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DIRICHLET PRODUCT AND THE MULTIPLE DIRICHLET
SERIES OVER FUNCTION FIELDS

Y OSHINORI HAMAHATA

Okayama University of Science, Japan

ABSTRACT. We define the Dirichlet product for multiple arithmetic
functions over function fields and consider the ring of the multiple Dirichlet
series over function fields. We apply our results to absolutely convergent
multiple Dirichlet series and obtain some zero-free regions for them.

1. INTRODUCTION

A function f : N — C is called an arithmetic function. For arithmetic
functions f and g, the Dirichlet product f * g is defined as

(fxg)n) =" Fdg (5)-
din

Using this product, we can obtain many results in number theory (see Apostol
[3]). For an arithmetic function f : N — C, the Dirichlet series L(s; f) is
defined as

o~ f(n)

L(S,f) T ngl ns ’

which includes the Riemann zeta function ((s) = >~ n~* and the Dirich-
let L-function L(s,x) = Y. ., x(n)n=* for the Dirichlet character x. To
know the location of the zeros of L(s; f), its zero-free region is often studied.
For example, the Riemann zeta function ((s) is absolutely convergent when
Re(s) > 1, and has no zeros in this region. The multiple Dirichlet series,
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which is a multiple variable generalization of the Dirichlet series, is defined as
Z Z f nl, . )7
ni=1  np=1
where f : N¥ — C is a multiple arithmetic function. As examples of
such multiple Dirichlet series, we have the Euler—Zagier multiple zeta func-

tion Cgzk(s1,...,sk), the multiple zeta star function ¢ (s1,...,sk), and the
Mordell-Tornheim multiple zeta function (arr i (s1, ..., Sk):

1
Cez k(81 8K) = Z Lok

n ‘n
0<ny < <ny 1 k

N 1
Gstinse) = > =

O<ni<<ng LT
1
S1y...,5k;8 )
CMT’k( 1 k k+1 Z Z nl + - +nk)5k+1
77,1— Neg= 1
It is known that (gz k(s1,. .., sk) and ¢ (31, ..., sk) are absolutely convergent

in
Re(si+--+sg)>k—i+1 (i=1,...,k),
and that Cyrrk(st1, ..., Sk; Sk+1) is absolutely convergent in
Re(s;)) >1 (i=1,...,k), Re(sp+1)>0.

For details, we refer the reader to Matsumoto, [7, 8]. To study the multiple
Dirichlet series, Onozuka in [9] investigated the Dirichlet product on the set
of multiple arithmetic functions. As an application, he provided a result
regarding a zero-free region for the multiple Dirichlet series.

The set D[[s1,...,sk]] of all multiple formal Dirichlet series becomes a
ring using ordinary addition and product operations. Onozuka in [9] proved
that D[[s1, ..., sx]] is a unique factorization domain.

There is an analogy between number fields and function fields in one vari-
able over the finite field F,. The theory of complex-valued zeta functions
exists in function fields, as in [10, 12]. To study the Dirichlet series over
function fields, we first introduce the Dirichlet product of multiple arithmetic
functions over function fields. We subsequently consider the ring of the mul-
tiple formal Dirichlet series. We apply our results to absolutely convergent
multiple Dirichlet series to obtain some of their zero-free regions.

The remainder of this paper is organized as follows. In Section 2, we
define the Dirichlet product of the multiple arithmetic functions over function
fields. Using this, we show that the set of all multiple arithmetic functions
becomes a unique factorization domain. We subsequently define multiple
formal Dirichlet series over function fields and show that these series form a
unique factorization domain. In Section 3, using the results from the previous
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sections, we investigate the zero-free regions for absolutely convergent multiple
Dirichlet series.

NoTATION. Nj is the set of non-negative integers, Rs( is the set of
positive real numbers and f(a) < g(a) means |f(a)|= O(g(a)).

2. MULTIPLE ARITHMETIC FUNCTIONS

In this section, we introduce multiple arithmetic functions over function
fields and investigate their Dirichlet products. For the Dirichlet product in
the classical case, we refer the reader to [1, 2, 3, 4, 5, 9, 11, 13].

Henceforth, let IF, be the finite field with g elements, where ¢ is a power
of the prime number p. Let A = F,[T] and let A} be the set of all monic
polynomials in A. Let k& be a positive integer. We use bold letters to express
the elements of Ai. For example, we denote (ai,...,a;),(1,...,1) € Ai
as a, 1, respectively. For a = (a1,...,a;),b = (b1,...,b;) € Ai, we write
a+b=(a1+b1,...,a; +bk),a-b= (a1b1, ..., arby).

2.1. An ordering of Ai. We set

Pp={(1,...,1,P,1,...,1) € A% | P is irreducible, 1 < j < k}.
J

An element P € Py is called a multiple prime. In particular, an element
P € Py is called a prime when k = 1. Because Py, is countable, there exists
a bijection ¢ : N — P. For j € N, let P; = ¢(j). We see easily that any

element M € Ai can be written as the product of finite multiple primes.
Let

e { A if a0,
0 if a=0,

for a € A.
Let N((Joo) be the set of all sequences of the non-negative integers with
finite supports. Namely,

= {(ag,...,an,...) | a; € Ng, a; =0 for almost all 7}.
N> N 0 for al 11

Thus, there exists a bijection 1 : Ai — N((Joo) defined as
¥ <HP§”> = (s Oy,
i=1
When P; = (1,...,1,P,1,...,1), let ¢; = log|P|. We define

L:N((Joo) =R, (01,...,0n,...) |—>Zciai.
i=1
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Using L, we define an ordering of Ai as follows: Take a = (aq,...,ax),b =
(bi,...,by) € A% such that

azﬁP;“ #b:ﬁpfi.

=1 i=1
When
(L o) (a) =loglay - - - ag|< (Lov)(b) = log|bs - - - by,

let a <y b. When (Loy)(a) = (Lov)(b),leta<ybifa; =p,...,0i1 =
Bi—1, and «; < B; for some i. We write miny, for the minimum with respect
to L.

2.2. The multiple Dirichlet product. We call f : Ai — C a multiple (k-
tuple) arithmetic function. Let

Q={f]f:45 ~C}
be the set of multiple arithmetic functions. For f,g € Q, the sum f + g is
defined as (f + g)(a) = /(a) + g(b).

DEFINITION 2.1. For f,g € Qy, the multiple Dirichlet product f * g is
defined as

(fxg)a)=Y_ f(b)g(c).
b-c=a
b,ce A%
This product is called the Dirichlet product when k = 1.

To discuss the algebraic structure of {2, we define the norm N : Qj, — Ny
as

0 if f=0,
N(f) = { aréqug{lall---lakl | fa) #0} if f#0

+
for f € Q. The following result holds for the norm:

PROPOSITION 2.2. (i) For f € Q, N(f) =1 if and only if f(1) # 0.
(ii) For f,g € Qu, N(f*g) = N(f)N(g).

PROOF. (i) is easy. (ii) If f =0 or g =0, then f xg = 0. Hence, the
equality is valid. Assume that f # 0 and g # 0. We take a € A such that
lai|- -+ |lak|< N(f)N(g). Ifa=b-c for b,c € A% then |b;| - |by|< N(f) or
le1]- -+ |ek|< N(g). Hence, (f *g)(a) = 0. Let

L:(Ll,...,Lk):mLin{beAi | f(b) # 0},
M:(Ml,...,Mk):mLin{ceAi | g(c) # 0}.
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Thus, N(f) = |L1|---|Lk|, N(g) = | M| - - |My|. We take b, c € A such that
b-c=M-: L. If b <y L, then f(b) =0. If b >; L, then ¢ <; M, hence
g(c) = 0. Therefore, we have

(f+g)(L-M)= > f(b)g(c) = f(L)g(M) #0,
b-c=L-M
which yields N(f * g) = |L1|-- - |Ly||M]- - - [My|= N(f)N(g). u

2.3. The ring of arithmetic functions. Using + and * defined above,
becomes a ring as follows:

PROPOSITION 2.3. (i) Qy is an integral domain with the identity func-
tion I : Qy — C, which is defined as

(1 ifa=1,
Kw—{o if al.

(ii)  The group of units of QU is
Up :={f € | f(1) #0}.

PROOF. (i) We see easily that € is a commutative ring with identity
1. We take f,g € Qp with f # 0,9 # 0. According to Proposition 2.2,
N(f *g) # 0, which yields f x g # 0. Hence, € is an integral domain.

(ii) For f € Uy, we define f~1 € Qy, as

1

(2.1) fHa) = 1 o .
0] b;af(b)f (c) ifa#l
c#a

Then, it holds that f « f~' = I. Hence, f is a unit of . Conversely, if f is
a unit of Q, then there exists g € Qy, such that f*g = I. We have N(f) =1
because N(f)N(g) = N(f xg) = 1. Hence, f € Uy by Proposition 2.2. O

The ring 2 has the following properties.

THEOREM 2.4. (1) Q is a unique factorization domain.
(il) Qf is a local ring.
(iii) Qg 4s not a Noetherian ring.

PROOF. (i) For each j € N, the map a; : A% — Ny is defined as
a1 (M) a2 (M
M:Pll( )P22( ).

It is easy to see that aj(a-b) = aj(a) + a;(b) for a,b € A%. Let
X1,%2, ..., Tn, ... bedistinct indeterminates, and let C,, := C{z1,22,...,2Tp,. .

3
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be the ring of the formal power series in z1,22,...,Zy,,.... We define a map
R:Q, — C, as

Z f a1 (M) ag(M)”'

MeAk

We first prove that R is a ring isomorphism. It is easy to see that R(I) =
Let f,g € Q. It is easy see that R(f +9) = R(f)+ R(g). We have

R(fxg)= 3 > [y ™Magz.

Meak ab=M

_ Z f a1 (a) az(a) . Z g(b)x?l(b)ISZ(b) .
acAk be Ak
= R(f)R(g)-

Next, we see easily that R is injective. Finally, for E € C,,, we can find
fe € Qi such that R(fg) = E. Hence, R is surjective. According to [4], C,
is a unique factorization domain. This finishes the proof of (i).
(i) Let m = {f € Qx| f(1) = 0}. We see easily that m is an ideal of
Q. Hence, Q is a local ring with maximal ideal m because Qj, \ U = m.
(iii) In the ring C,, the chain of ideals

(x1) C (x1,22) C -+ C (21, 22,...,25) C -
does not become stationary. Hence, 2 is not Noetherian. O
Because Qj = C,,, we have the following result.
COROLLARY 2.5. Q is isomorphic to € for all positive integers k and 1.
2.4. The ring of the multiple formal Dirichlet series. Let
D([s1,---, 8] := Z¢|feﬂk ,
acAk |lay |1« - |ag|*

whose elements are called the multiple formal Dirichlet series. For f,g € Qy,
we understand that

S f@ar] o Jar] 7= DT gla)faa] o fag|

aeA’; aEA’jr

if and only if f = g. For F' € D|[s1,..., sk|], we use f to denote the arithmetic
function defined as

F(s1,...,88) =F(s1,...,86; f) Z a |51 |a |Sk.
acat 1 k
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EXAMPLE 2.6. F(s; f) = > ,ca, f(a)la|™* is simply called the Dirichlet
series associated to f for f € Q3 when k = 1. In particular,

)= 3

a€Ay

is called the zeta function for A. This function is absolutely convergent when
Re(s) > 1, and can be written as

1 1\
)= ——== ]I <1——s) :
1- q PecAy |P|
irreducible

Let M € Awithdeg M > 0. A Dirichlet character modulo M is a function
x : A — C such that

(i) x(a+0M) = x(a) for a,b € A.

(i) x(ab) = x(a)x(b) for a,b € A.

(iii) x(a) # 0 if and only if ged(a, M) = 1.
The Dirichlet L-function for x is defined as

x(a)

jal*”

L(Sv X) =

a€Ay

which is absolutely convergent when Re(s) > 1, and can be written as

-1
X(P)
PEA+
irreducible

For the further details, we refer the reader to Rosen, [10].
EXAMPLE 2.7. (i) For the arithmetic function u* € €, defined as

*(a)_{ 1 Z.f |a1|§ < |ak|a

U .
0 otherwise,

the multiple zeta star function is defined as

1
Cr(s1y---y8K) = F(s1,...,86u") = Z

| < <] |a1|51. .. |ak|5k

(ii) For the arithmetic function ugz € Qi defined as

_ 1 if Ja< e < agl,
ugz(a) = { 0 otherwise,

the Euler—Zagier multiple zeta function is defined as

1

CEZ,]C(817"'7SI€) 3:F(517---78k;UEZ)= m-

lar|<-<|ak]|
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(iii) The Mordell-Tornheim multiple zeta function is defined as

Cvri (815, Sk Skt1) = F(s1,. .., Spr1;UmT)

-y -
S P T Gonl -+ Jan )

The ring D[[s1,. .., sk]] becomes a ring with the addition and product
operations, defined as

(f +9)(a)
2.2 = —_ = T
( ) Z |CL1|51 |ak|5k Z |CL1|51 |ak|5k az |a |51...|ak|5k’

eAk
) ) N
acat IculSl |ak|5k acat ImlSl - |ak|5k S JalrJa

The correspondence f +— ZaeAi f(@)]ar]| =5+ - - |sg|~** induces a ring isomor-

phism Qj = D[[s1,. .., sg]]. According to Theorem 2.4 and Corollary 2.5, we
have the two following results.

THEOREM 2.8. (i) DI[s1,...,sk]] is a unique factorization domain.

(ii) DI[s1,-.-.,sk]] is a local ring.

(iii) DI[s1,-.-,sk]] is not a Noetherian ring.

COROLLARY 2.9. D|[s1, ..., si]] is isomorphic to D[[s1,. .., si]] for all pos-

itive integers k and l.

3. APPLICATION

In this section, we consider the zero-free regions for absolutely convergent
multiple Dirichlet series over function fields.

3.1. Regions of absolute convergence. For the zeta functions in Example
2.7, we have the following regions of absolute convergence.

LEMMA 3.1. (1) ¢i(s1,...,8k) is absolutely convergent in the region
(3.1) Re(si+--+sk)>k—i+1 (i=1,...,k).
Moreover, ((s1,...,sk) can be written as

1
* —
Ck(517 ceey Sk) = (1 _ qk7(51+---+5k)) (1 _ qk—17(52+---+sk)) . (1 _ q1*5k)'

(ii) Cezx(si,...,sk) is absolutely convergent in the region (3.1). More-
over, Cgz.k(S1,...,5K) can be written as
(3.2)

q(1752)+2(1753)+---+(k71)(1fsk)
— qk*(ler"'JrSk)) (1 — qk,17(52+...+5k)) - (1 — qlfsk) ’

CEZ,k(Slu sty Sk) = (1
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(i)  Cmrk(s1,--.,sk) is absolutely convergent in the region
(3.3) Re(si)>1 (i=1,....k), Re(sps1) > 0.

PROOF. (i) See Masri, [6, Theorem 1.1]. (ii) See Thakur, [12, 5.10].
(iii) The following holds in the region (3.3):

1
S < Re(s N Re(s ,
aGZAi lay |5t - ag|s (Jar |+ - - + |ag]) " Ca(Re(s1)) - Ca(Re(sk))
which yields the proof of (iii). .

From this lemma, we can see easily the following.

COROLLARY 3.2. (i) For the Dirichlet characters x1,..., Xk, we define
the multiple L-star function as

) xi(a1) - xlar)

* . R
Lk(sla"'7sk7xlu"'7xk) = |a1|51-~-|ak|5k

lay|<-<|ak|
Then, this L-function is absolutely convergent in the region (3.1).
(ii) For the Dirichlet characters x1,..., Xk, we define the Euler—Zagier
multiple L-function as
xi(a1) - -~ xx(ax)
|CL1|51~ .. |ak|5k

LEZ,k(Slu ey Sky X1y 7Xk) =
lar]|<<|ag|

Then, this L-function is absolutely convergent in the region (3.1).

3.2. Zero-free regions. To consider the multiple Dirichlet series analogous
to the multiple zeta functions in the example above, we introduce the subsets
of €. as follows:

wo={f€Q | f(a) =0 for a which does not satisfy |a1|< --- <|agl|},

Qpzir:={f € Q| f(a) =0 for a which does not satisfy |a;|< -+ < |ax|},

Qurr :={f € Q| f(a) =0 for a which satisfies |ag|< |a1]+ - + |ag—1]}
Using + and %, these subsets become subrings of {2 as follows.

PROPOSITION 3.3. (i) Q5 is a subring of .
(il) gz is a subring of QU such that Qpz N Uk = ¢.
(i) Qi is a subring of Q. such that Qprr N Uk = ¢.

Proor. It is easy to see that €2}, Qrzk, and Qur are additive sub-
groups of Q.

(i) Let f,g € Qf. We take a € A% which does not satisfy |a|< -+ <
lag|. If b-c = a for b,c € A%, then [by|< -+ < [bi| or |e1|< -+ < ey
does not hold. Hence, (f *g)(a) = >y ._. f(b)g(c) = 0, which implies that
f*g € Q. Because of I € Q NUy, Qp NU # ¢.
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(ii)) The former is proved as was the case for (i). We have f(1) = 0 for
any f € Qgz . This implies Qpz i, N U, = ¢.

(i) Let f,9 € Quri, and let a,b,c € Ai such that b-c¢c = a. If
|be|> 01|+ - + [br—1| and |eg|> |er|+ - - + |ck—1], then

(larl+- -~ +lax-1)* < ([aflesl+ - + [br—allee—1])?
< (PPt e ) (ea P+ + ler-1]?)
< (bal+ -+ b)) (Jea -+ en—1l)?
< [bw)?[exl*= lax?,
which yields |ag|> |a1]|+ - - - + |ak—1|. Hence, if |ag|< |a1]|+ - - + |ax—1], then
k1< o1+ Ibg 1] o lexl< lexl++ + lexs .

Hence, (f * g)(a) = >}, .c—a f(b)g(c) = 0, which implies f * g € Qarr. We
have f(1) = 0 for any f € Qarp . This implies Qprrp N U = ¢. O

According to Proposition 3.3, we have the following equalities:

f(a) 3 g(a)

P T A VS N
(f * 9)(a) .
= e T Tee €N
1< <ag|
fw e
51... s S1... S
PP L L el NP L
I *g)(a
= Z (517()% (f,9€Qpzr),
lar|<--<|ak| |CL1| o |ak|

f(a) 9(a)
Z lay[or - - |ag|* Z

a1 s |ag|*"
lak|>]a1|+-+|ak] lak|>]ay|++|ak]

Z (f *g)(a) (f,g c QMT,k)-

la1[*r - - |ag|*

lak|>]ar|+-+|ak]
Moreover, for f € QF N Uy,
—1
f(a) _ Z [ (a)

anl S Loy 11l ar | Sy 117 law

COROLLARY 3.4. Assume that F(s1,...,sk; f) and F(s1,..., sk f71) are

absolutely convergent on R C C¥ for f € Uy. Then, F(s1,...,sk; f) has no
zeros on R.
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ProoOF. Using (2.2), for (s1,...,8;) € R,
F(Slu'"7Sk;f)F(Sla"'7Sk;f71) :F(Sl,...,Sk;I): 1.

We need the following lemma to prove Theorem 3.6.
LEMMA 3.5. (1) D g ,ld|"< Ca(a)|al® for all o> 1.
(il)  For every f € Uy, there exist C > 0 and r1,...,r; € R such that
[f(@)|< Claa|™ - |ar[™
for alla € Ak \ {1}. For such f, choose aj > 1+r; (j =1,...,k) such that

1
Calar —r1) -+ Calag — 1) <1+ |fé')|
Then, for all a € Ak s

ar]o g

@l M

PRrROOF. (i) We have

Y oldr=1al*Y ]

d
a
dla dla

“ « 1 «
= |al ZW < Ca(@)]al”.
dla

(ii) We prove the result by induction on d = degaj + --- + degay. If
d = 0, then a = 1, which yields |f~(1)|=|f(1)|7!. Let d > 0 and we assume
that the theorem holds for ¢ € A’i with degc; +---+degci < d. Then, using
(i), we have

1Y) < ﬁ S 1) )]

b-c=a
c#a
C
< e O [bal ™ ea] bl e
)P A
b(-:(;é_aa
C ay |™ ap |
ZWZ C—I Jea ™) 2o lel™
o
C _ _
= e [l el (Dol e | 3 e
cl|a1 Cklak

- |a1|a1---|ak|“'“]
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C
[F(D)?

1] g

=)

< (Calon = r1)]ar]*- - Calan — 1) |ar|™ —lag|[**- - - Jag|**)

O

THEOREM 3.6. Given the same notations and assumptions as those used
in Lemma 3.5, F(s1,...,8%; f) and F(s1,...,s,; f~1) have no zeros on

(3.4) {(s1,--.,5%) €ECF | Re(s;) >1+a; (j=1,....k)}.
Moreover, it holds that
F(si,...,s6:f) ' =F(s1,...,86: 1)
in this region.
PROOF. The multiple Dirichlet series F'(s1,...,sk; f) is absolutely con-
vergent on Re(s;) > 1471, (j = 1,...,k) because f(a) < |a1]|™:--|ar|™.

Using Lemma 3.5, F(s1,...,s,; f~1) is absolutely convergent on the region
(3.4) because |f~(a)|< |a1|* - - |ag|**. The latter part is easy. O

Using Lemma 3.1 and Theorem 3.6, we have the following improved zero-
free region for f € Q} NUj.

THEOREM 3.7. Take f € Q NUy satisfying the condition in Lemma 3.5.
Then, F(s1,...,86 f) and F(s1,...,s,; f~1) do not have zeros on

{(s1,..-,8%) €CF | Re(si+---+s) > k—itl+a;+-+ap (i=1,...,k)}.

PRrROOF. Using Lemma 3.1 (i), F'(s1, ..., sk; f) is absolutely convergent in
Re(si+ - +sk) >k—i+1+r+---+rp (i =1,...,k) because |f(a)|<
lai|™ - |ax|™. In the same way, using Lemma 3.1 (i), F(s1,...,s,; f 1) is
absolutely convergent in Re(s;+- - -+sx) > k—i+1+a;+ - 4o, (i =1,...,k)
because |f~1(a)|< |ai|* - - - |ag|**, which completes the proof. O

EXAMPLE 3.8. The multiple Dirichlet series (1, ..., Sk), Li(s1,. .., 5k),
CeEz k(81 s Sk X1y, Xk)+ 1, and Lez g (s1, - -, Sk X1, - - - » Xk )+1 belong to
Q;NUg. In Lemma 3.5 (ii), we can takery = --- =71, =0, and C' = |f(1)|= 1.
Using Theorems 3.6 and 3.7, we see that these series do not have zeros in the
region
(3.5)

{(s1,...,8%) €CF|Re(si+---+sg) > k—i+l+ai+---+ar (G=1,...,k)},

for a; > 1 (i=1,...,k) such that (a(a1)---Calax) <2.

REMARK 3.9. It is possible that the zero-free region in Theorem 3.7 is not
the best region. For example, we consider ¢} (s1,s2). When, ¢ > v/2/(v/2—1),
€a(2)? < 2. Then, using (3.5), ¢ (s1,s2) has no zeros in

Re(51 + 52) > 6, RG(SQ) > 3.
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However, using Lemma 3.1, (5 (s1, s2) is absolutely convergent in

Re(51 + 52) > 2, RG(SQ) > 1,

and has no zeros in this region.
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