TF (1)
+%T(t — d(t)) C"HT I, HCx(t — d(1))  (14)

Vo =X ()Qix®) — (1 — d(1) ¥ () Qix(t)

<3 HQx®) — 1 — DX (HQiE(®), and
(15)

. =T 2 =T 2
V3 < hx ()Z1%(t) — [1_gp% (5)Z1%(s)ds
= hn" ()@, Z1D1n() + 20" (HNKo "5 (t)
+ T (NZ T INTy(t)

~Ia (F Oz +TON) 2!
x (zli'c(s) + NTn(s)) ds

< Y () @172, @19 (t) + 20T ()NKy T (1)
+ it ())NZi T 'NTy(t) (16)

where

~ : T
10 = ('@ e —do) 1o w'o o)
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Ko=(11000)7,

®, = (A — LC)(A/ — HOG — W0),

;= (00 (P,K,C)T00)T, and d3 = (LC0000),
4 = (0 HC000) ]

Remark 3.2: Because

jc(s) ds,

we can obtain

() —x(t—d®) = [i_y0

GI(ON; + X5 (t — d(t)N2)

(30 = 2 = d®) — [i_yp¥(5)ds) =0 (17)

Based on (17), we can solve (16); thus, the relaxation
matrices N; and N, are introduced. If the relaxation
matrices are not introduced, ¢4 of Theorem 3.1 will be
—(1 — 7)Q; > 0. In this case, the matrix inequality of
Theorem 3.1 will be unsolved when T > 1. Because the
relaxation matrices N, and N;F appear in @4, the matrix
inequality can be solved. Thus, faults can be estimated.
From (8), the following can be obtained:

1 .
J<J® ;f(r)&(r) — Yt (Op) + V(r)dt

= /30" (O)(Do + h®dyTZ;®y + hNZ TINT
+ @, T T Dy + B3 T D3
+ 0 L, 0y + @y T )n(Hdt (18)
According to Schur complements, when (7) holds, we
have
oy + hq)szlq)l + hNZl_lNT + CI>2TH1_1<I>2
+ @3 T @3 + @' T, @y + 4 TPy < 0
(19)

Equation (19) can be expressed as
Top o1 '
7 Oy —yu Ou@) + V() <0

Therefore, according to [21], the state and fault esti-
mation errors are robust and stable. From (18), (19),
and considering 0 the initial state, extension system (7)
satisfies the Hy, performance |[y(£)|l2 < y || (®)]l2-

It is difficult to solve (9) of Theorem 3.1; therefore,
we transformed it into a matrix inequality, which can
be solved using the iterative method.

Note that

Dy = Og1 + P2

= ®g; + D21 F(t) Doz + ooz TFT (1) Doy |
(20)
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where
P ¢ w1 —PiW 0
¥ Q4 @5 0 0
Pop=1 *x x ga P2KICW —P
* * * -yl 0
* * * * —yl

Doyp = (E1 Eg E3 — E4 0)
®o21 = (P1D) 00 — (PKCDy)T 0)F
D) = Oy + D1 F(t) Doz

P11 =((A-LC) (A —HCO) G — W),

o1 =Pi(A—LO) + (A—LO)'Pi +
+NT+ N +y7IcfC

@21 = P1(Ag — HC) + N,' — N

@31 = P1G — ATCTK; TP, — C'K,TP,, and

961 = —P,T'K;CG — G'CTK, T P,.

Thus, inequality (9) is equivalent to

do; kN hdy, TPy ®,
*  —hZy 0 0
* * —hPyZ;7 1P, 0
* * * —IT;
* * * *
* * * *
* * * *
@37 b, P4t
0 0 0
0 0 0
0 0 0
-t 0 0
* —I1, 0
* * —I1, 1
D21 Dy !
0 0
hP\D; 0
+ 0 F@®)| 0
0 0
0 0
0 0

oS O ©O o o ©o

T
D022

Ffinl o

<0

21)

According to lemma 1, (21) is equivalent to considering

¢ > 0. Therefore, the following inequality holds:

—hP1Z,7'Py

dy; hN
x*  —hZ
* *
k k
* *
* *
* *
o;T ®,
0 0
0 0
0 0
-m~' 0
* —II,
* k
D21
0
hP,D;
+ & 0
0
0
0
T
0
0
+e'| 0
0
0
0

hd,, TP,

0

*
*
*

*

5]
0
0
-1,
*
*

*

<0

(22)

According to the Schur complements and lemma 1, we
define YL = PIL, YH = PIH, PK1 = PzKl, and PKZ =



P,K, and obtain

®o; AN hdTyp 0] D3p!
x  —hZ, 0 0 0
* * —hP1Z,71Py 0 0
* * * —IT; 0
* * * * —PiIT; 7'y
* * * * *
* * * * *
* * * * *
* * * * *
) Dyp D1 Do
0 0 0 0
0 0 hP,D; 0
0 0 0 0
0 0 0 0 <0 (23)
—, 0 0 0
x =PI, Py 0 0
s * T
* * * —&11
where
e ¢ e —PIW 0
* Q4 @5 0 0
Dor =] =« *  @s1 PxiCW —P|>
* * * —yI 0
* * * * —ylI

Do = (E1 Eg E3 — E40),
Pgo1 = ((P1D)" 00 — (PiCDDT )7,
®@y1p = (P1A = YL.CO) (P1Ag — YuC) PG — PLW 0)
®y = (00 (Px1C)T 00)T, ®3p = (Y.C0000),
®yp = (0YyCO000), g1 = —Px1CG — GTCTPIT<1
p11=PIA—Y.O) + PIA- YO+ Q
+ N T4+ N +y7ICTC, and
@21 = (P1Ag — YHO) + No© — Ny,
@31 = PG — ATCTPL, — CTPL,.

Therefore, we can write the following Theorem 3.2.

Theorem 3.2: For given Hy, performance indicators
y > 0 and constants h > 0, if there exist symmetric pos-
itive definite matrices Py, Py, Z1, Q1, 11, and T1; €
R™": matrices K1, K, € R1*P, N;, N, € R"™", Yy,
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Yy € R"™¥P, Px1, and Pk, € R™"; and arithmetic num-
ber €1 such that (23) holds, then the improved FAFE
algorithm (4) makes the state and fault estimation errors
robust and stable. The extension system (7) satisfies the
Hoo performance |[y(t)||2 < y[|u(®)]]2.

The inequality in (23) is not linear; nevertheless, it
can be solved using the iterative method. We define
P Z7'Py > S, PTI Py > Sy, and PyT1, ' Py > S, and
express (23) as

®o1 AN h®Typ @, D3pl
* —hZ, 0 0 0
* * —hS 0 0
* * * —IT; 0
% * * * -S;
* * * * *
* * * * *
* * * * *
* * * * *
Oy Dupl Doy DPoz2?
0 0 0 0
0 0 hP1D; 0
0 0 0 0
0 0 0 0 <0
—I1, 0 0 0
* —-S, 0 0
* * —81_11 0
* * * —e1l

Thus P;{'zipy' <s7Y, PPyt <87Y  and
P;ll'Isz1 < S\, and according to Schur comple-
ments, we have

S—l P—l

N Y (24)
Pt Zy
S$i—topt o and

) ] =0, an (25)
Pl l_Il
S -1 P71

oot )=o0 (26)
P I,

The new invertible matrices Uy = S71, U, = Pl_l, U; =
ZiL h=8S7L =107 Ry =S;Y and J3 = T Lare
introduced. We now have

Uy, U,
>0 (27)
U, Us

U
U e (28)
U D
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R, U,
>0 (29)
U Js
We define 81_1 = 81. Therefore, the conditions of
Theorem 3.2 can be transformed into the following opti-
mization problem:

P Uy, +2ZU3+SU; + S
Min Tmce< 2 1 ! lh)

+I11)2 + S2Rs + T2 )5 + €161

s.t. (23), (27), (28), (29)
(P1 i ) (21 I )
> 0, >0
I U, I U

S I Sl I &1 1

>0, >0, >0,
Im; 1I Sy, 1 I, 1

>0, >0, and >0
I D I R I J3

(30)

The steps involved in obtaining the solution are as follows.
First, we set the error threshold € and the maximum
number of iterations k*.

Step 1: Solve (23), (27), (28), (29), and (30) to obtain
feasible solutions P1', U;!, Z;!, Usl, S, UL, i, b,
Hll, ]31, 821, Rzl, Hzl, ]31, 811, and 511. Calculate the
objective function value T7°, define Tr! = 2T7°, and let
k=1

Step 2: With k = k + 1, obtain the optimal solutions
Pk, Uk, zik, UK, SK, Uk, siK, ik TOK, 15K, $oK, RoK,
I1,%, J3*, 1%, and 8, %, which satisfy (23), (27), (28), (29),
and (30), and minimize the objective function

PR UK 1P k1 Uy k2 KUk 4 2, k=1 Uk
SR U R STy ks kg k1 s k1 K
FI AR T R R 8 Ry §, K1 R K
TR TR sk e ks ke K1,
late the minimized value Tr* and determine ATr* =
|Trk=1 — Trk|.

Step 3: If ATr <€, terminate the process. Otherwise,
proceed to the next step.

Step 4: If k > k*, terminate the process. Otherwise,
proceed to step 2.

Trace . Calcu-

4. Design of H,, fault-tolerant controller

We design the following feedback fault-tolerant con-
troller based on the fault estimates:

{é(r) = AL(D) + By (D) »

u(t) = Cc£(t) + Dey(t) + G () + r(t)

where £(t) € R" is the controller state vector, r(t) €
R™is the reference input, and A, B, C,, and D, are the
parameter matrices of the controller to be designed.

Taking r(t) = 0, we obtain the following system
based on (1).

¢(t) = (A + DiF(HE)¢ (1)

+(Ad + DIF(OEQ (t — d(8))
+(W + DiF(H)E3)v(t)
y(t) = C¢(b)

(32)

where

i (ATBDC BGY oo (Dl)’
B.C A, 0

C= (C 0) s El = (El + E,D.C EzCC) s

3 » Ay 0

Eq=(Eg 0),A;= (0 0),

W:(W _G),E3=(E4 _E3),

0 0
c(t) = T(6) €T @), and v(t) = Wl (1) fFT ()"

Remark 4.1: According to the output feedback con-
troller (31) and the system state equation, i.e. (1), the
following can be obtained:

x(t) = (A + D1F(t)E1)x(t) + (B + D1F(£)E2) D Cx(t)
+ (Ag + DiF(H)Eg)x(t — d(t))
+ (B+ D1F(H)E2)CE(t)
+ (BG* + G + D F(t)(E,G* + E3))f (t)
— (G + DiF()Es)f (1) + (W + DiF()Ex)w(t)

According to assumption 2.3,

x(t) = (A + D1F(t)E)x(t) + (B + D1 F(t)E;) D.Cx(t)
+ (Ag + DiF()Eg)x(t — d(1))
+ (B4 D1F(H)E2)Ce£ (1)
— (G+ DiF(OEs)f () + (W + DiF()Ey)w(®).

We can now obtain the extension system (32).

Theorem 4.1: For given Hy, performance indicators
v2 > 0and constants h > 0, if there exist symmetric pos-
itive definite matrices P, € R¥X2n 7 1 and Q. € RV
matrices N;, N € R"™" A, € R"™*" B, € R"*?, C, €
R"™*" and D. € R™*P; and arithmetic number &, such



that (33) holds,
911 91 P-W  hNag
* Dc3 0 th2
* * =yl 0
* * * —hZ,
* * * *
* * * *
* * * *
* * * *
pAl by BT T
/’lAdT 0 EdT 0
A 0 ET o
0 0 0 0
—hZCl_l hD; 0 0 <0 (33)
* —&'T 0 0
* * —&l 0
* * * —l
where

@1 = PeA 4+ ATP. + Q. + Newoo” + Netoos

~ 0
@21 = PeA gy — Neto + Neao T, Qe = (Q(;l 0) ,

—~ A
A ={""), 93 =—1—1)Qu — Noa — N5,
0
Neo = (NaT 0)7, Noo = (N2 0), and
N, 0
N¢ioo = ( (;1 0>,

the extension system (32) satisfies the Ho, performance
lyOll2 < yallv(®]]2-

Proof: We define the Lyapunov function of the system
represented in (32) as follows:

V() = Vi) + Va(t) + V(D) (34)
where
Vi(t) = ¢T(OPL () (35)

t
Va(t) = / (T(Qe()dsand  (36)
t—d(t)

0o pt .
V3(t) =/ / xT(5)Z.1x(s)dsd6 (37)
—hJt+o

Taking the derivatives of Vi(f), V2(f), and V3(t) with
respect to time, we have
Vi =20 T(OP(A'L(t) + Ad ¢ (t — d®) + W'v(®))

=20 T(OP(AC () + Agy x(t — d(t)) + W'w(t))
(38)
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where z%/ = (AyT0)T.

Vo < xT(1)Qux(t) — A1 — t)xT (t — d(t))
X Qax(t —d(t)), and (39)

t

Vs < hxT () Zax(t) — / xT($)Ze1x(s)ds

t—d(t)
+ 2T (ONg + 2T (t — d(H)Ne2)
t

c(x(t) —x(t —d(t) — / x(s)ds)

t—d(t)
t

= haT () Zoyic(t) — / xT(5)Ze1x(s)ds

t—d(t)

T T T T !
+ 20, ()N:Ko" n, (t) — 21, ()N, ; x(s)ds
t—d(t)

<l (O ®uZa Danc(t) + 20 ONKo ne(t)
+ I (ONZo " 'NIn ()

t .
- / (+" @21 + 0l ON) Za™
t—d(t)

x (Zdjc(s) +NT nc(t)> ds
< I (@4 TZo ®anc(t) + 20 (ONKo T ne(t)
+ I (O)NZa 7 'NIne(t) (40)

where

ne(t) = (" (DET ()x" (¢ — A (1),
Ko=(10 —10)T, &4 = (A’ + BD.C)
x BIC. A4 W), and
N, = (NaT 0Nyt o)L

Remark 4.2: Because x(t) — x(t —d(t)) = .[i—d(t)
x(s)ds, we have

(T (t)Ney + xT(t — d(t))N,2)
t
. (x(t) —x(t —d(t)) — / 5c(s)ds> = 0 (41)
t—d(t)

Based on (41), we can solve (40). Thus, the relaxation
matrices N and N, are introduced to realize a fault-
tolerant control for the system with a fast time-varying
delay with a rate of change 7 > 1. If the relaxation
matrices are not introduced, ¢ of Theorem 4.1 will
be —(1 — 7)Q. > 0, with no solution to the matrix
inequality in Theorem 4.1.
We select the following performance indicator

S |
J= / LTy — T ovdt (42)
0 Y2
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and obtain
0 q r . .
J 5/ —y (Oy(0) — yav' (Ov(1) + V(D)dt
()
o0
= / nL () (P + hNZoy "INT
0
+ hcbchZCI cpcl)nc(t)dt <0 (43)
where
D1 P2 PCW/

P = * Dc3 0
% * —wal

> (ﬂcl - PCA/ +A/TPC

1 on
4+ Q¢ + Neoo” 4 Neroo + V—CTC, and
2
P2 = PCAZE)/ - NclO + NCZOT'

According to the Schur complements, we can conclude
that

Do + hNZey N + hd} Za®q < 0

is equivalent to

chO th hq)clT
¥  —hZq 0 <0 (44)
* * —hZg~!
therefore,
Pc1 Pc2 PCW/ hN,10 hA\I/T
*  Qc3 0 hN_, hAd/T
* * =yl 0 vyt | <0 (45)
* * * —hZ 0
* * * * —hZq!
The inequality in (43) can be expressed as
Pc1 P2 PCW thlO hA’lF
*  Qc3 0 hN, ]’lAdT
* * =yl 0 thT
* * * —hZa 0
% * * —hZa 7!
P.D; ET\"
0 EdT
+1 o |Fwn| Ef
0 0
hD, 0
ET D\ /CT\ (C
E;T 0 0 0
+|EF|Ffol o | +|o|]o] <o
0 0 0 0
0 hD, 0 0
(46)

According to lemma 1, (46) will hold if and only if there
is a constant &, > 0 that can hold (47).

Pc1 P2 PCW hNc1o hAT
* @ 0 hNg hAdT
* x  —pyl 0 hwl
* * * —hZ, 0
* * * * —hZ, !
PCDI Pcbl !
0 0
+ & 0 0
0 0
hD, hD,
ET\ (EF\" e\ (cn\’
E;T | | E;T 0 0
+e; ' | EV | EF | +| o 0] <o
0 0 0 0
0 0 0 0

(47)
According to the Schur complements, the inequality
®oo + hNZoy INI + hdL Zg®q <0 (48)

will hold when (33) holds.
Equation (48) can be expressed as

1 .
Ef(t)y(t) — OV + V() <0 (49)

Hence, according to [21], the state and fault estimation
errors are robust and stable. Using (49) and considering
0 the initial state, we find that the extension system (32)
satisfies the Hy, performance |[y(£)|l2 < y2llv(®)]]2.

The matrix inequality (33) in Theorem 4.1 is not lin-
ear, but can be transformed into one and then solved.
We take matrix P, and its inverse matrix P_! in the
following forms:

Y, Rcl -1 Y, Rc2
P = P = s
‘ (RCIT Ty and P RoT T
where Y and Y, € R"™*" are symmetric positive defi-
nite matrices, and R.1, R.», T1, and T, are matrices with

appropriate dimensions satisfying Y1Y> + Ry RCT2 =1
Given that

Y, I\ (I Y
(e )= mr) @
we define
INATHN! (I 1
F, = <Rc2T O) and F, = (O Rc1T> and
A = Y1(A+BDC)Y; + R B.CY; + Y, BC.R},

+ RLARY, B=YBD + R B, C = DCY,
+ C.RLand D = D.,.



We can obtain

F,'P.AF, =

(AYZ +BC

A+ BDC
A bl

Yi1A + BC

p1ar _ (AT +CTBT
1 1 AT + CTbTBT ’

. T ThT
and FTET = (YzEl + C'E]

El + CTDTE§> '

We multiply both sides of (33) with diag(FT,I ,..J) on
the left and with diag(F1,I,..I) on the right. Now,
according to the Schur complements, (33) can be trans-
formed into a matrix inequality that can be solved to
prove Theorem 4.2.

Remark 4.3: Once both sides of (33) are multiplied
with diag(FT, I, ..I) on the left and diag(F, I, ..I) on the
right, the matrices 1> (NCT2 — N¢) and hY,N,, along
with their transpose matrices, will appear in the trans-
formed matrix inequality. According to the Schur com-
plements and (51), we can obtain (52).
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Y, 0 T 0 Y\ ©
_ o [™N=ND (Nae =N || o
1o 0 0 0
T T
0 hNT hNT 0
Y I 0
0 4] o0 (No — NT)
Slo|Malof| * ‘ 0 “
0 0 hNT
0 T
_nT
x Ty (Nez ONCI) (51)
T
hNT

where I, is a symmetric positive definite matrix.

Theorem 4.2: For given Hy, performance indicators
v2 > 0and constants h > 0, if there exist symmetric pos-
itive definite matrices Y1, I1¢1, Z¢1, Qc1, and Y, € R™%;
matricesN;1, N € R"™", A, € R"*" B. € R"*P, C, €
R™" and D, € R"*P; and arithmetic number &, such
that (48) holds, the extension system (32) satisfies the Hoo

0 Y2(N5 —Na) 0 hYaNg performance ||y(t)||2 < y2|[v(D)|]2.
(No —NDY, 0 0 0
0 0 0 0
hNTY, 0 0 0
AY, + BC + Y,AT + CTBT A+ BDC + AT Ay W -G 0
% YiA+BC+ATY; +CTBT  Y1A3+NoT =Ny Y\W —Y1G hNg
K * —(1-17)Qq —NL—No 0 0 hNg
* * * —w»ml 0 0
* * * *  —wl 0
* * * * x —hZ,y
% * * * * *
* * * * % *
% * * * * *
% * * * * *
% * * * * *
% * * * * *
% * * * * *
* * * * * *
h(Y,AT + CTBT) D Y,ET + CTEl  v,CT Y, Y, 0 Y,
WAT +CTDTBTYy  viD;  EF+CTDTE,T (T I I 0 0
hAyT 0 E;T 0 0 0 No — NI 0
hwT 0 ET 0 0 0 0 0
—hGT 0 —ET 0 0 0 0 0
0 0 0 0 0 0 hNT 0
—hZa ! hD; 0 0 0 0 0 0 -0
* —ey 1T 0 0 0 0 0 0
* * —&l 0 0 0 0 0
* * * -l 0 0 0 0
* * * * —Qu ! 0 0 0
* * * * * —%Ncl_l 0 0
* * * * * * —I14 0
* * * * * * * —I,7!

(52)
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The parameter matrices of the fault-tolerant controller
are

DC - b)
Cc=(C—DCY)Ry ™7,
B, = Rq"V(B — Y1BD), and
Ac =R (A — Y1 (A + BDO)Y,)R," — B.CY,R,"
— R;'Y1BC,

The matrix inequality (51) in Theorem 4.1 is not linear
but can be solved using the iterative method. We take
Z3 =8, ;' = M, Q' = Ua, N' = My, and
e, = 8. Theorem 4.2 can now be transformed into the
following optimization problem.

Min Trace chscl + Hcl ch + ch Ucl
+N Mg + €28,
S.t. (52),
Zg I Mg I Qa I
(1 scl)zo’<1 n52>30’(1 Ucl)zo’
Na I
and ( Il Mcl) >0 (53)

The following are the steps involved in obtaining the
solution:

First, we set the error threshold €. and the maximum
number of iterations k.

Step 1: Solve (52) and (53) to obtain feasible solu-
tions chl) Sclla Hclla chl’ chla Ucll, NCII) Mcllx 821,
and 8,!. Calculate the objective function value Tr.0,
define Tr.! = 2Tr.0, and let k. = 1.

Step 2: With k = k + 1, calculate the optimal solu-
tions chk, Sclka 1_[(:lk) HCZk) chka Uclk, Nclk: Mclk: 52k)
and 8,%, which satisfy (52) and (53), and minimize the
objective function
Zc1k561k71 + chkilsclk + HCIkHCZk_1

a7 Tk 4+ QuF UL
+chk—1 Uclk + I\]clkj\/lclk_1
+Nclk_1Mclk + 82k52k_1 + Szk_lazk
Calculate the minimized value Tr.X and take ATr.X =
|Trck=1 — Trk.

Step 3: If ATr, < €, terminate the process. Other-
wise, proceed to the next step.

Step 4: If k. > k', terminate the process. Otherwise,
proceed to step 2.

Trace

5. Simulation results

We consider a system with the following fast time-
varying delay and uncertain parameters [22]:

A= —1.427  0.076
S \—1419 —0.944)°

025 0 0
Ad = ( 0 0.25)’3_ <o.3>’c_(0 D,

1 0.4
W= (0) » D = (0.6) , Eg = (0.09 0.12),

E; = (0.52 0.73), E3 = 0.02, and E4 = 0.01,

where F(¢) satisfies |F(t)| < 0.6, and the system noise is
w(t) = 0.8 cos 90¢t.

Because the fault occurs on the input channel, we
take G =B and E, = E3; thus, G* = —I. We con-
sider a fast time-varying delay case, where d(t) = 0.4 —
0.2 cos 7t and the rate of change 7 = 1.4 > 1. By solving
the conditions in Theorem 3.2, we find that the min-
imized Hy, performance indicator is 0.2006, the min-
imum objective function is 15.1304, and the relevant
parameters of the fault observer are as follows.

0.2432 0.0115
Py = (0.0115 1.5507)’ P> = 0.0035,

0 = 0.0109 0.0064 _ (0.0874 0.0201
1= 10.0064 0.1132)° 7' = \0.0201 0.0979)°
_ (02349 01194) (02438 0.0284
1= \0.1194 0.1873)7 72~ \0.0284 1.0512)°

Ky = —5.4655, K, = —89.8355, & = 5.6152,
—42970 - 0.0390
L= < 8.8049)’ and H = ( 0.0767)'
The relaxation matrices are

N, — (01456 0.0336
27 10.0336 0.1632

—0.1456

—0.0336
and Ny = (—0 0336 )

—0.1632

The introduced symmetric positive definite matrices
are

U. (41399 —0.0306
3=\ -00306 06498 )’
U, — (41399 —0.0306
2=\ -0.0306 06498 )’
g (05807  —0.5587
~\-05587 21.0206 )’
U _ (17832 0.0474
1= 10.0474 0.0493)°
g _ (02476 —11831
P=\-1.1831 159021 )°
J = 6.3231  0.4704
'~ 104704 0.0985)°
. 6.3573  —4.0546
3=\ 40546 79726 )’
g _ (01533 —0.0093
3=\ -0.0093 1.0602 )’
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0.1187

0. 6180

s, _ (01533 —0.0093
2=\ -0.0093 1.0602 )’

<6.5824 0.0574>
2

Re=1{0.0574 09520 0.1178 0.8677

0.5399 0.0280

0.1440 0. 1178)

Ry = ( 4.1499 —0.1119

—0.1119  0.9627 ) and &, = 01797

0.0280 0.9009

= (%)
= (
=
(0 2313 0. 1910>
=
(

By solving the conditions in Theorem 4.2, we
find that the minimized Hy, performance indicator is
0.4716, and the minimum objective function is 9.0507.
We can obtain R,; and R, by the singular value decom-
position of I — Y7 Y. Accordingly, the relevant param-

0.1910 1.0483

1.9110 -—-2.1913
29.2412 —5.9374

eters of the fault-tolerant controller are as follows: B, = 0.3847 (41.4716 —8.6916) ,
11.0875
Y, = 0.5344 0.5744 , D, = —5.5614,
0.5744 1.7509

and &, = 1.4580.

Y,

—0.2878  0.3444 The relaxation matrices are

R _ (06202 0.0987 N _ (01222 01158
1=\ -0.7844 —0.9951)° 1= 10.1158 0.6008

( 1.8542 —0.2878)

(a) (b)
05 . . 0.03
- =+Estimation of fault f1
. 0 —Fault f1 C
5.0l £oon
E £
g -t 3
o o
%_15_ E 0.01
& ol s
= g
325" w0
b
35 3 5 30 001 2 4 Times) 6 8 10
Time(S)
2
1.5t
2 H
3 s
0.5
0 i ” " . 0 i . i i
0 2 4 6 8 10 0 2 4 Times) 6 8 10
Time(S)
r r 5
0 —Estimation of fault f1| |
s —Fault f1
£ 1.5¢
g1
2
T k|
5o !
z 3
& 05
3t
0 2 . 5 8 10 . - : -
Time(S) G0 2 4 Tmes) 6 8 10

Figure 1. Simulation results of fault f; (t): (a) Estimated and actual values of fault f; (t). (b) Fault estimation error f; (t) — ?1 (t). (c)
Output curve under a normal control of fault f; (t). (d) Output curve under a fault-tolerance control of fault f; (t). (e) Estimation of
fault f1 (t) using CAFE. (f) Output curve under a fault-tolerance control obtained using CAFE.
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0.0866 0.6128

and N, = <

0.2097 0.0781)

The introduced symmetric positive definite matrices

are
s _ (18659  —0.0579
A=1-00579 1.1179 )’
o, (5119 09328
2=\ -09328 1.1291 )’
U _ (78538 —1.0663
=\ -1.0663 1.3035 )’
10.0679 —1.9411
M, = (_19411 5 0478 ) and 8, = 0.6899.

In the simulation, the input to the system is r(t) = 5,
and we assume that the actuator has the following fault

(@

9

2..

1t

Fault f2 and its estimation
o

==+Estimation of fault 2
—The fault f2

Output

15

20

2% 30 35

0
Time(S)
3 T .
---Estimation of fault f2
2t —Fault f2

Fault f2 and its estimation
o

;
g

Time(S)

fi():
0 t € [0,3]
fi(t) = {5exp(—0.3(t—3))—1 te€[3,6]
-3 t € [6,10]

Figure 1 shows the simulation results of fault f; (¢)
for I' = 30. Figure 1(a) shows the simulation of the
fault observer. Figure 1(b) shows the fault estimation
error. Figure 1(c,d) show the output curves under nor-
mal and fault-tolerance controls of fi (¢), respectively.
Figure 1(e,f) show the corresponding simulation results
of CAFE.

Remark 5.1: The higher the value of the adaptive
learning factor I, the better. However, if it is too high,
it is difficult to implement in practice. Thus, we select it
in the same order of magnitude as given elsewhere [23].

In Figure 1(a), the blue curve represents the actual
value of the fault, and the red one represents the

(b)
0.025
002
0.015F
001
0.005

-0.005¢
-0.01f
-0.015¢
-0.02r
-0.025

Error of fault estimation
o

51
3
05
% 510 1520 25 30 3
Time(S)
2
1.5M\__/\/\/\/\/\,MN/\/\/\/\/\/\
H
£ 1
[e]
05
% 5 10 15 20 25 30 3
Time(S)

Figure 2. Simulation results of fault f, (t): (a) Estimated and actual values of fault £, (t). (b) Error in estimating the fault f (t) — ?z(t).
(c) Output curve under a normal control of fault f, (t). (d) Output curve under a fault-tolerance control of fault £, (t). (e) Estimation of
fault £, (t) using CAFE. (f) Output curve under a fault-tolerance control obtained using CAFE.



estimated. Figure 1(a,b) show that the fault observer
designed in this study can estimate the fault fi(#)
with low error. The fault f;(t) occurs during 3-10 s.
Figure 1(c) shows that the system will be in an abnormal
state during this time under normal control. Figure 1(d)
shows that the fault-tolerance controller designed in
this study effectively accommodates the fault f; (¢).

Figure 1(e,f) show that the proposed algorithm out-
performs the CAFE.

We assume that the actuator exhibits the following
periodic time-varying fault f>(¢):

t € [0,5]

0
20 = { tel[5,30]

2 —sin(2t — 10)

Figure 2 shows the simulation results of fault f,(t)
for I' = 30. Figure 2(a) shows the simulation of the
fault observer. Figure 2(b) shows the error in estimat-
ing the fault. Figure 2(c,d) show the output curves

(@)
6

==Estimation of fault f3
—Fault f3

Fault f3 and its estimation

o5 10 15 20 25 30 35 40
Time(S)

0 5 10 15 20 25 30 35 40
Time(S)

Fault f3 and its estimation

b 5 10 15 _ 20 25 30 35 40
Time(S)
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under normal and fault-tolerance controls of the fault
f2(t), respectively. Figure 2(e,f) show the corresponding
simulation result of CAFE.

Figure 2(a,b) show that the fault observer designed
in this study can accurately estimate the periodic
time-varying fault f,(¢). Furthermore, by comparing
Figure 2(c,d), we find that the fault-tolerance controller
designed in this study effectively accommodates the
periodic time-varying fault f,(¢).

Compared with the CAFE algorithm, the improved
FAFE algorithm has better performance in fault estima-
tion and compensation for the periodic time-varying
fault.

We assume that the actuator has the following fault

f3(0):

0 t € [0,10]
f(t) = {51 — exp(—0.5(t — 10))) t € [10,20] .
5 8(1 — exp(—0.5( — 20))) £ € [20,40]
(b)
0.01
 0.005 ]
s 0
5 -0.008}
5 oot
V=0 15 220 2 30 B
Time(S)
15
5
3
05
S5 10 15 20 25 30 3B 40
Time(S)
15
g
[e]
05t
%5 d0 15 20 25 30 35 40
Time(S)

Figure 3. Simulation results of fault f3(t): (a) Estimated and actual values of fault f5(t). (b) Error in estimating the fault f3 (t) — ?3 ().
(c) Output curve under a normal control of fault f3(t). (d) Output curve under a fault-tolerance control of fault f5(t). (e) Estimation of
fault f3(t) using CAFE. (f) Output curve under a fault-tolerance control obtained using CAFE.
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Figure 4. Structure of a helicopter platform.

Figure 3 shows the simulation results of fault f3(¢)
for I' = 30. Figure 3(a) shows the fault observer simula-
tion. Figure 3(b) shows the error in estimating the fault.
Figure 3(c,d) show the output curves under normal
and fault-tolerance controls of fault f3(¢), respectively.
Figure 3(e,f) show the corresponding simulation result
of CAFE.

Figure 3(a,b) show that the fault observer designed
in this study can estimate the fault f3(¢) with low error.
When the fault f3(¢) occurs during 10-40 s, the sys-
tem responds abnormally under normal control. From
Figure 3(d), we find that the proposed fault-tolerance
controller effectively accommodates the fault f3(¢).

Figure 3(e,f) show that the proposed algorithm has
better performance in fault estimation and compensa-
tion for the fault f3(¢).

6. Real example

In this section, we show a real example of an unmanned
helicopter experimental platform.

Figure 4 shows the structure of the experimental
platform. A control board (PC104) is used to receive
the control and fault signals collected by the sensors
and send them to the helicopter. A wireless network is
used to realize the communication between the ground
control station and the helicopter system.

The ground control station can receive the status sig-
nals of the helicopter through the PC104 and can send
the control signals to the helicopter system. Moreover,
the ground control station can send the fault signals to
simulate the actuator fault.

The linearization equation for the helicopter at the
equilibrium point is

x(t) = (A4 D F(t)Ep)x(t)
+(Ag + D1F(H)Eg)x(t — d(t))

+(B + D1F(t)Ex)u(t) + (G + D1F(t)E3)f (t)
+(W + D1 F(H)Eg)w(1)

y(t) = Cx(t)

Here  x(t) = (x1(8) %2(t) x3(£) x4 (t) x5() x6(t) 7,
where xj, x2, and x3 denote the lifting, conver-
gence, and path angles, respectively, and x4, xs,
and x¢ denote their angular velocities, respectively.
The time-varying parameters are F(t) = 0.05sint,
d(t) = 0.2 +0.1sin9¢t, and w(t) = 0.1sin90¢. u(t) =
(u1(t)  uz(t))T, where u; and u, denote the voltages
of the front and rear thrusters, respectively, and y(t) =
CORECIORESIONS

The detailed parameters of the system are as follows:

0 0 0100
0 0 00 10
0 0 00 0 1
4=1o 0 o0 0 0 of
0 0 0000
0 —2131 0 0 0 0
0 0
0 0
0 0
B=1o1 o007 |’
0.62 —0.62
0 0
0.32 0
—0.41 0
0.22 0.2
“={ 006" =] 03|
0.09 0
0.1 0.1
1 00000
c=|0 100 0 0f,
001000
E;=(02 0.04 012 —0.11 001 032),
Eq=(0 0 0 021 0 —0.12),
E; = (0.03 0.2), E3 = 0.56,E4 = 0.29,
0 0 0 0l 0 O
0 0 0 0 01 ©
A |0 0o 0o 0 0 o021
=1lo 001 0 o 0o o |
0 0 0 —013 0 ©
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Figure 5. Experimental result of fault estimation of a helicopter platform: (a) Estimated and actual values of fault. (b) Output curve
under a normal control. (c) Output curve under a fault-tolerance control.

and W =

0.3
0.13

0.2

0.1

Using the above method, we can solve the gain matri-
ces of the observer as follows:

91 0001 2012
122 1201 033
77 901 021

L= 1,5 o035 o912 |2
—0.11 089 13398

0.21 —10 1.3
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041 091 0.19
0 0052 0
1.71 0 0.01

0 0.01 0.03
0.03 0 0
02 0.11 0

H =

The parameter matrices of the controller are as fol-
lows:

3.1 0 0 23 0 0

001 0 72 035 133 0
A — 0 017 0 0 091 0.1
710 0 36 0 033 0 |’
09 0 0 001 961 0
0 272 0 1 0 0.55
0 0
0 0.01
0.02 0
Be=1,5 o057 |’
3.11  0.01
0 —0.01

C - 0 0 019 0 0.76 1.1
¢~ \001 033 51 0 044 0 )’

0 01 1001
andDC‘(s.n 0.51 1.07)

We send the following fault signal to the helicopter:

0 0<t<?20
fO=13 20<t<30
—5 30<t<40

Figure 5(a) shows the fault estimation. Figure 5(b,c)
show the output curves under normal and fault-
tolerance controls, respectively.

The fault occurs in 20-40 s. From Figure 5(a), we can
confirm that the observer designed in this study accu-
rately estimates the fault. By comparing Figure 5(b,c),
we find that the helicopter does not work properly in
the presence of the fault under normal control and that
the proposed fault-tolerance controller maintains the
helicopter in a normal state.

7. Conclusions

This paper reports on the fault estimation and fault-
tolerant control method for a system with fast time-
varying delay and time-varying parameters. The FAFE
algorithm is improved, and relaxation matrices are
introduced to design a fault observer. The role of the
improved FAFE algorithm is to reduce the constraints,
and the introduction of the relaxation matrices helps
estimate faults for a system with a fast time-varying
delay. Based on online fault estimates, an output feed-
back controller is designed to accommodate the faults.
The relaxation matrices help realize a fault-tolerant

control for a system with a fast time-varying delay. The
solutions to the observer and controller are realized
using an iterative algorithm derived in the study.
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