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Abstract: In the electromagnetic harmonic movable tooth drive system, the flexible wheel generates elastic deformation under the action of electromagnetic force, meshing 
output torque of the movable tooth and the center wheel. In view that the vibration of the flexible wheel under the action of electromagnetic force has an impact on the 
meshing of the movable tooth, which affects the output torque, this paper uses the theory of thin-shell vibration to simplify the flexible wheel into a thin shell with one end 
fixed at one end, and establishes an equilibrium equation of the flexible wheel displacement. And the vibration differential equation of the flexible wheel is derived. The 
influence of different parameters on its dynamic characteristics is analyzed. The theoretical values of several natural frequencies are compared with the ANSYS simulation 
values to verify the correctness of the method. 
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1 AIMS AND BACKGROUND 
 

In the development and application of modern science 
and technology, on many occasions, low-speed output 
power or motion [1-3] is required, which is usually 
achieved by using a servo motor with a mechanical gear 
reducer [4]. The electromagnetic harmonic movable tooth 
drive proposed in this paper is a new type of transmission 
device that skillfully combines the mechanical movable 
tooth drive with the electromagnetic harmonics generated 
by the rotating electromagnetic field. The device can 
realize the low speed output of the large transmission ratio, 
and there are no high-speed rotating mechanical 
components in the device. Therefore, a faster response can 
be achieved with the characteristics of high precision, 
small volume, and light weight, etc., that has broad 
application prospects in the fields of electronic assembly, 
medical equipment, aviation and military [5]. 

In order to optimize the design parameters and 
effectively evaluate and control the dynamic performance 
of the system, it is necessary to study the electromechanical 
coupling dynamics theory of the transmission system. 
 
2 DIFFERENTIAL EQUATION OF FLEXIBLE VIBRATION 
 

The distribution of the internal force in the middle 
plane of the flexible wheel is shown in Fig.1. 
 

 
Figure 1 Distribution of the internal force in the middle plane of the flexible 

wheel 
 

In the x-section, the tension-compression internal force 
per unit length is N1, the heavy force is S12, the bending 
moment is M1, the torque is M12, and the transverse shear 
force is Q1; in the θ section, the tension-compression 
internal force per unit length is N2, the heavy force is S21, 

the bending moment is M2, the torque is M21, the transverse 
shear force is Q2. In which, Fig. 1a is the mid-plane internal 
forces of four forces, and Fig. 1b is the curved internal 
forces of six forces. 

At this time, the normal force of flexible wheels can be 
expressed as: 
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wherein, F1 is the amplitude of three-phase alternating 
current electromagnetic potential (F1 = 1.35 × NkwI). N is 
the number of turns per phase, kw is the winding 
coefficient, I is the current value; μ0 is the magnetic 
permeability (μ0 = 4π × 10−7 H/m); δ is the air gap length; 
ω is the current frequency; t is the time; φ is the current 
phase angle. 

For a flexible wheel that is only subjected to radial 
loads, according to the Donne II thin shell theory [6, 7], the 
dynamic equation of the middle plane of the flexible wheel 
can be expressed as: 
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wherein, u is the axial displacement, v is the 
circumferential displacement, w is the vertical mid-plane 
displacement, h is the thin wall thickness of flexible wheel, 
μ is material Poisson's ratio, r is the radius of middle plane; 
Fx, Fθ, Fz are the external forces acting on the flexible 
wheel in three directions. ρ is the material density of 
flexible wheel, k is the parameter; 
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By using Donnell's hypothesis and ignoring external 
forces [8], Eq. (2) can be simplified as follows: 
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3 SOLUTIONS TO FREE VIBRATION 

Since the axial distribution of the cylindrical shell 
shape is close to the corresponding boundary condition 
beam mode function, the combination of the axial beam 
function and the circumferential trigonometric function 
can be used to approximate the mode shape function of the 
cylindrical shell. According to Rayleigh-Ritz beam 
function combination method [9, 10], the displacement of 
the flexible wheel in three directions can be assumed to be 
as follows: 
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Wherein, the beam function is: 
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Am, Bm, Cm are the coefficients. These can be obtained 
according to the boundary conditions; m is the axial wave 
number, and the physical meaning indicates the wave 
number of the vibration mode in one circumferential length 
of the axial direction. 
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The characteristic equation can be obtained by 
substituting Eq. (5) into Eq. (4). 
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4 EXAMPLES AND DISCUSSION 

Based on the system parameters shown in Tab. 1, 
according to Eq. (6), the variation of natural frequency with 
flexible wheel parameters can be obtained by MATLAB, 
as shown in Fig. 2 to Fig. 5. 

Table 1 System parameters 
Item Value Item Value 

Outer diameter of 
stator(mm) 130 Inner diameter of 

stator(mm) 80 

Core length(mm) 90 Coil turns (turns) 81 

Polar logarithm (pair) 3 Flexible wheel radius 
(mm) 39.5 

Effective length of 
flexible wheel 120 Thickness of flexible 

wheel (mm) 0.2 

Air gap length 0.5 Working current I(A) 3 

Figure 2 Frequency function curve under different circumferential wave 
numbers 
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Figure 3 Frequency function at different axial half-wave numbers 

(1) Fig. 2 is a frequency function curve under different 
circumferential wave numbers, from which it can be seen 
that the more circumferential wave numbers, the greater 
the value of frequency function, correspondingly, the 
higher the natural frequency. 
(2) Fig. 3 also shows that the natural frequency increases 
with the increase of the axial half-wave number. 
(3) The larger the ratio of wall thickness to radius of 
flexible wheel in Fig. 4, the higher the natural frequency of 
flexible wheel. 
(4) The larger the ratio of radius to flexible wheel length 
in Fig. 5, the lower the natural frequency. 

Figure 4 Influence curve of wall thickness on frequency function 

Figure 5 Influence curve of radius on frequency function 

In addition, the natural frequencies of flexible wheel 
can be obtained from the above results. Since not all the 
values can be listed, two groups of flexible wheels are 
randomly selected for analysis in this paper. Tab. 2 shows 
the first five natural frequencies of flexible wheels when m 
= 1, n = 1, and Tab. 3 shows the first five natural 
frequencies of flexible wheels when m = 4 and n = 2. 

Table 2 The theoretical values of the first five natural frequencies of flexible 
wheels when m = 1 and n = 1 

Modal order Natural frequency / Hz 
1 864.9 
2 886.3 
3 1046.8 
4 1077.2 
5 1553.6 

Table 3 The theoretical values of the first five natural frequencies of flexible 
wheels whenm = 4 and n = 2 

Modal order Natural frequency / Hz 
1 946.6 
2 980.9 
3 1145.8 
4 1235.4 
5 1732.5 

As Tab. 2 and Tab. 3 indicate, the natural frequencies 
vary with the different axial and circumferential wave 
numbers. 

Dynamic simulation of flexible wheel model is carried 
out by using finite element software of ANSYS. Eight-
node shell element SHELL 93 is selected and divided into 
15 elements along the bus direction of the thin shell and 
divide the circumference with this element size. Based on 
this element size, a total of 1440 elements and 4512 nodes 
can be obtained. Because of the symmetry of the structure, 
1/4 of the flexible wheels are selected to study. The 
obtained finite element model is shown in Fig. 6.  

Define the error X of theoretical value and simulation 
value as follows [11]: 

   100
  

theoretical value ANSYS simulation valueX %
ANSYS simulation value

−
= ×

When m = 1, n = 1 the theoretic value and simulation 
value of the first five natural frequencies are shown in Tab. 
4. 

Figure 6 Finite element model: a) network model, b) boundary conditions and 
forces 

Table 4 The theoretic value and simulation value of the first five natural 
frequencies 

Modal 
order  

Theoretical value of 
natural frequency / Hz 

Simulation value of  
natural frequency / Hz X / %

1 946.6 893 0.06 
2 980.9 899.9 0.09 
3 1145.8 946.7 0.21 
4 1235.4 980.4 0.26 
5 1732.5 1178.5 0.47 
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It can be seen from the data in Tab. 4 that the 
theoretical value is slightly larger than the ANSYS 
simulation value, and the maximum error is only 0.47%. 
Therefore, the numerical algorithm provided in this paper 
has certain accuracy. 
 
5 CONCLUSION 
 

The working principle of the electromagnetic 
harmonic movable teeth drives system is expounded. 
According to Donne II shell theory, the vibration 
differential equation of the system under the action of 
magnetic field is established. The frequency equation and 
the frequency solution of the flexible wheel with one end 
fixed and one end free are obtained. The natural frequency 
and the variation law of natural frequency with the flexible 
wheel parameters calculated by MATLAB, are also 
obtained. The obtained frequency values are in good 
agreement with the ANSYS simulation values. 

By using the modal function in this paper, the free 
mode shape of flexible wheels can be obtained further, 
which lays a foundation for studying more dynamic 
characteristics of the system. 
 
Acknowledgments 
 

This paper is supported by National Natural Science 
Foundation of China. (No. 51875497). 
 
6 REFERENCES 
 
[1] Li, N., Wang, S. M., & Du, J. J. (2013). Natural 

characteristics and dynamic load coefficient of power for 
embranchments gear transmission. Journal of Aerospace 
Power, 28(2), 445. 

[2] Schier, M. & Rinderknecht, F. (2013). Innovation examples 
for ecological vehicles based on aerospace research. 
Ecological Vehicles and Renewable Energies (EVER), 2013 
8th International Conference and Exhibition on. IEEE, 1-7. 

 https://doi.org/10.1109/EVER.2013.6521607 
[3] Delucchi, M. A. & Jacobson, M. Z. (2011). Providing all 

global energy with wind, water, and solar power, Part II: 
Reliability, system and transmission costs, and policies. 
Energy Policy, 39(3), 1170.  
https://doi.org/10.1016/j.enpol.2010.11.045 

[4] Liu, F. H., Theodossiades, S., Bergman, L. A., Vakakis, A. 
F., & McFarland, D. M. (2015). Analytical characterization 
of damping in gear teeth dynamics under hydrodynamic 
conditions. Mechanism and Machine Theory, 94(5), 141-
147. https://doi.org/10.1016/j.mechmachtheory.2015.08.007 

[5] Ren, Y. B., Xu, L. Zh., & Liang, Y. L.  (2013). Analysis of 
flexible spline deformation in electromagnetic harmonic 
drive motor coupling systems. Journal of Yanshan 
University, 37(3), 211. 

[6] Ren, Y. B., Xu, L. Z., & Wu, Y. S. (2012). Study on Principle 
of Electromechanical Integrated Electromagnetic Harmonic 
Oscillating Teeth Transmission. International Journal of 
Advancements in Computing Technology, 4(16), 183. 

 https://doi.org/10.4156/ijact.vol4.issue16.21 
[7] Cao, Zh. Y.  (1983). Theory of Plate and Shell Vibration. 

China Railway Publishing House, Beijing. 
[8] Zh. L. X. U. (2006). Elasticity Mechanics, 2. 4th Edition. 

Higher Education Press, Beijing. 
[9] Q. Y, J. P. Fang. (1994). Analysis of Laminated Plates in 

Free Vibration by Beam Function. Journal of Wuhan 
Institute of Chemical Technology. 16(2), 7. 

[10] Xu, L. Zh., & Hao, X. H. (2012). Three DOF internal 
resonance for electromechanical integrated toroidal drive. 
Mechanism and Machine Theory, 58(3), 46. 

 https://doi.org/10.1016/j.mechmachtheory.2012.07.007 
[11] Park, S., Kim, S., & Choi, J. H. (2018). Gear fault diagnosis 

using transmission error and ensemble empirical mode 
decomposition. Mechanical Systems and Signal Processing 
108(4), 262. https://doi.org/10.1016/j.ymssp.2018.02.028 

 
 
Contact information: 
 
Yubo REN, Assoc. Prof., PhD 
(Corresponding author) 
School of Mechanical Engineering,  
Yanshan University, 
No 438 Hebei Street, Haigang District,  
Qinhuangdao City, Hebei Province, China 066004 
 
Weidong BIAN, Master's degree 
School of Mechanical Engineering,  
Yanshan University, 
No 438 Hebei Street, Haigang District,  
Qinhuangdao City, Hebei Province, China 066004 
 
Ruile YAN, Master's degree 
School of Mechanical Engineering,  
Yanshan University, 
No 438 Hebei Street, Haigang District,  
Qinhuangdao City, Hebei Province, China 066004 
 
 



<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [612.000 792.000]

>> setpagedevice



