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Performance of the Product of Three
Nakagami-m Random Variables

Dragana S. Krstic, Petar B. Nikolic, Ivan Vulic, Sinisa Minic, and Mihajlo C. Stefanovic

Abstract—An output signal from a multi-section wireless relay
communication system is equal to the product of the signal
envelopes from individual sections. In this paper, a three-sections
relay system is considered in the presence of Nakagami-m fading
at each section. First, random variable (RV) is formed as the
product of three Nakagami-m RVs. For such product, the
moments are determined in the closed forms. The first moment is
the mean of the signal; the second moment is the average power
of the signal, and the third moment is skewness. Then, the
Amount of Fading (AoF) is calculated. AoF is a measure of the
severity effect of fading in a particular channel model. Besides,
all system performance are shown graphically and the
parameters influence has been analyzed and discussed.

Index Terms—Amount of Fading, Moments, Nakagami-m
distribution, Random Variables.

I. INTRODUCTION

MART city concept start to developed before more than
Sa decade [1]. Smart cities use different types of
electronic sensors, Internet of Things (1oT), to collect

data, and Internet for their further distribution. The data are
collected from citizens and city devices, and then processed
and analyzed for better monitoring and manage of city systems
[2]-[5]. Due to the multitude of services that need to be
provided on a platform that enables Smart City functionality,
the question is: which transmission medium can perform
better, in terms of price, performance, installation methods,
implementation time, etc. So, the question is whether it is
better use optical fibers or a wireless way of transmitting data
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and information. With the development and improvement of
wireless equipment and comprehensive  mathematical
modeling of wireless channels, the disadvantage in terms of
the performance is significantly reduced.

Since it is very important to transmit information without
noise and interference, to this end, we consider here the impact
of them in wireless communication system. Because of the
way signals are transmitted in urban areas, it is important to
study the impact of fading, which is main nuisance that occurs
during data signals transmission through wireless systems [6].

It is known that the short-term fading of the received
envelope in wireless channels can be modelled by means of
the Rayleigh, Rician, Nakagami-m and other distributions. For
example, Rayleigh distribution is suitable to model amplitude
in urban areas, Rician distribution is adequate in sub-urban
areas where the line of sight (LOS) components exist, then
scintillation effects are good described by Hoyt distribution.
However, it is proved by many experiments at both, indoor
and outdoor radio channel propagation, that the Nakagami-m
distribution offers a better matching for a wider range of
fading conditions in wireless communications.

Given that Nakagami-m distribution encompasses several
distributions as special cases, this is a generalized way to
model small scale fading. Means if we have made the wireless
system analysis for Nakagami- m fading, it is equally
applicable in any of the above mentioned fading environments
and also for several others [6]. Namely, for m=1 the Rayleigh
distribution will be obtained, for m>1 this will be Rician
distribution, m=1/2 gives Gaussian distribution, and for m<1
the Hoyt distribution will arise. Therefore, Nakagami-m is
generic and wide and that is why we work with it here.

Nowadays, the analysis of wireless telecommunication
systems performance is substantially important. Significant
attention is dedicated to cascaded fading channels which
appear in wireless multi-hop transmission. This is an efficient
technology for increasing the coverage with respect to the
channel path-loss. The received signals are created as the
products of a large number of rays reflected via N statistically
independent scatters [7]. Therefore, the analysis of statistics of
products of two or more random variables (RVSs) is intensified
because of their applicability in performance analysis of
wireless relay communication systems with more hops
(sections) [7] - [15].
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The wireless relay system output’ signal is product of each
section’ output signal envelope.

The system performance of the first- and second-order are
studied in many articles. So, the statistical characteristics of
the first order: the outage probability (Pou), the amount of
fading (AoF) and the bit error probability (BEP) are
considered in [9]-[13]. The statistical characteristics of the
second order: level crossing rate (LCR) and average fade
duration (AFD) are evaluated in [14]-[17].

The expressions for probability density function (PDF) and
cumulative distribution function (CDF) for a product of RVs
with Rayleigh distribution are derived in [8] across the Meijer
G-function. For obtaining the PDFs of products of Rayleigh
and Nakagami-m RVs in [9], Mellin transform was utilized.

In [10] an analytical model for evaluation the performance
of dual-hop amplify-and-forward (AF) relay transmission over
Ricean fading channels on both sections (hops). The PDF and
moment generating function (MGF) of received signal-to-
noise ratio (SNR) are performed in the form of fast converging
sum. Next to, appropriate semi-closed form formulae for
average bit error rate (BER) and Py Was obtained.

The two-hops wireless relay communication radio system
subjected to x-p short-term fading was analyzed in [11] and
the Poyt is calculated using sums and modified Bessel functions
of the second kind.

The work [12] deals with the product of three arbitrary,
independent and non-identically distributed a-u RVs. There,
the expressions for the PDF, the CDF, and the moments of the
resulting distribution are derived in closed-forms. This a-p
model is general fading model since includes a big number of
fading distributions for different values of parameters a and p.

The second order statistical characteristics of the AF multi-
hop Rayleigh fading channel are investigated in [13]. Here, the
expressions for the average LCR and AFD of the product of N
Rayleigh fading amplitudes are obtained. A match for the
previously published case of product of two Rayleigh RVs has
been proven.

The expressions and closed-form approximations for the
LCR and the AFD of the double Nakagami-m random variable
are calculated in [14] and utilized for analysis of the second
order characteristics of multiple input multiple output (MIMO)
keyhole fading environment.

The product of N statistically independent RVs is known as
NxNakagami RV. It is suitable for presenting cascaded
Nakagami-m channels. Its distribution is given in [15] and the
MGF, PDF, CDF, and moments are derived in closed forms
using the Meijer’s G function. Afterwards the expressions for
the OP, AoF, and average BEP for different modulations in the
presence of N+Nakagami fading are obtained in closed-forms.

In [18], the PDF and CDF, of the wireless relay
communication system with three sections in the presence of
Nakagami-m fading are determined. The LCR of product of
three Nakagami-m RVs is presented in simple closed-form
expression in [19]. The LCR is a criterion of the rapidity of the
fading which displays how often the fading crosses defined
threshold, usually in the positive-going direction. Further, the
AFD of the wireless relay system with three sections under the
presence of Nakagami-m fading is obtained in [20]. AFD is
used to show how long a user is in continuous outage, below a
set specified threshold level, after crossing this level in a
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downward direction. In this work, for such system we will
derive moments and Amount of fading.

The remainder of this article is organized as follows. In the
Section 11, all system performance of the first order of product
of three Nakagami-m RVs are listed or derived. Section Il
presents the second order performance of triple Nakagami-m
RV with some plots of the obtained performance metrics.
Finally, Section IV gives the final comments and indications
about future investigation.

Il. THE FIRST ORDER PERFORMANCE OF PRODUCT OF
THREE NAKAGAMI-M RANDOM VARIABLES
Random variables X, have

distributions [21]:

i=1,2,3 Nakagami-m

2 (m ) e e
pxi(xi)_r(mi)[g_j X; € ,XIZO, 1)

|

where T'(.) is the gamma function, Q; are powers of RVs x;,
and m; are fading severity parameters of Nakagami-m RVs x;.
The value of the shape parameter m indicates the severity of
multipath fading. It is a measure of channel quality and is
necessary for many applications to evaluate it.

Let suppose random variable (RV) x is defined as the
product of three Nakagami-m RVs:

3
X=X%% =[]%. )
i-1

A. PDF of Product of Three Nakagami-m RVs

The PDF of product of three Nakagami-m RVs x is given by
Eqg. (13) in [18]:
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where Kn(x) denotes the modified Bessel function of the
second kind [22, eq. (3.471.9)].

The curves for PDF of product of three Nakagami-m RVs
are shown in Fig. 1 in [20] depending on this product x for
some values of distribution parameters: Nakagami-m fading
severity m;and signal average powers €; at sections.

It is visible that for all values of Nakagami-m severity
parameters m; and signal powers Q; PDF increases at low
values of x, achieves maximum and then decrease for bigger
values of the signal envelope. The low values of x affect more
on the size of the PDF.
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M=, =1, my=1, 2,51, mo=1, Q=1
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Fig. 1. PDF of product of three Nakagami-m RVs for different values of
Nakagami-m fading severity parametersm; and signal power Q.

B. CDF of Product of Three Nakagami-m RVs
The CDF of product of three Nakagami-m RVs x has been
derived in [[18], Eq. (16)]:
X
- I dt p, () =
0

e e (&) (@)

2m, i L mah
m(m+(i) of
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C. Pout of Product of Three Nakagami-m RVs

The outage probability, Poy, is defined as probability that
the receiver output signal envelope, or signal to interference
ratio (SNR), falls below a given threshold value. Poy is
therefore defined as [[23], eq. (2.23)]:

X

P, = P(X sx):jdt pe (1), )
0

whereby x is this given threshold value.
Mathematically, Poy is actually the CDF of the signal:

Pout = I:x (X), (6)

and it can be expressed as Eq. (4).

Graphs of the outage probability are presented in Fig. 2 in
[20] for a few different values of the parameters. The choice of
parameters can illustrate the range of shapes that the curves of
the resulting distribution can have.
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Fig. 2. The outage probability of product of three Nakagami-m RVs for
different values of Nakagami-m fading severity parametersm; and signal
power Q.

One can recognize from the figure that Py is increasing for
all values of the range of the signal envelope and fast achieves
saturation. At low X, the Pqyt shrinks as the omega grows and
severity parameters m; increase, as it was expected.

D. Moments of Product of Three Nakagami-m RVs

In mathematics, moment is quantitative measure of the
shape of function. It is used in statistics and mechanics also. If
this function is probability distribution, then the zero-th
moment is the total probability, the first moment is the
expected value or mean of the signal, the second moment is
the variance or the average power of signal, the third moment
is the skewness, and the fourth moment is the kurtosis.

The mean of the signal, or the first moment mj, is defined
as:

- =jdxxpx X). 7)

In the continuation of this paper we will perform the closed-
form formula for the first moment of this product of three
Nakagami-m RVs.
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In Fig. 3, the first moment for product of three Nakagami-m
RVs versus Nakagami-m fading severity parameter m (m=m;=

my; =ms), for some values of the signal power Q
(Q=0Q1=0Q,=0Q3) is drawn.
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Fig. 3. The first moment for product of three Nakagami-m RVs depending on
Nakagami-m fading severity parameters m; for a few values of signal power
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Fig. 4. The first moment for product of three Nakagami-m RVs versus signal
power Q=0,=Q,=Q; for different Nakagami-m severity parameters m;

It is possible to catch sight of increasing the first moment
with increasing of Nakagami-m fading severity parameter m.
Also, the first moment, or mean of signal, increases with
decreasing of the signal power Qi.

The first moment of the product of three Nakagami-m RV's
depending on the signal power is presented in Fig. 4. Here, the
parameter of curves is Nakagami-m fading severity parameter
mi. One can discern from this figure that the first moment of
product of three Nakagami-m RVs declines with the rise of Q,
and it is confirmed that decreases for larger mi.

The second moment, my, is defined by:

m, :F:J.dxx2 py (). 9)
0

Now comes the derivation of the second moment of the
product of three Nakagami-m RVs.
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:rm)r(;z)r(ms)[ﬂ%i)[%}

r(m+1)T(my +1)T(my+1). (10)

The second moment is actually the variance. The positive
square root of the variance is the standard deviation. In
wireless communication this is the average power of the
signal.

The influence of parameters of fading distribution to the
second moment of product of three Nakagami-m RVs can be
noticed from the next two figures.

One can see from Figs 5. and 6. that the second moment, or
variance, increases with increasing of Nakagami-m fading
severity parameter m and increases with reduction of the
signal power Q;.

The normalized third central moment is called the
skewness. In probabilistic theory and statistics, the skewness is
a measure of the limitedness of the distribution or the
asymmetry of the probability distribution of a real-valued
random variable (RV) about its mean.

The skewness value can be positive or negative, or even
undefined. The symmetric distributions have the third moment
equal to zero, if it is defined. The distribution that is skewed to
the left (it means that the tail of the distribution is longer on
the left side of the curve) has negative skewness and the
distribution which is skewed to the right has positive
skewness.
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Fig. 5. The second moment of product of three Nakagami-m RVs versus
Nakagami-m fading severity parameter m=m;=m,=m; for different values of
signal power ;.
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The third moment, ms is given as:
my=x = J- dxx® p, () (11)
0

The final formula is derived in the similar way as previous
two moments:

" rm)r(;z)r(ms) [QE] (%] (fnz_j |

T(m+3/2)-T'(m,+3/2)-T'(m; +3/2).

(12)

Graphs of the dependence of the third moment on
Nakagami-m fading severity parameter m and signal power Q
are drawn in Figs. 7 and 8 respectively.

It is clear from the first plot that higher values of the
Nakagami-m fading severity parameter m tends to increase the
third moment. On the other hand, with the rise of the signal
power €, third moment becomes smaller, as expected.
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Fig. 7. The third moment of product of three Nakagami-m RVs versus
Nakagami-m severity parameters m; for different values of signal power Q;.
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Fig. 8. The third moment of product of three Nakagami-m RVs depending on
signal power Q=0Q,=Q,=Q; for different values of Nakagami-m fading
severity parameters m;

In the theory of probability and statistics, the fourth
moment, the kurtosis, is a measure of the “tailness” of the PDF
of a RV. Like skewness, kurtosis describes the shape of a
probability distribution. Pearson defined in [24] kurtosis to
measure departure from normality, and gave the terms
“leptokurtic,” “mesokurtic,” and “platykurtic” to indicate
where kurtosis is bigger than 0, equal to 0, and less than 0.

As previous moments, the kurtosis is derived in the shape:

m4=r(m1)r(jn2)r(m3)[%j2 (%] [%]

T(m+2)-T(my+2)-T(mg+2).

(13)

Finally, the n-th moment, m, of the product of three
Nakagami-m RVs is:

m, :x_”:J.dxx” Py (X)=
0

zrm)r(rlnz)r(mg)[%]m (%] (%J

r(m+n/2)T(m,+n/2)C(my+n/2).

(14)

E. AoF of Product of Three Nakagami-m RVs

The amount of fading is a simple measure for the severity of
fading for given channel. To obtain this performance, the
moments of the fading distribution itself are directly used.
Thus, it is a simple but effective way to quantify fading.

AoF is independent of the mean fading power, but depends
only on the current signal, or SNR. It is specified by means of
the equation [25, Eq. (9)]:

E| x?
{ED)
In Fig. 9, Amount of fading of product of three Nakagami-

m RVs is presented versus Nakagami-m fading severity
parameters m for more Q.

(15)
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Fig. 9. The Amount of fading of product of three Nakagami-m RVs

depending on the Nakagami-m fading severity parameters m; for different
signal powers ;.

Hence, AoF can be obtained directly from the moments as:

_m
AoF = 2 _

my

(16)

It is visible from this graph that AoF decreases with
increasing of m. Also, it can be seen that AoF does not depend
of Q. This theoretical assumption of Aof's independence on
the signal power is confirmed by Fig. 10.
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Fig. 10. The amount of fading of product of three Nakagami-m RVs versus
signal power Q for some values of Nakagami-m fading severity parameters m;

I1l. THE SECOND ORDER PERFORMANCE OF THE PRODUCT OF
THREE NAKAGAMI-M RANDOM VARIABLES

The level crossing rate and the average fade duration are
second order characteristics, very important for better
understanding of the behavior of the wireless channels.

A. LCR of Product of Three Nakagami-m RVs

The LCR of X at threshold x is defined as the rate at which
the random process crosses a given level x in the negative (or
positive) direction [26, Eq. (2.106)]. To derive the LCR, a
knowledge of the joint probability density function (JPDF)

between x and X, Py (XX), and application of the Rice’s
formula [27, Eq. (2.106)] is required:
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Ny (X) = [ dxxpg (XX). 17)
0
The LCR of product x of three Nakagami-m RVs is obtained

in [19, Eq. (18)] after necessary replacements in upper
formula:

)

° T oo n (5 1
N, :jdxz.[dx{jdxxpi(x/xxzxs)” P [XJ b, (%.)D, (xs)}
0 0 2

0 3 XZ X3

T 1 1 X
=) A% —=0, —— P, | —— |P,, (%) P, (%)=
fofor o, Lo [ o, () (4)

&aTRT

2

2 1/2
X° Q X* Q

1142 2_2ﬂ+ﬁ_3ﬂ T
X Xs Q m,  Xoxg € my

and solved by using Laplace approximation theorem [28].

In Fig. 11 is shown Fig. 2 from [19], the dependence of the
LCR normalized by fy on signal envelope for different values
of Nakagami-m fading severity parameters m, and signal
power Q,. One can conclude that LCR increases for low
values of the signal envelope, reaches out the maximum and
start to decline for higher values of x. LCR is more affected by
small values of the signal envelope.

Better system performance are achaived with smaller values
of the LCR.

B. AFD of Product of Three Nakagami-m RVs

The AFD of X at threshold x is defined as the average time
that the product of three Nakagami-m RVs stays below level x
after crossing that level in the downward direction.

0.3 T T T T

0 1 2 3 4 5 6 7 8 9 10

Fig. 11. LCR normalized by fn versus signal envelope x for various values of
Nakagami-m fading severity parameter m;, and signal power Q,
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Fig. 12. AFD normalized by fr, versus signal envelope x for different values of
Nakagami-m fading severity parameters m;and signal powers Q.

According to that, AFD is:
R (%)
T (x)= 2L
X (X) NX (X)

Here Fx(x) is the CDF of x from (4), and Ny (x) is given in (18).

The normalized AFD (T«fm) of product of three Nakagami-m
RVs was calculated in [20] and plotted in Fig. 12 versus
resulting signal envelope x. It is visible from this figure that
AFD growing for all signal envelopes values and lower Q; and
fading severity parameters m;. This figure confirms theoretical
fact.

(19)

IV. CONCLUSION

In this paper, exact, relatively simple, closed-form
expressions for the moments of the product of three
Nakagami-m RVs are determined. Based on these results, the
amount of fading for the proposed cascaded fading channel is
obtained. Earlier, the Pout, LCR and AFD for the same
scenario are derived in closed forms and presented here to
illustrate all performance of cascaded three-hop Nakagami-m
fading channel. As mentioned earlier, because the Nakagami-
m distribution is general, this result can be used for the
cascaded three-hop Rayleigh fading channel if we put
Nakagami-m fading severity parameters m; to be equal to 1.
Also, this model is useful for three-hop channel in the
presence of Gaussian fading if m; =1/2. Even if Nakagami-m
distribution has advantages versus some other models, yet
approximation using Nakagami-m may not be optimal for all
cases, especially at tails of the distribution. For these cases,
more generalized and accurate models should be used. Such
distribution models are: o-p, K-pu, M-p, o-n-p, ete.
Accordingly, our further work can be oriented to multi-hop
wireless relay channels with newer general distributions
describing fading influence.
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