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ON TRIANGLES WITH COORDINATES OF VERTICES
FROM THE TERMS OF THE SEQUENCES {U;,} AND {V,}

NESE OMUR, GOKHAN SOYDAN, YUCEL TURKER ULUTAS AND YUSUF
DOGRU

ABSTRACT. In this paper, we determine some results of the triangles
with coordinates of vertices involving the terms of the sequences {Uy,, } and
{Vkn} where Uy, are terms of a second order recurrent sequence and Vi,
are terms in the companion sequence for odd positive integer k, generalizing
works of Cerin. For example, the cotangent of the Brocard angle of the
triangle Ay, is

cot(Qa,.) = Uk2n+3)Ver — Vk(2n+3)Uk.
(=1)"Uzs

1. INTRODUCTION

The second order sequence {W,, (a,b;p, q)}, or briefly {W,,} is defined for

n > 0 by
Wn+1 == an + an—l

in which Wy = a, W; = b, where a, b are arbitrary integers and p, ¢ are nonzero
integers. We denote W, (0,1;p,1), W, (2,p;p,1) by U, and V,,, respectively.
When p = 1, U, = F, (the nth Fibonacci number) and V,, = L,, (the nth
Lucas number).

If o and B are the roots of equation 2 — pxr — 1 = 0, then the Binet
formulas of the sequences {U,} and {V,,} have the forms
Un:M and V,, =a" + 5",

a—p

respectively.

In [9], the authors derived the following recurrence relations for the se-
quences {Ugy,} and {Vi,} for k> 0and n > 1

Uin = VilUm-1) + (=1)" ' Ug(n—o)
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and

Vin = ViVim-1) + (=1 Vi(n_2),
where the initial conditions of the sequences {Ug,} and {Vj,} are 0, U, and
2, Vi, respectively.

If o and B* are the roots of equation 22 — Vyz + (—1)¥ = 0, then the
Binet formulas of the sequences {Ugy,} and {Vj,} are given by

kn
Ukn, = u and Vi, = o™ + gk",
a—p
respectively.

In [2], author defined triangles Ay and 'y, with vertices Ay = (Fk, Fit1),
By = (Fet1, Fey2), Cr = (Fry2, Fry3) and Py = (Ly, Liy1)), Qr = (Li,
Li42), Ry = (Lit2, Liys), respectively. He gave some interesting results of
the triangles Ay and I'y, and introduced geometric properties of these triangles.
In [3], authors defined triangles Ay and T'y, with vertices Ay = (Pg, Pry1),
By = (Pit1, Peg2), Cr = (Pry2, Prys) and Xp = (Qr, Qr+1)s Y = (Qry1,
Qr+2), Zr = (Qrt2, Qir+3), respectively, where P, and @y are Pell and Pell-
Lucas numbers, respectively. The numbers @), make the integer sequence
A002203 from [11] while the numbers 3 P, make A000129. They explored some
common properties of the triangles Ay and I'y. There is a great similarity
between these two papers in statements of some results in methods of their
proofs. But in [3], they gave some new observations like the possibility to
consider triangles with mixed coordinates of vertices and the involvement of
the homology relation.

ABC and A'B’C’ are orthologic triangles if the perpendiculars at vertices
of ABC onto corresponding sides of A’B’C” are concurrent. [ABC, A’B’C’]
is called the orthology center. It is well known that the relation of orthol-
ogy for triangles is reflexive and symmetric. Hence, perpendiculars at ver-
tices of A’B’C’ onto corresponding sides of ABC' are concurrent at the point
[A'B'C', ABC] (see [5] and [6]).

By replacing in the above definition perpendiculars with parallels, we
get the paralogic triangles and the point of concurrence is shown by <ABC,
A'B'C"> (see [5]).

In this paper, for odd positive integer k£ and positive integer n, we define
the triangles Ay, and I'y, with vertices

Arn = (Ukn, Up(nt1))s Brn = (Uknt1), Ukm+2))s Crn = (Ukn+2)s Uk(nt3))

and

en = Ven, Vena1))s Bin = Vitt1)s Vemt2))s Crn = Vitn+2)> Vi(nt3)),

respectively. We determine some results of the triangles with coordinates of
vertices from the sequences {Ug,, } and {V4, }, generalizing works of Cerin [2].
Some computations are done with MAPLE 13 [1].
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2. MAIN RESULTS

In this section, we will obtain some results of the triangles with coordi-
nates of vertices involving second order recurrences {Uy,, } and {Vj, }. Firstly,
we can give the following generalized Fibonacci identities in [10] used through-
out the proofs of Theorems:

LEMMA 2.1. For every positive integers n and m, the following equalities
are satisfied:

. Viern Vien, if n is even,
Z) Vk(m+n) + Vk(mfn) { ( R f

sz + 4) Uk Ugn,  if n is odd,

(V;f + 4) UkmUgn, if n is even,
Viem Viens if n is odd,

UikmVin, if n is even,
VimUgn,  if n is odd.

”) Vk(m+7),) - Vk(m—n)
i11) Ug(m+n) + Uk(m—n)

THEOREM 2.2. For positive integers n and m, the pairs of triangles (Agm,
Akn), (Agm, Trn) and (T, Lkn) are orthologic.

PRrROOF. It is well-known [4] that the triangles ABC and A’'B’C’ with
coordinates of points (a1,az), (bi1,b2), (c1,¢2) and (ay,a3), (b1, 05), (1, ch)
are orthologic if and only if

ar b1 az by ¢
(2.1) ay by & |+ ay by | =0.
1 1 1 1 1 1

kn kn
Since Uy, = & a:g and Vi, = " 4+ ¥ when substitute the coordinates
of the vertices of A, and Ag, in Equation (2.1), we have

(0 + %) (@B + (8" = a) (0" (@) — gt

(a—p)?
Since of # B¥, (=1)k¥ = —1, the desired result is obtained. We obtain
similar results for (Agm, Tkn) and (Trpm, Din)- ]

THEOREM 2.3. For positive integer n, the following case for the orthocen-
ters H(Agn) and H(Tyy,), and the orthology centers [Agp, Tkn] and [Trn, Akn)
of the triangles Ay, and Ty, is valid:

H(Fkn)[rkn;Aan VVIE +4
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PRrOOF. Using Binet formulas for sequences {Uy,} and {Vi,}, H(Akn)
has the coordinates

(™) 421391~ (1890 2 (3
+2(=1)"(*)(B")° = (o) (Bk) 2(*™)(8") = (*™)°]
JIBE (1 + (892) (1) (@ — B)(a*™)?]
and
[(=D)™(85) = 2(=1)"(8")° + (=1)"(8*)® = 2(a*™)(8*)"
= 2(=1)"(a")*(8")? - (F )(5’“) 2(*™)(8") = (*)°]
/(BN (1 + (BN (=1)"(a = B)(@*™)?].
Similarly, the orthocenter H(T'y,) has coordinates
(=)™ FH(BF) +2(=1)"(B5) = (=1)"(BM)" + 2(a™™)?(8%)7
+2(=1)" (@)1 (8%)° + (F™)(8*)% + 2(a™™)°(B%) + (*™)°]
(B (1 + (B%)*)(=1)" (a™)?]
and
(1) (B)10 — 2(=1)7(8%)° + (~1)"(8)° + 2(akm)2(85)7
= 2(=1)" (") (B%)% + (F™)°(8*)? + 2(a™)° (B%) + (*™)°]
/(BN (1 + (BM)*)(=1)" (a™™)?].
The orthology center [Ag,, I'k,] has the coordinates
[(=1)"(8%)"? = 2(- 1)"(5k)11+(—1)"(5k)10—2(0¢k")2(5k)7
+2(=1)" (") (8")° + (') (Bk) 2(*™)5(8%) + (#)°]
/(B (1 + (BM)) (1) (a = B)(a™)?]
and
(L0 421397 — (P (5) 28
2@+ (@ 20 + (o))
JIBEYA (1 + (B92) (—1)" (@ — B)(a*™)?).
Finally, the orthology center [k, Agn] has coordinates
(1) (B)12 = 2(—1)7 (851 + (—1)™(B4)1° + 2(akm)2 (54T
T 2(— 1) (R84S — (aFm)S(85)2 — 2(akm)8(8Y) — (ak)e)
JIBE (1 + (84)2) (1) (b))
and
(D)™ (B +2(=1)"(8")° = (=1)"(8%)° + 2(a™)*(8")"
= 2(=1)"(a")*(8%)* = (¥™)°(8*)? = 2(a™)°(BY) — (*™)"]
/(B (1 + (B85 (=1)" (™).
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The square of the distance between the points H(Ag,) and [Agn, Tkn] is

[H(Akn) [Arns Tra] P = 4[(8%)% = 4(8%)* + 6(8%)*° — 4(8%)"
+ (5k)18 + (akn)12(5k)4 _’_4(akn)12(5k)3
(22) + G(an)u(ﬂk)Q + 4(0&kn)12(5k) + (akn)12}
/(@™ + (85))(85)1,

and the square of the distance between the points H(I'yy,) and [Tp, Agy] is

[H(Crn)[Thns Ak )12 = 4[(8%)% — 4(8%)* + 6(8%)%° — 4(6%)"
+ (ﬁk)18 4 (akn)12(6k)4 +4(akn)12(ﬁk)3
+ 6(akn)l2(ﬂk)2 + 4(akn)12(ﬁk) + (akn)12]
(2.3) /[(@*™)°(1+ (BM)%)(8*) " (a - B)?).

Since (2.2) is exactly 1/(a — 8)? multiple of (2.3), the proof is obtained.
O

THEOREM 2.4. For positive integer n, the oriented areas |Agy| and [Tk, |of
the triangles Ay, and Tk, are given as follows :

(—1)"URV;, (=)™ (Vi +4) Vi
2 2 '

PROOF. Since the oriented area of the triangle with vertices whose coor-
dinates are (a1, as), (b1,bs) and (c1,c) is equal to

|Akn| = and |Fkn| =

(c1 —b1)az + (a1 — c1)be + (b1 — a1)co

2 )
we get
|A | _ _aknﬁkn(ak _ 1)(/8]{,‘ _ 1)(O¢k _ 5]6)2
kn 2(0[ — 6)2 .
Using (ozﬁ)]m = (=1)", we get desired equality. Similarly, we obtain the
oriented area formula for I'y,,. 0

THEOREM 2.5. For every positive integer n, the triangles Ay, and Ty,
VVE+4
U

k

are reversely similar and the sides of Ty, are times longer than

the corresponding sides of Apy.

PROOF. Recall that two triangles are reversely similar if and only if they
are orthologic and paralogic (see [5]). By Theorem 2.2, we know that the
triangles Ay, and I'y,, are orthologic, it remains to see that they are paralogic.
It is well known that the triangles ABC and A’B’C’ with coordinates of
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points (a1, as), (b1,bs), (c1,c2) and (af, ay), (b1,05) and (¢}, ), respectively
are paralogic if and only if the expression X — Y is equal to zero, where

ar b1 az by ¢
X=|ady by & |, Y=|d b ¢
1 1 1 1 1 1

Using coordinates of vertices of triangles Ag, and I'y,, we get that X —
Y = 0. Therefore these triangles are paralogic. In similar way, one can clearly
show that |A}, B;.,|> = (o — 8)?|AgnBin|*. Thus, the proof is completed. 0O

THEOREM 2.6. For every positive integer n, the centers [Agpn,Trn] and
< Apgpn, Trpn > are antipodal points on the circumcircle of Ag,. The centers
[Ckn, Agn] and <Tgp, Agn > are antipodal points on the circumcircle of Tgy.

PROOF. We shall prove that the orthology center [Ag,, k] lies on the
circumcircle of Ay,,. We show that it has the same distance from its circumcen-
ter O(Agy) as the vertex Ay, and that the reflection of the point <Ay, Ty >
in the circumcenter O(Ayg,,) agrees with the point [Agy, Tkl

The circumcenter O(Ay,) has coordinates

[(=1)"(85)™ = 2(=1)" (8" + (=1)"(8")"* = (a*")*(")°
k 4

— (@)2(B%)% 4 (1) (B5)T (@) = (aF)2(8%)°
— (=1)" (@)1 (BM)° = ()2 (B%)° — (1) (") (B )4
+ (=)™ (@™ )H(BR)? + (@M)°(B)% + 2(aF)0(B) + (oF)]
/[2(=1)"(8%)°(a")*((8%)% + 1)(a = B)]
and
[(=1)" (B = (a"™)*(8%)° + 2(=1)"(8")? — (=1)"(8")®
= (aFM)2(BF)F — (B)°(aF)? — (=1)"(aF") 1 (B*)°
= (@")2(B%)° + (1) (") (BM) + (~1)"(a™") (M)
+(@")0(8M)? 4 2(a*™)°(B°) — (=1)" (™) (%) + (a*™)°)
/[2(=1)"(85) (@")?((B*)* + 1)(a = B)]

We give the coordinates of the center [Ag,, ['k,] in the proof of Theorem 2.3.
The coordinates of the center <Ay, 'k, > are

—[=(@")? + (@™)2(8%) + 2(a™)*(B")* + (-1)"(8")* — 2(=1)"(8")*
+ (@28 + (=) (B%)? + (=)™ (8")” — (") (8%)" + (=1)"(8")°)
/[(B%)*(@*™)((B)* + 1) (a — B)]
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and
—[(=1)"(B")® + (=1)"(B")" = 2(=1)"(8")° + (=1)"(8")” + (=1)"(8")*
= 2(af)2(B)% + (@*M)2(B4)" = (a")2(B7)? — (aF)*(B%) + (a™)?]
J[(BF)(@*™)(B)* + D) (a = B)].
Now, we have
HAkkan]O(Akn”z - |O(Akn)Akn‘2 =0.

On the other hand, if R denotes the reflection of the point < Ag,,Trn > in
the circumcenter O(Ag,) (i.e. R divides the segment < Ay, iy > O(Agy)
in ratio —2), then |W[Agn, [kn]|? = 0. The second claim has a similar proof.

0

Define the first Brocard point as the interior point € of a triangle ABC'
for which the angles ZQAB, ZQBC, ZQC A are equal to an angle w. Similarly,
define the second Brocard point as the interior point €’ for which the angles
LQVAC, /QCB, /' BA are equal to an angle w’. Thus, w = ', and this
angle is called the Brocard angle [8].

THEOREM 2.7. The cotangent of the Brocard angle of the triangle Ay, is
equal to

Ukan+3)Ver = Vian+3)Us
cot (Qa,,) = ( )(—1)"U2;: )7k

PRrROOF. Since the cotangent of the Brocard angle of the triangle with
vertices A(ai,az), B(b1,b2) and C(cy, c2) is equal to
(a1 —01)% + (a1 — c1)?® + (b1 — €1)® + (a2 — b2)* + (a2 — €2)* + (b2 — c2)”

al b1 C1 ’
2 as bQ C2
1 1 1
we get
cot (QAkn) — [a2kn(1 o ak +a2k _ 2a3k + a4k o a5k +a6k) _’_B2kn(1 _ ﬁk

+ B = 2% 4 B — B 4 B /[(=1)" (" = BF)*(F + B7)).
Using Binet formulas of sequences {Uy,,} and {Vj,} and Lemma 2.1 (i) and
(1), we have



22 N. OMUR, G. SOYDAN, Y. T. ULUTAS AND Y. DOGRU

cot(Qa,,) = Varn — Vi@ns1) + Vi@nt2) — 2Vi@nt3) + Vienta)
— Viznes) + Vianae)/[(=1)" Vi (Vi + 4)]

VZ+4
(k[]k) (Uk(2n+1) — Uk(2n+2) + Uk(2n+5) - Uk(2n+4))

(=1)" Vi (V7 +4)

V2 +4
(kUk) (Uk2n+3)Vak — Vis2n+3)Uk)

(—1)" Vi (VZ+4)
Uk@an+3)Ver — Vi2nt3) Uk
(=1)" Uz '

Thus the proof is complete. 0

For odd positive integer k& and every positive integers n, let ®g, and
U}, be the triangles with vertices

Dkn = (_Ukny an)a Ek:n = (_Uk(n+2)7 Vk:(n+2))7 Fkn = (_Uk(n+4)7 Vk(n+4))

and

Di = Uknt2) Vitn+2))s Eron=Uk(n+1), Vinta))s Frn = Uknt6) Vi(nte))

respectively. Recall that triangles ABC and XY Z are homologic provided
lines AX, BY and CZ are concurrent. The point P in which they concur
is called their homology center and the line [ containing intersection points
BCNYZ, CANZX and ABN XY is called their homology azis.

THEOREM 2.8. For every positive integer n, the lines Dy, D}, , Ex Ey,

kn>
2
and Fy,Fy, are parallel to the line y = V(’};;4:E so that the triangles @, and

Wi, are homologic. Their homology center is the point at infinity and their

2
homology axis is the line y = Vl’}2+k4x. They are paralogic but not orthologic.

The oriented areas of the triangles @y, and Uy, are 2(—1)"(2 — Var)Uzg and
2(—1)"1(2 — Vay, )Uag, respectively.

PrOOF. The lines Dy, Dj,,, ExnE},, and Fy,F], have equations
Vix — Ury + 2Ug(ng1) = 0,

Viex — Upy + 2Uk(n+3) =0,
and
Viz — Uy + 2Uk:(n+5) = 0.

V244

It is clearly seen that they are parallel to the line y = tar
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Intersection points are

DinEyn N D}y Epy =

((—1)k”U2k (=D (VZ + 4)) 7

Vitnt2) Vi(n+2)
—1)FUs, (—1)F (V2 + 4
EkannmE]/anlén = <( ) ka( ) ( k+ )>
Vi(n+a) Vi(n+a)
and
’de d
Fk:nDkan/n /n:(_ s T )a
K 2VZ + 4 Usnys)” 2UkUk(nys)

where d = 2(—1)"+1%U5. We conclude that the homology axis of

2
the triangles ®g,, and Uy, is the line y = Vl’};fx. From simple calculations, it

is seen that the triangles ®y,, and Wy, are paralogic but not orthologic. Also
the oriented areas of the triangles ®g,, and Wy, are easily obtained from the
area formula. 0

For odd positive integer k and every positive integer n, let O, and Ay, be
the triangles with vertices
Rin = (Ukn, Uk(nt4))s Skn = Uknt2), Uk(nt6))s Thn = (Uk(n+4)> Uk(n+s))

and

Ry = (UVin 1) Uk Vint3))s Sin = (UkVinaa)s U Vi(nts) )
Tl:n = (Ukvk(n+5)7 Ukvk(n+7))7
respectively.

THEOREM 2.9. For every positive integer n, the lines Rgn R}, SknSy.,
and T;mT[m are parallel to the line y = —x so that the triangles O, and
Agn are homologic. Their homology center is the point at infinity and their
homology axis is the line y = —x. They are orthologic but not paralogic. The
oriented areas of the triangles Ok, and Ny, are (—1)"1(2 — Vo) Uy Uag and
(—=1)" (4 — V& )Usy, respectively.

PrOOF. The lines Ryn R}, SknSy, and Ty, T}, have equations
Tr—1y+ UQka(n+2) =0, z—y+ U%Vk(nH) =0and z —y+ ngvk(nJrg) =0.

It is clearly seen that they are parallel to line y = —z.
Since the intersection points are

(=1)" U2, Uy (—1)"VkU1§)>
Ukints)  Ukns)
(=1)" T Uy Uy, (—1)"VkU1§)
Ukints)  Uk(nts)

RanknﬂRﬁmS,’m = (

StnTin ﬂS,/ch,én = (
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and

—1 n+1 1"
Thn R N Ty R, = (( )V UsiVar ( V)Uzkv%),
k(n+4) k(n+4)

we conclude that the homology axis of the triangles Oy, and Ay, is the line
y = —z. From simple calculations, it is seen that the triangles O, and Ag,
are orthologic but not paralogic. Also the oriented areas of the triangles Oy,
and Ag, are easily obtained from the area formula. O

THEOREM 2.10. For every positive integer n, we have
(7) The distance between the centroids G(A,) and G(T'y,) of the triangles
A, and T, is equal to

2+3
%\/ Uz 3.

(i4) The square of the diameter of the circumcircle of the triangle A, is
equal to

Uany3((p® + 8)U3, 5 — 4+ p* — 4Us(2p43))
I .

PROOF. (i) Using Binet formulas of sequences {U,} and {V,,}, we have

G(A,) = (Un + Un-;: + Un.|_27 Upy1+ UT;:,-Q + Un+3>
B —a" — a4 gl gnt2 4 pnt2
- ( 3(6—a) ’
5n+1 — Tl — gnt3 + 6n+3 — a2 + Bn+2
3(8—a) ) '

and

Vi + Vi |7 Vi Vo Vit
G(T,) = ( + +31+ +27 41+ 3+2+ +3>

3 b
ﬁn+1 + an-i—l + an+3 + Bn+3 + an+2 + Bn+2)
3 .

B (ﬂn +an +an+1 +ﬁn+1 +an+2 _~_5n+2

From the distance formula between two points, we get

|G(A)G(T,)| = [0®(a® +3a® + 5a* + 50 + 2 + 3) + g2 (6°
+36% +58* +58% + o +3)]/[9(a — B)?]
V2n+8 + 3‘/2n+6 + 5‘/2n+4 + 5‘/2n+2 + ‘/Qn—Q + 3V2n
9(a —B)? ’
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From the Binet formulas of sequences {U, } and {V,,}, and using Lemma 2.1,
we get

[G(A)G(T)| = [BUsnisUt (@ = B)* + Usp1Us (= B)°
+ Uzns7Us (@ — B)? + 2Vay + 2Van16]/[9 (o — B)]
= [5Uan13U1 (o — B)° + Uy (e — ) Uznr3Va
+2Usn43Us (o — B)?)/[9 (a = B)?]
(e = B)? Usnys [5UL + Ui Vi + 2Us3]

9(a—p)?
Uspis [BUL + U Vi + 2U. 243
_ 2+3[1914 3]:(p3)m~

(#4) The circumcenter O( A,,) has the coordinates
[(@™)?(a™(a® — 227 + a® — a* +20% — a?) 4 (=’ — a* — o?
=B+ B2+ 1)) = (BM)(B"(B® - 287 + B° - B +28° - %)
+a (=% = gt = f7 — o’ + a® +1))]/(2(a - £)°(-1)"" (a + B))
and
[(@™)?(a"(a" —2a° +a® —a® + 202 —a) + " (a® + o + o — «
= B2+ 8)) = (BM* (8" (8" = 28° + 8° = 8% + 262 — B) + " (8% + 5°
+ 3% =B —a”+ )/ (2= B)*(=1)"(a + B)).

Hence, the square of the distance between circumcenter O( A,,) and vertex
A, is

O(ADALL = ((B™(B — 26°+28° — 28+ 1) + (a")*(a’ — 20° + 202
—2a+1))((8")*(B° = B = B2+ 1) + (@")*(a® — ' —a®
F1))((B™)(B0 28 + 2% — 2% + 52) + (@™)?(a® — 2a°
+2a" = 2a° +a?))/(4(a = B)°(B — 1)*(a —1)%).
From the Binet formulas of sequences {U,} and {V,,}, we get
0(A) A = [(Vanta — 2Vants + 2Vanga — 2Vapi1 + Van)
X (Vante — Vanta — Vania + Vo)
X (Vante = 2Vants + 2Vanta — 2Vanys + Vani2)]
/[ (a=B8)°" (B=1)" (a—1)7].
By Lemma 2.1, we get
|0(A) A = [((p2 +4) Uzpgs + Vanso — 2 p? + 4) Uzny2 + Van)
X p(Vants = Vont1) (0% + 4)Usnss + Vonta
= 2(p* + ) Uznta + Vani2)|/[40% (0% + 4)°]
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= [(p2 +4) (Uangs — 2Uspq2 4+ Uznt1) p ((P2 + 4) Uzn+3U3) (p2 +4)
3
X (Uzn4s — 2Uznsa + Usnys)]/[4p% (p* +4)7]
_ (Vant2 — 2Uzn42)Uzng3(Vapya — 2U2p44)
4
_ Uant3 (Vant2Vonga — 4Usn 6 + 4Uzn42U2p14)
4
 Usnys (2Vaganss) — P?U3, 5 + 07 — 4Us(anys))
N 4
_ Uonys (2((p* +4) U35 —2) = p°Usyis +1° — 4Us2nys))
4 b
as claimed. O
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ON TRIANGLES WITH COORDINATES FROM THE TERMS OF SEQUENCES
O trokutima s koordinatama vrhova u nizovima {Uj,} i {Vin}

Nese Omiir, Gékhan Soydan, Yiicel Tiirker Ulutas i Yusuf Dogru

SAZETAK. U ovom ¢lanku su dobiveni neki rezultati o troku-
tima ¢ije su koordinate vrhova ¢lanovi nizova {Uk, } i {Vin}, gdje
su Ugn C¢lanovi rekurzivnog niza drugog reda, a Vi, su clanovi
njemu pridruzenog niza, za neparan prirodan broj k, ¢ime su
poopéeni rezultati Z. Cerina. Primjerice, kogantens Brocardovog

. U 5\ Vor—V, Uk
kuta trokuta Agy je cot(Qa,, ) = “2"“)(_21"),1(];22"“) k.
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