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Abstract. The work embodied in this paper is the study of oscillation properties of a
class of second order neutral impulsive difference equations with constant coefficients of
the form:

{Ag[um) — pu(n — )] + qu(n — B) = 0, n#m;
AlA(u(m; — 1) — pu(m; —a — 1)) + ru(m; — 8- 1) =0, jeN

for p € R. In addition, an effort has been made here to apply the constant coefficient results
to nonlinear impulsive difference equations with variable coefficients of the form:

A?[u(n) = p(n) f(u(n — a))] + g(n)h(u(n — B)) =0, n#m;
A[A(u(m; — 1) = p(m; — 1) f(u(m; — a = 1)))]
+r(mj — Dh(u(m; — B —1)) =0, jEN
for p(n) > 1. Our method suggests the explicit structure of the solution of impulsive

difference equations.
AMS subject classifications: 39A10, 39A12, 39A21

Key words: oscillation, nonoscillation, impulsive difference equation, linearized oscilla-
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1. Introduction

Consider a second order neutral impulsive difference equations of the form:

(B { A?[u(n) — pu(n — a)] + qu(n — B) = 0, n#m; (1)
AlA(u(m; = 1) = pu(m; —a=1)) +ru(m; —f—1) =0, jeN, (2)

where o, ( are positive integers, p € R—{0}, ¢, € R and m;, j € N are the discrete
moments of impulsive effect such that m; < my < --- < m; with the properties
lim; oo m; = 00 and 1 < max{m,; —m;_1} < co. Here, A is the forward difference
operator defined by Au(n) = u(n+1)—u(n), and A is the difference operator defined
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by Au(mj; —1) = u(m;) —u(m; — 1). As in [13], we may expect possible solution of
(E1) as _
u(n) = \"A™0 ng > p = max{a, 8}, (3)

where i(ng,n) = j = the number of impulsive points m;,j € N between ny and n
and A # 0 is a real number called the pulsatile constant. In this work, our objective
is to study (E1) through (3).

In [12] and [11], Tripathy and Chhatria have discussed the oscillation properties
of first order nonlinear neutral impulsive difference equations of the form:

Alu(n) + p(n)u(n — 7)] + g(n)h(u(n —0)) =0, n #m;, j € N
(En) § Alu(m; — 1) +p(m; — Du(m; — 7 — 1)]
+7r(mj — h(u(m; —o—1)) =0

and

Alu(n) + p(n)u(n — 7)) + g(n)h(u(n — o)) = g(n), n # m;, j €N
(Enn) § Alu(m; — 1) + p(m; — Du(m; — 7 — 1)]
+r(m; — Dh(u(m; —o —1)) = e(m; — 1),

where h € C(R,R) with zu(x) > 0 for 0 # « € R. The authors have studied (E}) by
considering the sublinear and superlinear properties of h. But, in the study of (E,),
h could be linear, sublinear or superlinear upon a suitable choice of the forcing term
g(n). Often, we feel it is interesting to study neutral equations by means of their
characteristic equations and the application of results to nonlinear equations with
variable coefficients, and this fact has been established in [13].

The motivation of this work has come from the work of [13] and hence we aim to
study (E17) to establish the oscillation and nonoscillation properties by using pulsatile
constants as defined by (3). Also, an effort has been made here to study a nonlinear
impulsive system of the form:

AP[u(n) — p(n) f(u(n — @))] + q(n)h(u(n — B)) =0, n #m;
(E2) § AlA(u(m; — 1) — p(m; — 1) f(u(m; — o —1)))]
+r(m; — 1)h(u(m; — 6 —1)) =0, jeN

by using the characteristic equation of (E;) with f, h € C(R,R). Emphasis may be
given to our state of the art that the nonlinear impulsive system (Es3) can be studied
by using the characteristic equation of (E). In this direction, we refer the reader to
some of the related works ([1], [3-8], [14], [15]) and monographs [2], [9], [10] and the
references cited there in.

Unlike the works [5], [6], [7] and [8], our aim here is to represent the impulsive
solution u(m;), j € N satisfying another impulsive neutral difference equation but
not by the impulsive conditions only. This is we believe inevitable when u(n) is a
solution of the so-called neutral equations without impulse. So, in our discussion,
a neutral equation without impulse along with a neutral equation in impulse form
impulsive neutral difference equations. Hence, the study of these types of impulsive
system may lead and develop other directions for the researchers working in this
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area. The importance of this fact lies in the fact that our method suggests the
structure of the solution of the system which we do not see in other methods in the
literature.

Definition 1. By a solution of (Ey) we mean a real valued function u(n) defined on
N(ng — p) = {no — py,...,n0,n0 + 1,...} satisfing (E1) for n > ng with the initial
conditions u(i) = ¢(i), i = ng — p, . ..,ng, where ¢(i), i =ng — p,...,ng are given.

Definition 2. A nontrivial solution u(n) of (E1) is said to be nonoscillatory if it is
either eventually positive or eventually negative. Otherwise, the solution is said to
be oscillatory. (E1) is said to be oscillatory if all of its solutions are oscillatory.

Definition 3. A solution u(n) of (E1) is said to be oscillatory if there exists an
integer N > 0 such that u(n + 1)u(n) < 0 for all n > N; otherwise, u(n) is said to
be nonoscillatory.

2. Characterization of (£))

This section deals with the oscillation and nonoscillation properties of solutions of
the system (FE) through its associated characteristic equation when (3) holds. We
need the following calculation for our purpose:

e i(ng,m;) —i(ng,m; —1) =1,
e i(n — B,n) =1y is the number of impulsive points between n — 8 and n,
e i(n — a,n) = ls is the number of impulsive points between n — « and n.

Theorem 1. Let « > 8 > 0 and r # q¢ # 0. Then (E1) admits an oscillatory
solution in the impulsive form (3) if and only if the algebraic equation

B (1 - ;) + ;r (A—1)2—pr~® [/1\ (1 - 2) + ;]ll_b A-1)2+gx"7 =0 (4)

has at least one real root \ with)\<1f%f0r§>1and/\>1—%f0r§<1.

Proof. Let u(n) be a regular nontrivial solution of the system (Fj) such that
u(n) = A" A0 n > ny > p. Then (1) becomes

Afu(n+1) —u(n) —pu(n +1 — a) + pu(n — )] + qu(n — B) =0,
that is,

u(n+2) —2u(n+1) +u(n) —pu(n +2 — a)
+2pu(n+1—a) — pu(n —a) + qu(n — g) = 0.
Using (3) in the preceding equation, we obtain
>\n+2Ai(n0,n+2) . 2)\n+1Ai(n0,n+1) + )\nAz(ng,n) 7p)\n+27aAi(ng,n+2fa)
+ 2p)\n+1—aAi(no,n+1—oz) _p)\n—ozAi(ng,n—a) + q)\n—BAi(no,n—[i) =0,
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that is,
A2Ai(n0,n+2) _ 2>\Ai(no,n+1) + Ai(ng,n) _pA2faAi(n0,n+2fa)
+ 2p)\1—aAi(no,n+l—a) _p)\—aAi(no,n—a) + q)\—ﬁAi(noﬂl—ﬁ) = 0.

Therefore,
A2 Ai(no,n+2)—i(no,n—F) _ 9y gi(nont+1)—i(no,n—F) 4 Ai(no,n)—i(no,n—p)

o p)\2—ozAi(no,n+2—a)—i(no7n—,8)+2p>\1—aAi(n0,n+1—o¢)—i(n0,n—6)

— pA= @ Alnon—a)—i(no.n=F) 4 o \=F — (5)
We note that i(ng,n) — i(ng,n — 8) =i(n— B,n) =11, i(ng,n+1) —i(ng,n — B8) =
i(n—p,n+1) =1 and i(ng, n+2) —i(ng,n—pB) = i(n—LB,n+2) = l1. Also, it is true
that i(ng,n—a)—i(ng,n—0) = —i(n—a,n—pF) = —[i(n—a,n)—i(n—03,n)] = l1 —la,
i(nop,n+1—a)—i(ng,n—p0)=—iln+1—a,n—0)=—liln+1—a,n)—iln+
1—-p,n)] =1 —ly and i(ng,n +2 —a) —i(ng,n — ) = —i(n +2 —a,n— ) =
—[iln+2—a,n)—i(n+2—6,n)] =11 —l2. Upon using the above relations in (5),
we get

A2AN —onAhl + Al 7p)\27aA11712 + 2p/\1*0¢A11*12 7p>\*04Al1*12 + q)\*ﬁ =0,

that is,
(A—=1)24" —pr=v (A —1)24h7 L g P = 0. (6)

Again, using (3) in (2), we get
é[()\ _ 1)/\m_j—1Ai(n0,m_j—1) _ p()\ _ I)Amj—a—lAi(no,mj—a—l)}
+ T)\mj—,@—lAi(no,mj—,B—l) =0

Y

that is,
(A = 1[N Amoma) _ \my =1 ginom;—1) _y, xm;—a gilno,m;—a)
§ pAm a1 gilnosmi—a=1)] | am;—f=1 gilno;m;—f=1) _ g
implies that
(A — 1)[Ai(moma) _ N~ gilnom;—1) _ py=a gilnomi—a) 4 gyy—a—1 gilnom;—a—1))
+ AP Aiom=F-1) —
Because i(ng,m;) —i(ng, m; — 1) = 1, the above relation reduces to
(A = D)[AMH(0ms=1) _ =1 gilnoms=1) _ 5= g1+i(nom;—a—1)
+p}\70471Ai('n0,mj7a*1)] 4 B gilnomy—B—1) 0,
which is equivalent to
(A — 1)AALFim0m;=1) _ gilnom;=1) _ pyl-a glti(no,m;—a=1)
HpAT@Aioms—am D] g g =F gilnomi=A-1) — @
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and hence

(A= 1D(AA = 1) A omi=h (X — 1)A"¥(AA — 1) Almosms—a—D)
+rATAAinom;=A=1) —

that is,

(A = 1)(AA — 1) Almomy=D=ilnom; =B=1) _ 5\ — 1)A"*(N\A — 1)
~ Ai(no,mj7(171)7i(ng,mj7,371) + ’I”Aiﬂ = 0. (7)

Since i(ng,m; — 1) —i(ng,m; — B —1) =i(m; — f—1,m; — 1) =1y and i(ng, m; —
a—1)—ilng,m; —pf—1) = —i(mj —a—1,m; ——1) = —[i(m; —a—1,m; —
1) —i(m; — f —1,m; — 1)] = l; — la, then (7) reduces to

A—=1)AA—=1)A" —pA— DA Y(ANA—1)AL 2 4 AP = 0. (8)

If we choose 4 = +(1 — 7)+ ¢ for A # 0, then it is easy to see that (8) reduces to
(6), which is the same as (4). Moreover, (4) is the required characteristic equation
for (E1). If u(n) is an oscillatory solution of (F;) with the pulsatile constant A =
%(1—5)—%—2 <0, where A <1—{1for £ >1or A>1—1for £ <1, then A satisfies
the characteristic equation (4). Conversely, let A\ = A; be a real root of (4) with
A1 < 1—1 for g >1lor A >1—1 for % < 1. Then (E;) admits an oscillatory
solution u(n) = A} A* "™ with a pulsatile constant A = )\%(1 —¢)+ 5 <0. This
completes the proof of the theorem. O

Theorem 2. Let the assumptions of Theorem 1 hold. Then (E1) admits an eventu-
ally positive solution in the form of (3) if and only if (4) has at least one real root
/\with)\>1—%for£>1 cmd)\<1—%forg<1.

Proof. The proof of the theorem follows from the proof of Theorem 1 and hence
the details are omitted. O

Corollary 1. Letgq,r € R—{0}, 8 =a # 0 or § =0 # « hold. Then the conclusions
of Theorem 1 and Theorem 2 hold.

Proof. Proceeding as in the proof of Theorem 1, we get (6) and (8). Assume that
B = a # 0. It is easy to calculate that i(ng,n) — i(ng,n — 8) = i(n — B,n) =
= i(ng,n + 1) —i(ng,n — B) = i(n — B,n + 1) and i(ng,n + 2) — i(ng,n — 5) =
i(n — B,n+2) =1l;. Also, i(ng,n —a) —i(ng,n —B) = —iln —a,n—3) =0
i(no,n+1—a)—i(ng,n—pF) = —i(n+1—a,n—p) and i(ng,n+2—a) —i(ng,n—_3)
—i(n+2—a,n— ) =0. Therefore, (6) becomes

A=1)24" —pA =122 P +gr P =0. (9)
Similarly, (8) gives

A=1DAA-1)A" —pA =DM - DA P +rx P =0. (10)
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If we choose A = (1— 7)+ ¢, then (10) reduces to (9). The rest of the proof follows
from Theorem 1.

Next, we assume that 8 = 0 # «. In this case, i(ng,n) —i(ng,n — ) = 0 =
i(no,n + 1) —i(ng,n — B) and i(ng,n + 2) — i(ng,n — B) = 0. Also, i(ng,n —

a) —i(ng,n — B) = —i(n —a,n) = —ls = i(ng,n + 1 — a) — i(ng,n — ) and
i(ng,n + 2 — a) —i(ng,n — B) = —lz. Hence, (6) becomes
A=1)2—pA—1)21"24" 4 ¢=0. (11)

Similarly, it follows from (8) that
A=A —=1) —pA—1)AA - DA A2 4 r =0. (12)

If we choose A = +(1 — ©) + 7, then (12) reduces to (11). The rest of the proof is
similar to Theorem 1. Hence the corollary is proved. O

Corollary 2. In Theorem 1, let ¢ =1 # 0. Then

(i) for p € (0,00) and q € (—00,0), (E1) admits an oscillatory solution in the
impulsive form (3) if and only if X < 0 is a root of the characteristic equation

of (Ev);

(ii) for p € (—00,0) and q € (0,00), (E1) admits an eventually positive solution
in the impulsive form (3) if and only if X > 0 is a root of the characteristic
equation of (Ey).

Proof. Proceeding as in the proof of Theorem 1, we obtain

(A—1)2A" —pA™*(A = 1)2A" 2 AP =0,
A =DAA=1A" —pA = DA™ (AA =)A= +gx77 =0,

which is equivalent to saying that A = 1 and
A=12=pA A =1 +gx P =0. (13)

Therefore, if A € (—00,0) is a root of (13), then (E;) admits an oscillatory solution
of the form (3). Conversely, let u(n) = A" A" be a solution of (E;). If we take

FA) =A=121=pA )+ g\ 7,

then it follows that f(0) = —oo for p € (0,00), g € (—00,0) and f(—o00) = co. Thus,
there exists a negative real root A € (—o0,0) and hence A satisfies the characteristic
equation (13).

If A € (0,00) is a root of (13), then (F;) admits an eventually positive solution
of the form (3). Conversely, suppose that u(n) = A" A" is a solution of (E).
Clearly, f(0) = oo, f(1) = ¢ > 0 for g € (0,00) and f(c0) = oo implies that there
exists a real A € (0,00) such that A satisfies the characteristic equation (13). This
completes the proof. O
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Remark 1. If we can write
SO = (A= 12 = A" [p(r — 1) - gA" 7,

then it is easy to see that f(0) = oo, f(—a) > 0, a > 0 and f(—o0) = oo for
p,q € (—00,0) with o even and B8 odd. Therefore, f(\) has no real root in (—oo,0].

Remark 2. From Corollary 2, we may note that A = 1 if and only if A =1, that
is, (F1) admits an eventually positive solution.

Theorem 3. Let o > >0 andr =q=0. Then

(i) for p € (—0,0) with odd «, (E1) admits an oscillatory solution if and only if
A € (—00,0) is a root of the characteristic equation of (E1);

(i) for p € (0,00), (F1) admits an eventually positive solution if and only if \ €
(0,00) is a root of the characteristic equation of (E1).

Proof. Let u(n) be a nontrivial solution of (E;) in the impulsive form (3). Pro-
ceeding as in the proof of Theorem 1, (1) becomes

A2 Ai(nom+2) _ 9y gilnom+1) 4 gi(non)
— pAZTaAinond2=a) | gppl-a gilnondl=a) _p,\—a gilnon—a) —
that is,
(A= 1)%A7 0 — pA=(X = 1)2A%mon=e) = 0,
Similarly, we from (2) obtain that
(A = 1)[Aimosms) _ N1 gi(nom;—1)
— pAeAinomi—a) 4 py—a—l gilnom;—a=1)] —
that is,
(A — 1)[)\A1+i("07m1_1) _ A#no,m;—1)
_ pAlme AltHi(omi—a=1) 4y —a gilnemi—a=1)] —
implies that
(A= D(AA — 1) A omi=1) _ pr=o(X — 1)(AA — 1) Amomi—a=1) — g,
Hence, the impulsive system reduces to
(A —1)2A41m0m) _pr=a () —1)24Hmon=a) —
(A=1)(AA = 1) A momi=) _prA=a (X — 1)(AA — 1) Almomi—e=1) — g,
Ultimately,
(A= 1247 —pA~*(A = 1)2477 2 = 0,
A=1)(AA = 1A —pA= (A —1)(AA —1)AT~= =,
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where i(ng,n) = j and i(ng,n — a) = i(ng,n) — i(n — a,n) = j — la. Therefore, the
above impulsive system can be viewed as

(A=1)24%2 —pAx=*(A=1)2 =0,
A=1)AA = 1A2 —pA (A =1)(AM - 1) =0,

which is equivalent to saying that A = 1 and hence the characteristic equation of
the system (FE7) is

A=12=pA\ *(A=1)*=0, (14)
where either A =1 or A = pé.

Clearly, p € (—o0,0) implies that A € (—00,0) when « is odd. Therefore, (E)
admits an oscillatory solution in the form of (3). Conversely, let us assume that
u(n) = AJA*"0m) is an oscillatory solution of (E;). Since A = 1, then A = \; < 0
and hence A satisfies the characteristic equation (14).

Similarly, p € (0, 00) implies that A € (0,00). Therefore, (E;) admits an eventu-
ally positive solution in the form of (3). Conversely, assume that u(n) = A} A*("0:?)
is an eventually positive solution of (E7). Since A = 1, then A > 0 and thus A,
satisfies the characteristic equation (14). Also, p € (0,00) and even « implies that
X € (0,00). Therefore, (E7) admits an eventually positive solution in the form of
(3). Conversely, assume that u(n) = A\ A"0:?) is an eventually positive solution of
(E1). Since A =1, then A > 0 and thus A\; satisfies the characteristic equation (14).
This completes the proof of the theorem. O

Remark 3. Indeed, (14) does not hold if p € (—00,0), A € (—00,0) and « is even.

Theorem 4. Let p,r e R— {0}, a =8+#0,¢=0 andi(n — a,n) = 1. Then (E;)
admits an oscillatory solution if and only if the characteristic equation of (E1) has
complex roots.

Proof. Let u(n) be a nontrivial solution of (E;) in the impulsive form (3). Pro-
ceeding as in the proof of Theorem 1 and from (1), it follows that

AZAimon+2) _ gy gilnon+l) 4 gi(no,n)
— pAZT@Ainont2=a) o gppl-a gilnondl=a) _y,\—a gilnon—a) —
which is equivalent to
(A —1)%A70m) — pA= (X = 1)2A%m0n=e) =,
that is,
(A — 1)2Aimo:n)=ilno.n=a) _ pr=a(y _1)2 =,
Similarly, we from (2) obtain that

()\ . 1)[Ai(no,mj) o AflAi(no,mjfl) 7p>\7aAi(no,mjfa)
+p)\—a—1Ai(n0,mj—a—l)] + r)\—l—ﬁAi(ng,mj—,B—l) =0,
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that is,
(A — 1)[AALFilnom;=1) _ gilno.m;—1) _ \1=a glti(no,m;—a—1)
+p)\—(xAi(no,mj—Oé—1)] + ,r)\—/BAi(”Ovmj_ﬂ_l) =0.
As a result,due to a = f3,

(A = 1)(AA — 1) Al(romy—D=ilnom;—a=1) _pa=a(y _1)(\A — 1)

% Ai(no,mj7&71)7i(n0,mj70471) FrATY = 0.

Therefore, the impulsive system becomes
()\ - 1)2Ai(n0,n)7i(no,n7a) 7p/\7a()\ - 1)2 =0,
(A = 1)(AA — 1) Almo:my =D =ilnomy=a=1) _p\=a(X — 1)(AA — 1) +rA"* =0,
which is equivalent to
(& ){ A=1P2A-pr*A-1)2=0 (15)
YL O-1DOA-DA-—pA (A=A - 1) +rA"* =0, (16)
where we have used the fact that i(n — a,n) = 1. For (15), if we consider that
A # 1, then A = pA\~*.Upon using this in (16), we find that » = 0, which leads
to a contradiction. Ultimately, A = 1. Following the same argument, we find a
contradiction to r = 0. Therefore, the characteristic equation of (E7) has no real
roots. Conversely, if a +ib and a — ib are the two complex roots of the characteristic
of (E1), then in the computation of ¢;(a + i)™ 4 ca(a — ib)™, we notice that
c1(a+ib)" + ca(a — ib)™ = r™[cs cos(nd) + c4 sin(nd)],

when we put

a=rcosf, b=rsinb, r=/a2 + b2, 9=tan_1(g),

and c3 = ¢1+¢o, ¢4 = ic; —icy. Therefore, a solution in the impulsive form oscillates.
This completes the proof of the theorem. O

Corollary 3. Let p,r e R—{0}, 8=0=gq and i(n —a,n) = 1. Then (E1) admits
an oscillatory solution if and only if the characteristic equation of (E1) has complex
T001S.

Remark 4. If we denote

HO\) = E (1- g) + g]ll(x — 1) —pae E (1- g) + g]ll_lz(x 124 ga P,

then it is easy to verify that H(1) = ¢ > 0 and H(A) = o0 as A — oo for gr > 0.
Further, if A\ = X\ =1— 1, then

100 =(9) (D + 5" =) (D + 5

r r—q q q q r—q q q
r— -8
+q(—q) >0
r
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for r > q > 0 implies that H(A) has no positive real root in [1 — %,00). Hence, we

have proved the following result:

Theorem 5. Let q,r > 0 such that r > q. Then there exists an oscillatory solution
for (Ey) in the form of (3) if and only if (4) has no positive real root in [1 — 2, 00).

Example 1. Consider the system of impulsive difference equations

iy [ A1)~ putn =2+ qun — 1) =0, 03, n>2

"\ AlAumy = 1) = pu(my; = 3)] +ru(m; —2) =0, jEN,
where p = —4, ¢ = —6, r = 20 and m; = 35,5 € N. Letly =1 and lo = 5. Then
from the characteristic equation of (Es), we get X = 1.857142 > 1 — 1 = 1.3 and
A= %(1 — g) +£ = —1. Therefore, all assumptions of Theorem 1 are satisfied and

hence (Es) has an oscillatory solution u(n) = (1.857142)"(—1)*2") . Clearly, when
(E5) is without impulse then it has a nonoscillatory solution y(n) = (1.857142)".
Thus, impulse plays an important role.

Example 2. Consider the system of impulsive difference equations

() A?[u(n) — pu(n — 2)] + qu(n — 1) = 0, n#m;,n>2
" AlA(u(m; = 1) = pu(m; = 3))] + ru(m; —2) =0, jEN,

where p = 6, ¢ = 0.75, r = =1 and m; = 35,7 € N. Let [y = 1 and Iy = 2.
From the characteristic equation of (Eg), we get A = 0.75 < 1 — 2 = 1.5 and

T

A= %(1 — 2) + & = 2. By Theorem 2, (Es) has a nonoscillatory solution u(n) =
(0.75)2¢(2m),
Example 3. Consider the system of impulsive difference equations
() A?[u(n) — pu(n —2)] + qu(n — 2) = 0, n#mj,n>2
| AlA(u(m; 1) = pu(m; = 3))] + ru(m; —3) =0, j €N,

where p=—4,q=0,r = —-18 and m; = 3j. Let Iy =1 and lo = 1. Clearly, A\ = 2i
or A = —2i satisfies the first equation of (E§). Also, A = 1.96539 satisfies the second
equation of (E§). By Theorem 4, (E§) has an oscillatory solution.

3. Application

In this section, we are applying some results of Section 2 while we go for the linearized
oscillation method. We consider the nonlinear impulsive system:

A?[u(n) = p(n) f(u(n — )] + q(n)h(u(n — B)) =0, n#m;
(E7) § AlA(u(my = 1) = p(m; = 1) f(u(m; — a =1)))]
+r(my — Dh(u(m; — 5 -1)) =0, JeN,

where «, 8 > 0 are constants, p, ¢, r > 0 are real valued sequences and f,h €
C(R,R). Throughout our discussion, we assume the following hypotheses:
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(Hy) p(n) > 1 for n > ng and limsup,,_, . p(n) = po € (1, 00);

(Hz) limy, o0 q(n) = qo € (0,00) and liminf,, o r(n) =19 € (0, 00);

,\
S

(H3) uf(u) > O; # >1 for u # 0 and hm|u|_>oo PACH ]_,

u

(Hy) vh(v) >0 for v #0, |h(v)] > ho > 0 and limj,| o h(w) .

v

With the system (E7), we associate the linear system of equations

(Ex) A?[u(n) — pou(n — )] + qou(n — B) =0, n#m;
s AlA(u(mj — 1) — pou(m; —a —1))] +rou(m; — B —-1)=0, jeN.

Here, our aim is to establish conditions for the oscillation of solutions of the sys-
tem (E7) in terms of the oscillation of solutions of (Fs) by means of its associated
characteristic equation

1 To To h 1 To To -l
—(1-=)+=| (\=1)>%- Aa{<1)+} A—1)24goA " = 0.
L\ < QO> QO} ( )y =po A 9o qo ( )+ o
(17)
By Theorem 2, (Fg) admits a nonoscillatory solution in the form (3) if and only if

(17) has at least one real root A with A >1— ¢ for {2 > 1.

To

Theorem 6. In addition to (Hy) — (Hy), assume that

(Hs) Y als)+)_r(m;—1) =oo,
s=n* j=1
o'} s—1
(Hg) Z[Zq(t)—i— Z r(mj—l)]:oo,s>n*+1
s=n* t=n* n*<m;—1<s—1

hold. If (17) has no positive real root in [1 — 12, 00) for ro > qo, then every solution
of the system (E7) oscillates.

Proof. Suppose on the contrary that u(n) is a nonoscillatory solution of (E7). With-
out loss of generality and due to (Hs) and (Hys), we may assume that u(n) > 0,
u(n —a) > 0 and u(n — ) > 0 for n > ng > max{«a, B}. Set

z(n) = u(n) — p(n) f(u(n — a)),
z(mj —1) = u(m; —1) —p(m; — 1) f(u(m; —a —1)).
Then (E7) reduces to
(Ey) A?z(n) = —q(n)h(u(n — B)) <0, n # m;
A(Az(m; — 1)) = —r(m; — 1)h(u(m; — —1)) <0, jeN.

Therefore, Az(n) is nonincreasing for n > ny > ng + 5. Thus, either Az(n) < 0 or
Az(n) > 0 for n > ny. We claim that Az(n) < 0 for n > n;. If not, then there exists
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ny > ny such that Az(n) > 0 for n > ny. Then summing the impulsive system (Eq)
from ng ton —1 (n > ng + 1), we get

Bal) = Aalna) = 3 lAmAme»:—§§mgmwn—mx
that is, o
:i; q(s)h(u(n — B)) + ) ZK i(mj — Dh(u(m; —  —1)) = —=Az(n) + Az(nz).
Using (Hy), it follows th;t -
ho g as)+ > rmy—1)] < —Az(n) + Az(ny)
o e < Az(ny),

which is a contradiction to (Hs). So, our claim holds and hence z(n) is nonincreasing
for n > ny. Ultimately, either z(n) < 0 or z(n) > 0 for n > ng > ny. We assert that
z(n) < 0 for n > ny. If not, then there exists ny > ng such that z(n) > 0 for n > ny.
Indeed, z(n) > 0 implies that u(n) > p(n)f(u(n — a)) > u(n — «) for n > ny due to
(Hy) and (Hjs). Therefore,

u(n) > u(n —a) > uln —2a) > -+ > u(ng),
that is, u(n) is bounded below by a positive constant M (say). Also, we encounter
u(mj —1) >u(m; —a—1) >u(mj — 20— 1) > -+ > u(ng)
for the nonimpulsive points m; —1,m; —a —1,.... Consequently, (Eg) becomes

A?z(n) < —q(n)h(M),
A(Az(m; — 1)) < —r(m; — 1)h(M)

for n > ny. Summing the preceding impulsive system from ny4 to n — 1, we get

n—1
Z q(s)h(M) + Z r(mj — 1)h(M) = Az(ng) — Az(n) < —Az(n).

Further, we sum the last inequality from n4 to n — 1 to find

n—1 s—1 n—1
RO Y [ am+ > rm -1 <= Y Ax)

= z(ny4) — z(n)
< z(ng),
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which contradicts (Hg). So, our assertation holds. Therefore, we can find ns > ng+1
and a constant C' > 0 such that z(n) < —C and z(m; —1) < —C for n > ns, that is,

u(n) —p(n)f(u(n — o)) < -C,
u(m; — 1) = p(m; — 1) f(u(m; —a—1)) < -C.

We claim that liminf, ,.u(n) =y > 0. If v = 0, then we can find {n;} C {n}
such that ny, — oo as k — oo and u(ng) — 0 as k — co. Therefore,

u(ng + a) — p(ng + o) f(u(ng)) < -C
implies that
lim w(ng + «) < lim (p(ng + @) f(u(ng)) — C),
k—oo k—o00
that is,
0 < lim u(ng +a) < —-C <0,
k—oo

a contradiction due to f(u(ng)) — 0 as k — oo. So, our claim holds. Consequently,
(Ey) becomes

A?z(n)
A(Az(m; — 1))

< —q(n)h(v), n # my,

< —r(m; —1)h(y), j € N.

Summing the last impulsive system twice from ns to n — 1 (n > n5 + 1) and then
proceeding as above, we get z(n) — —oo as n — 0o, which is if and only if u(n) — oo
as n — oo. Also, it is true for nonimpulsive points u(m; — 1) — oo as j — co. Let
us set

Pn) = =),
h(u(n — )
Q) = o) =2,
Rim; 1) = r(m; — 1) P 2=
Then due to (Hz) and (Hy), it follows that
h(u(n — f))

A Qn) = Hm g(n) lim =703 = a0,

h(u(m; =B =1)) _

liminf R(m; — 1) > liminf i—1) 1i
ljrgg.} (m; ) > 1}3}2 r(m; )]ggo u(m; —B—1)

and

limsup P(n) < limsupp(n) lim flu(n — @) —

n— oo n— oo n—00 U(n - Oé)
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Now, (E7) can be written as

A?[u(n) — P(n)u(n — a)] + Q(n)u ( —B)=0, n#m;
(Ero) § AlA(u(m; —1) = P(mj — Du(m; —a —1))]
+ R(mj — )u(mj—ﬂ—l)—O, jeN

Summing (E1g) from ns to n — 1, we obtain

AZ(n) — AZ(ns) + ZQ > R(mj — Du(mj — 8 —1) =0,

s=ns n5<mj71§n71

where Z(n) = u(n) — P(n)u(n — «). Therefore,

n—1
+ Z Q(s)u(s — pB) + Z R(mj —u(m; — B —1) <0

s=ns ns<m;—1<n—1

due to decreasing nature of AZ(n). Consequently,

n—11] s—1
Z(n) = Zns)+ Y | D Qut—B)+ Y Rimy—1u(m; —5-1)| <0,
s=ns | t=ns ns<m;—1<s—1

which is equivalent to

n+a—1 s+a—1

wsz@}@{n+a Y [Y a

s=ns t=ns

+ 3 R(mj — u(m; — B—1) — z(n5)”. (18)

ns<m;—1<s+a—1

Let € € (0,¢o) and 8 > 1 be such that (5—1)pg < €. Suppose there exists ng > ns+1
such that

P(n)<p0;8, Q) > qo — &, R(m; —1) > ro.
Then for n > ng, (18) reduces to
w2 fun )+ Y [wo-9) 3 u(t-5)
Pote s=ng s=ng
tro > ulmy—B—1) = 2(ns)] . (19)

ng<m;—1<s+a—1

Let X = I be the Banach space of all real valued bounded functions y(n) for
n > n* with sup norm defined by

1yl = sup{[y(n)[ : n = n"}.
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Set
D={yeX:0<yn)<1l,n>n"}.

Since 2 is a closed subset of X, then Q) is a complete metric space. For y € Q and
n > n* > ng, define

Ty(n* +p), n* <n<n*+p,

1 [ (
(po + )u(n) L
(Ty)(n) — n4+a—1 st+a—1

+ > -2 D> ult—Byt—H)

t=n*

+70 Z u(m; — B —Dy(lm; — g —1) — z(m)ﬂ, n>n"+p.

n*<m;—-1<s+a-1

n+a)y(n + )

For y € Q and using (19) we have

1 n+a—1 sta—1

m{u(n—&-a)-k Z [(qo—s) Z u(t — B)

s=n* t=n*

tro Y ulmy—B—1) = z(ns)]]

n*<mj;—1<s+a-—1

and Ty(n) > 0 implies that Ty(n) € Q for every n > n*. On the other hand,
y1,y2 €  implies that

|Ty1(n) — Ty2(n)|
<

m[u(ma)\yl(nm)ny(n+a)|
n+a—1 sta—1
+ Y lw—9) 3 ult—Blult— ) —walt - )l

tro Y ulmy— B Dly(my—B—1) = ya(my; - B-1)[]],

n*<mj;—-1<s+a-—1

that is,
1 n+a—1 s+a—1
Ton(n) = Tua()| S o [un +a) + ; [(0 —2) t;* u(t - B)

tro Y wlmy— 8-l - el

n*<m;—-1<s+a-—1

<Ll - w2l
S5y — Y2,
B
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that is,
1
Ty, — Ty < EH?JI — 2|

and hence T is a contraction with the contraction constant 1 < 1. By Banach’s
fixed point theorem, T has a unique fixed point y € € such that Ty = y, that is,

y(n* +p), n* <n<n*+p,
1
7@0 T ou) [u(n + a)y(n + «)
y@” — nt+a—1 s+a—1
+ 3 lao—2) Y ult—B)ylt—8)
+7 Z u(m; — B —Dy(m;—F—1)— z(n5)]}, n>n* + p.
n*<mj;—1<s4+a—1

Setting w(n) = u(n)y(n) for n > n* + p, we obtain

1 n+oa—1 s+a—1
wln) =g e+ 3 fw=e) 3 wt-p)

+ 7o Z wim; —f—1) — z(n5)]},

n*<m;—-1<s+a-1

which is a positive solution of the impulsive system

(Eny) A?[w(n) = (po + e)w(n — a)] + (g — e)w(n — f) =0
) A[A(w(m; — 1) = (po + &)w(mj — a — 1))] + row(m; — B — 1) = 0.

Indeed, its characteristic equation is given by

1 To To L 2
[X(l_ (%*5))4_ (QO*E)} -1

~ (po + N[0 -

To T0 li—l2

— 2 —(f-: _ﬂ: )
((Jo—5))+(q0—a) A=1)"+ (g0 —)A 0

Due to Theorem 2, w(n) is a positive solution of (Ej;) if and only if

(90 —¢) >1_ I
To To

A>1—
for Z—g > 1, a contradiction due to Theorem 5. This completes the proof of the
theorem. O
Example 4. Consider the neutral impulsive difference equations of the form

A?[u(n) = p(n) f(u(n —1)] +q(n)h(u(n —1)) =0, n#3j, j € N,n>2
(E12) § AlA(u(m; — 1) — p(m; — 1) f(u(m; —2)))]
+r(m; — 1)h(u(m; —2)) =0,
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where p(n) = 24 e~ g(n) = 4.59 + e~ "+ r(m; — 1) = 9(2 4 cos(m; — 1)),
m; = 35,5 € N, f(u) = u and h(u) = we™ . The limiting equation of (E12) is
given by

(Fs) A2[y(n) —poy(n —1)] + qy(n —1) =0, n#3j,n>2
PRl AlA(my — 1) — poy(my — 2))] + roy(m; —2) =0, j €N,

where pg = 2, qo = 459, ro = 9. Letly = 1 and lo = 2. By Remark 4, (E12)
has no positive real roots in [1 — L, 00) = [0.49,00) and hence by Theorem 6, every
solution of (Ey3) oscillates. We may note that (E12) has an oscillatory solution
y(n) = (0.24265)"(—2)">™) due to Theorem 1.
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