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MULTIPLE ATTRIBUTE DECISION MAKING WITH INTERVAL 
UNCERTAINTY FOR ARTILLERY RECOIL RESISTANCE 

Summary 

To reduce loads acting on artillery carriages and obtain better values of recoil resistance, 
a study on multiple attribute decision making with interval uncertainty of the liquid orifice of 
a recoil mechanism was conducted. Taking the dimensions of the liquid orifice as the 
uncertainty variables, the uncertainty optimization model and algorithm based on three 
parameter interval were used to achieve the optimization schemes of the throttling bar outer 
dimensions with different tolerance grades. The multiple optimization schemes were sorted by 
employing the multiple attribute decision making method, in which the attribute weights were 
determined based on the maximum deviation method. The results show that the optimal 
design scheme is the one which considers simultaneously the parameter design and tolerance 
design of the throttling bar outer diameters. The optimal interval of the recoil resistance peaks 
and the optimal recoil resistance curve with sufficient fullness and flatness were obtained. The 
study results are beneficial for artillery design and evaluation concerning both the 
manufacturability of artillery and particular requirements of recoil resistance. 

Key words: Artillery recoil resistance, multiple attribute decision making, interval 
uncertainty, optimization evaluation, uncertainty of dimensions 

1. Introduction 
Artillery recoil mechanisms can provide reasonable resistance and significantly reduce 

backward force acting on carriages. Hydraulic resistance is caused by the high speed flow of 
fluid pushed through the liquid orifice by a piston. The expected values of recoil resistance 
will be obtained by a better design of the liquid orifice area, which is the area between the 
throttling ring and the throttling bar. As explained by [1], to obtain better performance of 
artillery recoil resistance, the recoil mechanism is generally optimized while maintaining the 
original counter-recoil mechanism. Zong et al. [2] established a coupling dynamic model of 
an artillery recoil mechanism considering the effects of the interaction between the artillery 
recoil and the overall gun motion, and optimized the dimensions of the throttling bar. Zhou et 
al. [3] chose the agreement between the expected and predesigned recoil force and the recoil 
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length as the objective function, and solved the optimization problem of the throttling bar 
diameters. Song et al. [4] created an optimization model which takes the throttling bar 
parameters as design variables and reduces the recoil resistance peak as the objective function 
within a certain range of recoil length; thus, a gentler curve of recoil resistance was obtained. 
Liu et al. [5] developed an optimization model of a recoil mechanism based on the strength 
calculation model, the kinetics model of the gun recoil process, and the optimal design 
method; finally, optimization solutions were achieved by co-simulation. Li et al. [6] created 
the optimal design of artillery recoil resistance considering the firing stability by using a 
dynamic optimization theory. Cui et al. [7] performed the artillery structural parameter 
optimization based on ADAMS and CPSO algorithms. Unfortunately, most of the available 
models are deterministic models, which neglect the perturbation of material parameters, loads, 
and dimensions, as well as the effects of parameter uncertainty on the objective performance. 
The dimensions of liquid orifice are uncertain due to the errors of machining and assembly. 
The uncertainty affects the values of recoil resistance and recoil length significantly, and it 
should be taken into account when designing and evaluating optimization programs for 
artillery recoil mechanisms. 

Interval optimization methods are appropriate approaches to solving problems with 
known upper and lower limits of uncertainty variables. Guha et al. [8] investigated an 
adaptive control strategy based on neural networks optimization that can be used for 
designing controllers for continuous process control problems based on interval analysis. 
Jiang et al. [9] defined a dimensionless design tolerance index to describe the overall 
uncertainty of all design variables, and presented an interval optimization model considering 
the manufacturing errors of design variables, where the possibility degree of interval was used 
to represent the reliability of the constraints under uncertainty. However, in the optimization 
stage, there are many results instead of an optimal result. The purpose of evaluation is to 
determine the best scheme among the non-inferior solutions, and to provide guides for 
decision makers. Multiple attribute decision making methods are optional in the artillery 
design optimization and evaluation. 

To reduce loads acting on artillery carriages and to obtain better values of recoil 
resistance, research on multiple attribute decision making with the interval parameter 
uncertainty of a recoil mechanism is carried out from the point of view of dimensional 
deviations of liquid orifice, on the basis of our preliminary work [10] concerning the interval 
uncertainty optimization of artillery recoil resistance. The rest of the paper is organized as 
follows: in Section 2, a brief introduction into artillery recoil resistance generated by a 
throttling bar recoil mechanism is given, as well as the uncertainty analysis of the artillery 
recoil resistance. In Section 3, an interval uncertainty optimization method developed earlier 
is employed to optimize the recoil resistance and to provide the schemes for evaluation. In 
Section 4, the principles for establishing an evaluation index system of optimization are 
presented, and a two-level decision making model is established. The multiple attribute 
decision making with interval uncertainty, using the weight determination method based on 
maximum deviation is carried out. Finally, the non-inferior solutions are evaluated and the 
optimal design of the outer diameters of the throttling bar is determined. 

2. Uncertainty analysis of artillery recoil resistance 

2.1 Artillery recoil resistance 
Throttling bar recoil mechanisms are widely used in modern artillery. The schematic 

diagram of a throttling bar recoil mechanism is shown in Fig. 1(a), while that of the throttling 
bar is shown in Fig. 1(b). The geometry parameters are listed as follows: L, working length of 
the recoil mechanism; DT, inner diameter of the recoil cylinder; dT, outer diameter of the 
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recoil-piston rod; d1, inner diameter of the chamber in the recoil-piston rod; dp, diameter of 
the throttling ring; dx, dimensions of the throttling bar; D1, outer diameter of the recoil brake 
cylinder. All lengths are in millimetres. 

        
a)                                                                                         b) 

Fig. 1  a) Schematic diagram of the throttling bar recoil mechanism (1- throttling bar, 2- throttling ring, 3- recoil-
piston, 4- recoil cylinder); b) Schematic diagram of a throttling bar 

The fluid resistance of recoil brake, HF , considering the effects of the clearance 
between the recoil piston and the recoil brake cylinder, can be expressed as follows: 
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where A0 is the working area of the recoil piston, Ap is the area of the throttling ring, Afj is the 
working area of the return throttling device, A1 is the minimum cross section area of the side 
stream, ρ is the mass density of recoil fluid, K1 is the hydraulic drag coefficient of the main 
stream, K2 is hydraulic drag coefficient of the side stream, ax is the area of the liquid orifice, 
a0 is the area of the clearance between the recoil piston and recoil brake cylinder, and 1K   is 
the hydraulic drag coefficient of the stream through the clearance. 

The differential equation of recoil motion is written as 
2

2
d
dh pt R

xm F F
t

   (2) 

where x is the recoil displacement, Fpt is the gun tube resulting force, and FR is the artillery 
recoil resistance, which can be calculated by 

sinR H f T hF F F F F m g       (3) 

where Ff is the recuperator force, F is the friction force generated by the tightening device, FT 
is the friction force generated by the cradle guide, mh is the recoiling part mass, and φ is the 
elevating angle. 

2.2 Calculation of uncertainty in recoil resistance 
Manufacturing and assembly are important causes of the dimension uncertainty of the 

liquid orifice. The diameters of the break points of the throttling bar, dxi, the inner diameter of 
the throttling ring, dp, the clearance between the recoil piston and the recoil brake cylinder, 
Δδ1, and the assembly error of the starting position of the throttling ring and the throttling bar 
in the axial direction, Δl, were taken as uncertainty variables. The ranges of the variables were 
determined from the design parameters of the artillery, as listed in Table 1. The initial values 
of dxi were their nominal dimensions, the initial value of Δδ1 was 0.315 mm, and the initial 
value of Δl was 0 mm. The ranges of the uncertainty variables were: dp 

0.039
  043 , Δδ1 0.25~0.38, 

and Δl -10~10 (units: mm). A total of 500 samples was obtained in the symmetric Latin 
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hypercube test design. For each sample, the differential equation of recoil motion was used to 
simulate the recoil problem under normal shooting conditions. The initial values of the 
computed recoil resistance peak, maxRF , and the recoil length, λ , were 190982 N and 865.8 mm, 
respectively, and their calculated minimum and maximum values are listed in Table 1. 

In a traditional deterministic analysis of recoil resistance, the uncertainty of the dimensions 
of the liquid orifice is not taken into account. At the same time, the traditional optimization 
cannot simultaneously obtain the optimal structural dimensions and tolerance ranges in the 
design. For an optimization problem, the perturbation of objects and constraints will lead to poor 
robustness of optimization results. It is necessary to conduct interval optimization and decision 
making by considering the dimension uncertainty of the liquid orifice. 

3. Interval uncertainty optimization of artillery recoil resistance 

3.1 Uncertainty optimization model with three parameter interval 
The uncertainty optimization of recoil resistance was carried out by optimizing the 

throttling bar outer dimensions, which were the main parameters determining the area of 
liquid orifice. The dimensions of a throttling bar are usually uncertain and are distributed over 
the specified tolerance range, due to the errors of machining and assembly. The tolerance 
range is a region defined by the upper and the lower limit, and it is an interval in mathematical 
terms. Nominal dimensions are the criterion for selection and the base for deterministic design 
methods. Tolerances, which depend on the accuracy of machining, affect the manufacturing 
costs. To obtain better artillery recoil resistance, the interval uncertainty optimization method 
developed by the authors of this paper [10] was applied to determine the nominal dimensions 
and tolerances of the throttling bar. 

(1) Construction of three parameter interval 
A three parameter interval was constructed based on the nominal dimension and the 

tolerance level. For an interval  ,I L Rx x x , let t R Lx x x  , where xt is the tolerance. The 
tolerance level of xt can be found in tables of standard tolerance and standard tolerance level 
contained in standards, which is xITn. Define xg as the nominal size of the interval; the 
coefficient xθ,    g L R Lx x x x x    , describes the position relationship between the nominal 
size of the interval and the interval tolerance. The three parameter interval is expressed as 

 IT ITI g n g t g t n t gx xx x x x x x x x x x x x x x x R            ， ， ， ， 、 、  (4) 

(2) Transformation of three parameter interval design variables 
The design variables of the three parameter interval were transformed into two 

parameter intervals by the tolerance constraint equations. The throttling bar was a bar of 
variable cross-section; it consisted of eight sections. The diameter of the ninth break point, 
with a form of diagonal tolerance, was transformed into the same form as the first eight points 
( 0 0.2

0.1 0.342.8 43  ). The diameters of the throttling bar were in the basic shaft system, and the 
coefficient xθ was equal to zero, 0ix  . The tolerance levels of the diameters were the same; 
they were set as IT ITn

idx n  in the optimization. 
(3) Deterministic transformation of the objective and the constraint function 
The deterministic transformation of the objective and the constraint function is 

essentially the ordering of the augmented objective intervals by using penalty function 
methods. First, the method based on the possibility degree of interval [11] was used to 
compare the intervals, and the probability matrix was formed. The sorting formula presented 
in [12] was used to obtain the order. 
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(4) Uncertainty optimization model of three parameter interval 
Through the deterministic transformation, a general optimization model can be 

transformed into the uncertainty optimization model of three parameter interval. The main 
goal was to obtain the minimum recoil resistance peak in the case of stationary recoil lengths. 
According to the calculated results of the recoil length provided in Section 2.2, the recoil 
length was constrained to be less than or equal to 895 mm. To avoid the phenomenon of 
clamping between the throttling bar root and the throttling ring, the assembly clearance was 
constrained to be greater than or equal to Δδ2. Taking into account the dimension uncertainty 
of the liquid orifice, a set of values of each uncertainty variable usually results in a set of 
values for the recoil resistance peak, which can be treated as an interval, i.e. 

   max maxmax max min=I
R RR F FF   ， . The objective was to minimize the interval of recoil resistance 

peak, max
I

RF . The uncertainty optimization model based on the three parameter interval was 
established; it can be expressed as [10] 
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where minidx  and maxidx  are the minimum and the maximum values of the nominal diameters 
of the throttling bar sections, respectively, and I  is the interval of recoil length with the 
dimension uncertainty of liquid orifice being considered. 

3.2 Optimization solutions 
An optimization algorithm with a two-layer structure was adopted to solve the above 

problem. The NSGA-II genetic algorithm was used in the outer layer to find the optimal 
design vector, while the inner layer based on a symmetric Latin hypercube design [13] was 
used to calculate the objective function and the constrained function intervals. A flowchart of 
the algorithm can be found in our previously conducted study [10]. 

Five cases with tolerance levels of the throttling bar diameters from IT8 to IT12 were 
solved. The optimized results of recoil resistance peak and recoil length for the five cases are 
listed in Table 1. To quantitatively evaluate the recoil resistance curves and assess the 
performance of recoil mechanisms, the index of fullness, α, and the index of flatness, β, were 
introduced [14]. The higher the value of α, the better the fullness. On the other hand, the 
smaller the value of β, the better the flatness. The indices of fullness before and after 
optimization were marked as α1 and α2, respectively; α1=0.9323 and α2=0.9703. The indices 
of flatness before and after optimization were marked as β1 and β2, respectively; 
β1=3.210×105 and β2=3.098×105. This indicates that the fullness and flatness were both 
improved after the optimization. The results show that the recoil resistance peaks were 
reduced, while the recoil resistance curves were gentler and their fullness was better. The 
recoil resistance was optimized in the case of stationary recoil lengths. The optimal design 
schemes of the throttling bar outer diameters simultaneously considering the nominal 
dimensions and the tolerance ranges were achieved. 
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Table 1  Optimization results of cases with different tolerance levels [10] 
Tolerance 

levels 
IT10 (Before 
optimization) IT8 IT9 IT10 IT11 IT12 

dx1/ mm   0
0.136.7    0

0.03938.8    0
0.06238.8   0

0.138.7    0
0.1638.9   0

0.2538.6  
dx2/ mm   0

0.133.4    0
0.03934.4    0

0.06234.5   0
0.134.6    0

0.1634.6    0
0.2535  

dx3/ mm   0
0.135.8    0

0.03935.6    0
0.06235.7   0

0.135.8    0
0.1635.8   0

0.2535.8  
dx4/ mm   0

0.136.6    0
0.03936.2    0

0.06236.2   0
0.136.3    0

0.1636.3   0
0.2536.6  

dx5/ mm   0
0.138.1    0

0.03937.7    0
0.06237.8   0

0.137.8    0
0.1637.9   0

0.2537.9  
dx6/ mm   0

0.139.1    0
0.03938.6    0

0.06238.6   0
0.138.7    0

0.1638.7    0
0.2538.7  

dx7/ mm   0
0.140.2    0

0.03940    0
0.06240   0

0.140.1    0
0.1640.2    0

0.2540.5  
dx8/ mm   0

0.141.6    0
0.03942    0

0.06242   0
0.142.2    0

0.1641.9    0
0.2542.5  

dx9/ mm 0.2
0.343    0

0.03942.5    0
0.06242.5   0

0.142.5    0
0.1642.6    0

0.2542.7  

max
I

RF / kN [182.4, 197.1] [168.9, 178.8] [169.2, 179.6] [169.9, 182.8] [170.4, 182.7] [174.9, 192.5] 
I / mm [853.2, 889.3] [860.7, 892.0] [861.0, 891.3] [853.6, 886] [855.8, 893.5] [837.9, 877.2] 

4. Multiple attribute decision making 
In the optimization stage, there are many non-inferior solutions instead of an optimal 

solution. In the evaluation stage, the aim is to choose one or a batch of optimal schemes from 
many optimization results and provide guides for decision makers. The design of artillery is a 
dynamic process which includes continuous optimization. To obtain an optimal design of the 
throttling bar outer diameters, the principles for establishing the evaluation index system of 
optimization are presented and the optimization method to determine the index weights is 
studied. The multiple attribute optimization of the throttling bar outer diameters, with the 
attribute values which include both real numbers and the interval numbers, is investigated by 
employing the multiple attribute decision making method based on maximum deviation. 

4.1 Two-level decision making scheme 
The process of obtaining an optimal scheme by uncertainty optimization usually has 

two stages: optimization and decision making. Uncertainty optimization provides a number of 
non-inferior solutions, and the best solution is generally determined by a decision making 
process. The scheme set A={A1, A2, … , A5} corresponds to the optimization results of cases 
IT8, IT9, … , IT12 in Table 2, respectively. 

The evaluation index system is an organized whole which combines the evaluating 
indicators of multiple interactions according to certain structures and levels. The evaluation 
index system is the basis for carrying out the optimization evaluation and it also relates the 
optimization methods to preferred objects. In general, to establish an evaluation index system, 
the following principles should be adhered to [15, 16]: (1) Scientific methods should be 
employed to determine the levels of evaluating indicators. The compositions of the preferred 
objects, as well as their characteristics, tasks and functions, together with the relationship 
among various essential factors have to be analysed objectively. The index names and their 
meanings together with the calculation methods can be established on the basis of scientific 
analysis. (2) The evaluation index system must be based on the characteristics of the evaluation 
object, so that the indices can be formed as an organized whole with hierarchy and internal 
relations. According to the different characteristics of the indicators, classification analysis and 
comprehensive induction can be performed to obtain a top-down constitution through step by 
step refinement and combination. Usually one to four layers are adopted because the 
complexity of the algorithm grows exponentially with more layers. (3) The indices at the same 
level should be distinguished and relatively independent. As it is very difficult to achieve full 
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independence of indicators in practical problems, the requirement that could be met appears to 
be that the evaluating indicators are not precisely repeated, which may result in overlapping 
attributes. (4) The evaluating indicators are not the more the better. The criterion to determine 
the indices for the evaluation process is based on their significance. Therefore, choosing the 
main evaluating indicators is helpful in establishing an evaluation index system with the 
essential characteristics of the evaluation object being considered. A reasonable evaluation 
index system can be built by following the above principles, and good performance of the 
evaluation index system is necessary to solve the evaluation problems appropriately. 

For the current problem, the decision making scheme can be considered from two 
aspects, manufacturability and characteristics of artillery recoil resistance. The throttling bar is 
a multi-taper slender rod; the poor rigidity and variable cross-section problems make it difficult 
to process high-quality products. Therefore, it is necessary to consider the manufacturability in 
the design of the throttling bar outer diameters when choosing the scheme resulting in optimal 
recoil resistance. Tolerance level is one of the most important factors in process planning, and 
the tolerance levels of the throttling bar diameters, u11, should be carefully treated. In order to 
reduce the loads acting on gun carriages, a smaller recoil resistance peak is required. As 
indicated in Section 3.2, the index of fullness refers to the degree of actual recoil resistance 
curve filling the ideal recoil resistance curve, and the index of flatness refers to the changing 
speed of recoil resistance with regard to the displacement. Better fullness and flatness of the 
recoil resistance curves usually indicates better performance of recoil mechanisms. As for the 
recoil resistance, the interval of recoil resistance peak, u21, as well as the fullness and flatness 
of the recoil resistance curves, u22 and u23, respectively, should be taken into account. Recoil 
length is also one of the most important indicators. It reflects the movement of the recoil part 
and indicates that the designated recoil position has been reached. Accordingly, the 
corresponding recoil lengths of the optimized schemes were located in the vicinity of the 
designed value. It is difficult to judge the different scenarios from the recoil lengths. 
Consequently, the decision making was studied from the point of the manufacturability of 
artillery recoil and its performance resistance, with the recoil length disregarded. As shown in 
Fig. 2, a two-level decision making scheme can be designed, in which the first-level attribute 
set is u2=(u21, u22, u23), and the second-level attribute set is u=(u1, u2). 

 
Fig. 2  Two-level decision making scheme 

4.2 Multiple attribute decision making method 
Multiple attribute optimization generally means taking evaluating indicators of the 

preferred evaluation object as multiple attributes and using multiple attribute decision making 
methods to optimize the evaluation. Multiple attribute decision making refers to the 
evaluation and optimization of a limited number of alternatives. The attribute values can be 
both real numbers and interval numbers. At each level of decision-making system, the 
attribute set is (u1, u2, … , uM). All attribute values assigned to N schemes form the decision 
matrix of the level. The attribute values can be both interval numbers and real numbers. The 
multiple attribute decision making method adopted in this paper is as follows: 
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(1) Deterministic transformation of attribute values described by interval numbers 
The deterministic transformation of the attribute values described by interval numbers is 

essentially the ordering of the intervals. Similarly, the method based on the possibility degree 
of interval [11] can be used to compare the intervals, and a probability matrix can be formed. 
The sorting formula presented in [12] can be used to obtain the order. The possibility degree 
of interval quantitatively describes the extent to which a range is superior to another. The 
model is specified as follows: 
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where AI and BI are the intervals, AR an AL are the upper and lower limits of AI, respectively, 
BR and BL are the upper and lower limits of BI, respectively. The possible position relationship 
between intervals AI and BI is shown in Fig. 3. 

 
Fig. 3  Position relationship between intervals AI and BI 

For a set of attribute values described by interval numbers ,
i
I L R

i iq q q    , i= 1, 2, ..., N , 
compared with each other by equation (6), one obtains the possibility degree of the interval 
 i j

I Ip q q , which is abbreviated as pij. Then, we can get the probability matrix  ij N N
p


P , 

and calculate the sort vector,  T1 2, ,..., N   , by the formula presented in [12], 

  1

1 1    1,2,...,
21

N

iji
j

Np i N
N N




 
   

   
  (7) 

which describes the order of the augmented objective interval 
i
Iq . 
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Transform the attribute values of interval numbers to sort the vector  T1 2, , ..., n    
by equations (6) and (7). A new decision matrix Y is obtained by substituting the elements of 
the sorted vector for the attribute values of the interval numbers,  ij N M

y


Y . 

(2) Normalization of decision matrix 
Attributes can be divided into two types, the cost type (the smaller the better) and the 

benefit type (the larger the better), according to the characteristics of the property. 
The flatness of the recoil resistance curves belongs to the cost type. The normalized 

attribute values rij (i=1, 2, … , N, j=1, 2, …, M) are calculated by 

 
   

1 2

1 1

, ,...,max
,..., ,...,max min

j j Nj ij
ij

j Nj j Nj

y y y y
r

y y y y





 (8) 

where yij is the attribute value. 
The benefit type includes the elements of the sort vector transformed from intervals of 

recoil resistance peaks, the index of fullness of the recoil resistance curves, and the tolerance 
levels of the throttling bar outer diameters. Their normalized attribute values rij are calculated 
by 

 
   

1 2
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, ,...,min
,..., ,...,max min

j j Njij
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j Nj j Nj

y y yy
r
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 (9) 

(3) Determination of the weight vector,  1 2, , ..., Mw w ww  
Determination of the index weight is the key to the optimization evaluation system. It is 

of great importance to determine the weight vector reasonably, especially if there is little 
difference in the optimization results; in that case, the evaluation value is particularly 
sensitive to the weight. There are many weight determination methods, evolved from the 
source of the original data. A suitable weight determination method based on the optimization 
evaluation problem itself should be considered to avoid an inadequate scheme. 

(4) Calculation of the comprehensive attribute values, zi , after normalization 

1
1,2,..., , 1,2,...,

M

i j ij
j

z w r i N j M


    (10) 

(5) Arranging the comprehensive attribute values, zi 
The greater the zi, the better the scheme. 

4.3 Weight determination method based on maximum deviation 
The index weight reflects the role and significance of each evaluating indicator in the 

evaluation index system used in optimization. Reasonable determination of index weights is 
of great importance for the optimization evaluation. According to the source of original data 
used for the calculation of index weights, the determination methods of index weights are 
roughly divided into subjective and objective methods, as well as into some combined 
methods [17, 18]. A subjective weight method gives corresponding index weights estimated 
by decision makers or experts based on their subjective experience and information on each 
index or scheme. The shortcomings are that these methods are inevitably interfered by human 
factors. An objective weight method uses the objective information of evaluation objects to 
determine corresponding index weights, according to the information provided by each index. 
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Thus, the interference of human factors when determining the weights is avoided. This 
method usually uses relatively comprehensive mathematical theories and methods to exclude 
the source of subjective weights, keeping the weights objective. For a specific optimization 
evaluation problem, an appropriate weight determination method should be adopted according 
to the characteristics of the problem. 

The schemes of artillery structural tolerance are studied in this paper, and it is clear that 
the parameters are similar. The deviation caused by the corresponding index may not be too 
serious. It is not because of the index selection problem, but it is the result of the 
characteristics of schemes. A subjective method may lead to slight differences between the 
optimal evaluation values of each scheme, and the optimization results may be particularly 
sensitive to index weights [19]. Herein, an objective weight method is used to determine the 
weight of the evaluation indices. The weight determination method based on maximum 
deviation was adopted to get the attribute weight. 

In general, if the difference in the attribute values of all the schemes under a certain 
attribute is smaller, the effect of the attribute on the decision is less strong. If an attribute 
makes a large difference in the attribute values of all the schemes, the attribute plays an 
important role in the decision. From the point of view of scheme ranking, if an attribute 
makes a larger deviation of the attribute values of all the schemes, a greater attribute weight 
should be given. In particular, if the attribute value of each scheme has no difference in a 
preferred evaluating indicator, it means that the evaluation index may not play a major role in 
the decision ranking of schemes, and its weight can be set as zero. According to the above 
considerations, the optimization model of attribute weight for decision making was 
established, and can be expressed as 
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where N is the number of schemes, M is the number of evaluating indicators at the same level 
which belongs to one upper layer, rij is the normalized attribute value, and *

jw  is the weight 
satisfying unit constraint conditions. 

The attribute weight can be calculated by the method of Lagrange multipliers, and the 
normalized attribute weight is 
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Finally, the computed weight vector w  is the optimal weight obtained by the maximum 
deviation method. 
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4.4 Results 
The attribute values corresponding to the obtained optimal schemes of the outer 

dimensions of the throttling bar are listed in Table 2. The multiple attribute decision making 
method was used to calculate the specification values and the comprehensive attribute values 
of the scheme set A. In the attribute set  2 21 22 23, ,u u u u , the attribute value of u21 which 
indicates the effect of recoil resistance peaks is the interval numbers. Deterministic 
transformation of attribute values described by the interval numbers was conducted to obtain 
the sorting vector. As mentioned in Section 4.1, u21 is the benefit type attribute, i.e. the larger 
the component, the better the result. Similar to u21 are u22 which indicates the effect of 
fullness of the recoil resistance curves and u23 which indicates the effect of tolerance levels of  
the throttling bar outer diameters. They were normalized by using equation (9). On the other 
hand, u23, indicating the effect of flatness of the recoil resistance curves, belongs to the cost 
type. It was normalized by using equation (8). All the specification values obtained by the 
normalization are given in Table 2. 

The weight vectors  21 22 23, ,w w w2w  and  1 2,w ww , corresponding to the attribute sets 
 2 21 22 23, ,u u u u  and  1 2,U u u , respectively, were obtained by using the weight determination 

method based on maximum deviation. Here,  0.3507,0.3280,0.32132w , and 
 0.4992,0.5008w . The results of the five cases are listed in Table 2. 

According to the comprehensive attribute values in Table 2, the schemes are sorted in 
the following order: 3 4 2 5 1A A A A A    . From the point of views of recoil resistance and 
manufacturability, the optimization scheme of Case IT10 ranks as the best, the optimization 
scheme of Case IT11 ranks as the second, and then follows the Case IT9. It can be found that 
the weights of the recoil resistance and the manufacturability are almost equal. Generally, 
with the progress of processing technology, the weight of manufacturability will gradually be 
reduced. However, the results from the above method do not change with the improvement in 
the processability, and this may be felt to be a disadvantage of the presented method. 

Table 2  The attribute values, specification values and comprehensive attribute values of scheme set A 
Cases A1 A2 A3 A4 A5 

u21 
Attribute values [168.9,178.8] [169.2,179.6] [169.9,182.8] [170.4,182.7] [174.9,192.5] 

Specification values 1 0.9196 0.6557 0.6263 0 

u22 
Attribute values 0.9724 0.9705 0.9703 0.9648 0.9714 

Specification values 1 0.75 0.7237 0 0.8684 

u23 
Attribute values 3.009×105 3.037×105 3.098×105 3.043×105 3.611×105 

Specification values 1 0.9535 0.8522 0.9435 0 

u11 
Attribute values 8 9 10 11 12 

Specification values 0.2848 0.5228 0.7411 0.8749 1 
Comprehensive attribute 

values 0.4992 0.5371 0.5689 0.5417 0.5008 

5. Conclusions 
This paper presents the multiple attribute decision making method with interval 

uncertainty for artillery recoil resistance. Some conclusions can be drawn from the study. The 
interval optimization design of the throttling bar outer diameters with different tolerance 
grades was carried out. The optimized recoil resistance curves are gentler and more uniform, 
with increased fullness. The multiple optimization schemes were sorted using the multiple 
attribute decision making method based on maximum deviation; the attribute values, the 
specification values and the comprehensive attribute values of the scheme set were calculated. 
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The optimal design scheme of the throttling bar outer diameters, which considers 
simultaneously the manufacturability and the requirement of recoil resistance, was 
determined. The optimal interval of the recoil resistance peaks and the optimal recoil 
resistance curve with sufficient fullness and flatness were obtained. This study provides an 
approach to investigating optimization and decision making in the design of artillery 
components. In future work, the optimization and decision making in the design of artillery 
components with uncertainty firing loads taken into account will be carried out. 
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