
Tri poboljšanja jedne nejednakosti u vezi s trokutom

Šefket Arslanagić1 , Dragoljub Milošević2

Neka su a , b , c duljine stranica �ABC ; α , β , γ njegovi unutrašnji kutovi; ha ,
hb , hc duljine visina; sα , sβ , sγ duljine simetrala unutrašnjih kutova; R i r polumjeri
opisanog i upisanog kruga tog trokuta, te s i P njegov poluopseg i površina.

U [3], str. 70–76 je dokazana sljedeća nejednakost
sα

ha
+

sβ

hb
+

sγ

hc
� R + r

r
. (1)

U istom članku je dokazano i jedno njezino poboljšanje koje glasi
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+

sγ
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� 3

√
R
2r

. (2)

Stvarno,

3

√
R
2r

� R + r
r

⇐⇒ 9R
2r

� R2 + 2Rr + r2

r2

⇐⇒ 9Rr � 2R2 + 4Rr + 2r2

⇐⇒ 2R2 − 5Rr + 2r2 � 0

⇐⇒ (R − 2r)(2R − r) � 0,

a ova nejednakost vrijedi zbog Eulerove nejednakosti, R � 2r , pa je stoga i nejednakost
(2) istinita. Jednakost u (1) i (2) vrijedi ako i samo ako je trokut istostraničan.

Sada ćemo dati dva poboljšanja nejednakosti (2). Ona glase
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+

sγ

hc
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, (3)

i
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)
. (4)

Dokaz. Dokažimo najprije (3). Iskoristit ćemo poznate nejednakosti (vidi [2]):

sα �
√

s(s − a), sβ �
√

s(s − b), sγ �
√

s(s − c),
kao i obrasce

ha =
2P
a

, hb =
2P
b

, hc =
2P
c

i P = rs.

Sada imamo
sα
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� a
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√

s
,
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,
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,
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a odavde nakon zbrajanja
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. (5)

Na osnovu nejednakosti Cauchy-Bunjakovski-Schvarza za n = 3,

(a1b1 + a2b2 + a3b3)
2 �

(
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2 + a2

3

) (
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3

)
,

stavljajući a1 =
√

a , a2 =
√

b , a3 =
√

c , b1 =
√

a(s − a) , b2 =
√

b(s − b) ,
b3 =

√
c(s − c) , dobivamo:[√
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√

b(s − b) +
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� (a + b + c) [a(s − a) + b(s − b) + c(s − c)] ,

odnosno (
a
√

s − a + b
√

s − b + c
√

s − c
)2

� 2s
[
2s2 − (a2 + b2 + c2

)]
a odavde koristeći poznatu jednakost a2 + b2 + c2 = 2(s2 − 4Rr − r2) :(

a
√
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√
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[
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(
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tj.

a
√

s − a + b
√
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√
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√

rs(4R + r). (6)

Sada iz (5) i (6) imamo
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+
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+
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s
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odnosno
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+

sγ

hc
�
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,

a to je upravo ono što je trebalo dokazati.

Jednakost u (3) vrijedi ako i samo ako trokut istostranični. Nejednakost (3) je bolja
od nejednakosti (2) (pa i od (1)) jer je:√

1 +
4R
r

� 3

√
R
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⇐⇒ 1 +
4R
r

� 9R
2r

⇐⇒ R � 2r,

a ovo je poznata Eulerova nejednakost.
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Dokažimo sada i nejednakost (4). Ako u poznatu nejednakost

(x+y+z)2 � 3(x2+y2+z2)
(

⇐⇒ 1
2

[
(x−y)2 + (y−z)2 + (z−x)2

]
� 0

)
; x, y, z ∈ R

stavimo x =
sα
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, dobivamo,(
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)
.

Odavde zbog
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=
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=
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c

i poznatih jednakosti a2 + b2 + c2 = 2
(
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)
i a3 + b3 + c3 =

2s
(
s2 − 6Rr − 3r2

)
, imamo:(
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tj.
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,

što je i trebalo dokazati. Jednakost u (4) vrijedi ako i samo ako je trokut istostraničan.
Nejednakost (4) je bolja od nejednakosti (3) (pa i od (2) i (1)) jer je:√

3

(
1 +

R
r

)
�
√

1 +
4R
r

⇐⇒ 3

(
1 +

R
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)
� 1 +

4R
r

⇐⇒ R � 2r,

što je opet Eulerova nejednakost.

Ostaje otvoreno pitanje da li je nejednakost (4) najbolje poboljšanje nejednakosti (1)?

Napomena. U [4] je na stranici 219 dana nejednakost
sα

ha
+

sβ

hb
+

sγ

hc
� 3R

2r
koja je

mnogo slabija od nejednakosti (1) jer je:

R + r
r

� 3R
2r

⇐⇒ R � 2r (Eulerova nejednakost).
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Lako se dokaže da je gornja nejednakost slabija i od nejednakosti (2), (3) i (4) jer
smo dokazali da vrijedi niz nejednakosti:

3R
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� R + r
r

� 3

√
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�
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�
√
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(
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.

Dokažimo još jednakosti koje smo koristili u prethodnim dokazima:

ab + bc + ac = r2 + s2 + 4Rr, (7)

a2 + b2 + c2 = 2
(
s2 − 4Rr − r2

)
, (8)

a3 + b3 + c3 = 2s
(
s2 − 6Rr − 3r2

)
. (9)

Dokaz od (7). Imamo

r2 + s2 + 4Rr =
P2

s2
+ s2 +

abc
P

· P
s

=
(s − a) (s − b) (s − c)

s
+ s2 +

abc
s

=
(s − a)(s − b) (s − c) + s3 + abc

s

=
s3 − as2 − bs2 + abs− s2c + asc + bcs − abc + s3 + abc

s
= 2s2 − s (a + b + c) + ab + ac + bc = 2s2 − 2s2 + ab + ac + bc

= ab + bc + ac,
tj. vrijedi (7).

Dokaz od (8). Iz jednakosti

(a + b + c)2 = a2 + b2 + c2 + 2 (ab + bc + ac) ,

koristeći jednakost (7), imamo

4s2 = a2 + b2 + c2 + 2(r2 + s2 + 4Rr) ⇐⇒ a2 + b2 + c2 = 2(s2 − 4Rr − r2),
tj. vrijedi (8).

Dokaz od (9). Koristit ćemo poznati identitet:

a3 + b3 + c3 − 3abc = (a + b + c)
(
a2 + b2 + c2 − ab − bc − ac

)
.

Iz (7) i (8) dobivamo:

a3 + b3 + c3 − 12RP = 2s
(
2s2 − 8Rr − 2r2 − r2 − s2 − 4Rr

)
⇐⇒ a3 + b3 + c3 = 2s

(
s2 − 12Rr − 3r2

)
+ 12Rrs

⇐⇒ a3 + b3 + c3 = 2s
(
s2 − 3r2 − 6Rr

)
,

tj. vrijedi i jednakost (9).
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