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ABSTRACT. In this paper, we continue to investigate common proper-
ties of the products ac and bd in various categories under the assumption
acd = dbd and dba = aca. These properties include generalized strongly
Drazin invertibility and generalized Hirano invertibility in rings, abstract
index of Fredholm elements and B-Fredholm elements in the Banach alge-
bra context, complementability of kernels and ranges for bounded linear
operators on Banach spaces.

1. INTRODUCTION

Throughout this paper, R denotes an associative ring with unit 1. The
classical Jacobson’s lemma asserts that

(1.1) 1 — ab is invertible if and only if 1 — ba is invertible

for any a,b € R. In the last two decades, suitable analogues of Jacobson’s
lemma for Drazin inverse and generalized Drazin inverse have been found by
many researchers around the world (see [6, 8, 14, 16, 17, 24]). Corach et al.
in [7] generalized (1.1) and many of its relatives to the case that

(1.2) aba = aca,

see also [20, 21, 22, 23]. Recently, it has been realized that there are proper
counterparts of Jacobson’s lemma for Drazin inverse and generalized Drazin
inverse under the new condition

acd = dbd,

dba = aca,

(1.3)
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see [15, 18]. Obviously, the case “a = d” in (1.3) gives (1.2), the case “b = ¢”
in (1.2) results in aca = aca.

This paper is a continuation of [15, 18]. In the presence of (1.3), common
properties of the products ac and bd are further studied in various categories.

e In section 2, Jacobson’s lemma for two new generalized inverses (i.e.,
generalized strong Drazin inverse and generalized Hirano inverse) are estab-
lished in rings.

e In section 3, we derive the abstract index equality of Fredholm elements
and B-Fredholm elements in the Banach algebra context.

e In section 4, we investigate the common complementability of kernels
and ranges for bounded linear operators on Banach spaces.

2. GENERALIZED INVERSES RELATED TO GENERALIZED DRAZIN INVERSE

For a € R, the commutant and double commutant of a are defined by
comm(a) = {x € R : ax = xa} and comm?(a) = {x € R : 2y = yx,for all y €
comm(a)}, respectively. We shall write ™! and R"™ for the sets of all
invertible and nilpotent elements of R, respectively. An element a € R is
quasinilpotent ([12]) if 1 + ax € R~ for all z € comm(a). The set of all
quasinilpotent elements of R will be denoted by R4, Recall that a € R is
generalized Drazin invertible ([13]) if there exists b € R such that

b € comm?(a),bab = b and a — aba € R,

If such b exists, it is unique, and it is called the generalized Drazin inverse
of a, denoted by a9”. The set composed of generalized Drazin invertible
elements in R will be denoted by RY9”. In [18], the authors obtained the
following analogue of Jacobson’s lemma for generalized Drazin inverse under
the assumption (1.3), which gives an affirmative answer to a conjecture of
[15].

LEMMA 2.1. Suppose that a,b,c,d € R satisfy acd = dbd and dba = aca.
Then B =1—ac € RIP if and only if « = 1 —bd € RIP. In this case, we
have

BIP = (1 —da™[1 — a"a(l + bd)] *bac)(1 + ac) + da?Pbac

and
a?? = (1 = bacB™[1 — 87 B(1 + ac)] ' d)(1 + bd) + bacB?’d,
where a™ =1 — aadP, ™ =1 — ppIP.

If we replace the condition a — aba € R in the definition of generalized
Drazin inverse with a — ab € R, then a is said to be generalized strongly
Drazin invertible and b is called the generalized strong Drazin inverse of a,
denoted by a?*P (see [11]). The set composed of generalized strongly Drazin
invertible elements in R will be denoted by R9*P. According to [11, Corollary
3.3], R9*P C R9P.
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THEOREM 2.2. Suppose that a,b,c,d € R satisfy acd = dbd and dba =
aca. Then B =1—ac € RI*P if and only if « =1 —bd € RI*P. In this case,
we have

BIP = (1 —da™[1 — a"a(1 + bd)]bac)(1 + ac) + da?*Pbac
and

a%*P = (1 = bacB™[1 — B B(1 + ac)] " d)(1 + bd) + bacs*Pd,
where a™ =1 — aa9%P ™ =1 — fB95D.

PROOF. Write p=a™, v = [1 — pa(l + bd)]~! and y = (1 — dpvbac)(1 +
ac) + da?9*Pbac. By Lemma 2.1, y is a generalized Drazin inverse of 3. To
show y € R9°P, we only need to show that f — By € R, Noting p =
p(bd)*v = pv(bd)?, we deduce that a — aa?*? = p — bd = (pvbdb — b)d.
From the proof of [18, Theorem 3.3], we get Sy = 1 — dpvbac. Hence 8 — fy =
1—ac—(1—dpvbac) = dpvbac—ac = (dpvba—a)c. Now we put o’ = dpvba—a
and b’ = pvbdb — b. Then a direct calculation shows that a’cd = db'd and
dv'a’ = a’ca’. Since b'd = a — aa9*P € R by [19, Lemma 2.6], we
conclude that 3 — By = a’c € R, as required.

Conversely, set ¢ = 8™, u = [1 — ¢B(1 + ac)]~! and x = (1 — bacqud)(1 +
bd) + bacB9Pd. By Lemma 2.1, it remains to prove that a — ax € RI™.
Noting ¢ = g(ac)*u = qu(ac)?, we get B — B39°P = q — ac = (quaca — a)c.
Also, we obtain

ax = (1 —0bd)[(1 — bacqud)(1 + bd) + bacBI°Pd]

=1 — (bd)* — (1 — bd)bacqud(1 + bd) + (1 — bd)bacsI*Pd

=1 — [bacd — bac(1 — ac)B9*Pd] — (1 — bd)bacqud(1 + bd)

=1 — bacgd — bac(1 — ac)qud(1 + bd)

=1 — bacqd — bacqu(1l — ac)(1 + ac)d

=1 — bacqd — bacqu[l — (ac)?]d

=1 — bacqud,
whence a—ax = bacqud—bd = (bacqu—b)d. Now we write a’ = quaca—a and
b = bacqu — b, a direct calculation shows that a’cd = db’d and db'a’ = a’ca’.

Since a’c = B — BBRI*P € R the desired conclusion o — ax = b'd € RI™!
then follows by [19, Lemma 2.6]. O

Recently, Abdolyousefi and Chen ([1]) introduced another subclass of gen-
eralized Drazin inverse, by replacing a — aba € R with a® — ab € RI"!
in the definition of generalized Drazin inverse. In this case, we say that a
is generalized Hirano invertible and b is the generalized Hirano inverse of a,
denoted by a9. We use RI¥ to denote the set of all generalized Hirono
invertible elements in R. By [1, Theorem 2.2], RIH C R9P.
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THEOREM 2.3. Suppose that a,b,c,d € R satisfy acd = dbd and dba =
aca. Then =1—ac € R if and only if « =1 — bd € RI™. In this case,
we have

B9 = (1 —da™[1 — a™a(1 4 bd)] " bac)(1 + ac) + da? bac

and
a9 = (1 = bacB™[1 — B B(1 + ac)]~'d)(1 + bd) + bacB? d,

where o™ =1 — a7 =1 — pRIH.

PROOF. Write p=a™, v = [1 — pa(l + bd)]~! and y = (1 — dpvbac)(1 +
ac)+da?® bac. By Lemma 2.1, y is a generalized Drazin inverse of 3. To show
y € R we only need to show that 82 — By € R, Noting p = p(bd)?v =
pv(bd)?, we deduce that o — aa9*? = p — 2bd + bdbd = (pvbdb — 2b + bdb)d.
From the proof of [18, Theorem 3.3], we get By = 1 —dpvbac. Hence 3% — By =
(1—ac)? — (1 —dpvbac) = dpvbac — 2ac+ acac = (dpvba — 2a + aca)c. Now we
put @’ = dpvba — 2a+ aca and b’ = pvbdb — 2b+ bdb. Then a direct calculation
shows that a’cd = db'd and db’a’ = a’ca’. Since b'd = o — aad*P € R by
[19, Lemma 2.6], we conclude that 32 — By = a’c € R9", as required.

Conversely, put ¢ = 87, u = [1 — gB(1 4+ ac)] ! and = = (1 — bacqud)(1 +
bd) + bacB9*Pd. According to Lemma 2.1, it remains to show that o — ax €
R Since q = q(ac)?u = qu(ac)?, B> — BB9°P = q — 2ac+ acac = (quaca —
2a + aca)c € R, As in the proof of Theorem 2.2, we get ax = 1 — bacqud,
hence a? — ax = bacqud — 2bd + bdbd = (bacqu — 2b + bdb)d. Now we set
a’ = quaca — 2a + aca and b = bacqu — 2b + bdb, it is easy to verify that
a'ed = db'd and db'a’ = d’ca’. Applying [19, Lemma 2.6], again, we get
a? —ax =Vdec R as required. O

3. ABSTRACT INDEX OF FREDHOLM AND B-FREDHOLM ELEMENTS

Following [9], an element a € R is said to be Drazin invertible if there
exist b € R and k € N such that

b € comm(a),bab = b and a*ba = a".

The element b above is unique if it exists. It is called the Drazin inverse of
a and is denoted by a”. The smallest k for which a*ba = a* is called the
Drazin index of a, and is denoted by i(a). If i(a) < 1, then a is called group
invertible. An element a € R is invertible precisely when a is Drazin invertible
with i(a) = 0. We use RY and R¥ to denote all Drazin invertible elements
and group invertible elements in R, respectively. According to [15, Theorem
2.4], (see also [18, Theorem 3.1]), in the presence of (1.3), we have

(3.1) 1 — ac is Drazin invertible <= 1 — bd is Drazin invertible,

(3.2) 1 — ac is group invertible <= 1 — bd is group invertible
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and
(3.3) 1 — ac is invertible <= 1 — bd is invertible.

Let Z be an ideal of R and 7 the canonical homomorphism from R to
R/I. Following [3] (resp., [4]), an element r € R is called a Fredholm element
(resp., generalized Fredholm element, B-Fredholm element) relative to Z if
7(r) € (R/I)™! (resp., n(r) € (R/I)*, w(r) € (R/I)P). The set of all
Fredholm elements, generalized Fredholm elements and B-Fredholm elements
relative to Z will be denoted by ®(R,Z), g®(R,Z) and B®(R,Z), respectively.
Applying (3.1), (3.2) and (3.3) respectively to R/Z, we get

(3.4) 1 —ac € BO(R,T) <= 1 — bd € B®(R,T),
(3.5) 1—ace gP(R,I) <= 1-bd € g®(R,I)
and

(3.6) 1 —ace ®(R,T) < 1—bd € B(R,T),

provided that (1.3) holds.

Recall that a Banach algebra A is called semisimple if the radical Rad(.A)
of A is equal to {0}, and A is said to be primitive if {0} is a primitive
ideal of A. Primitive Banach algebras are semisimple. Let A be a complex
semisimple Banach algebra with unit 1 and let Z be a trace ideal (i.e., an
ideal on which a trace 7 : T — C is defined, see [10, 5] for details) of A.
Following [10] (resp., [5]), the index of a Fredholm element (resp., B-Fredholm
element) a € A relative to trace ideal Z is defined with the aid of the trace as
t(a) := T(aap—apa), where w(ag) is an inverse (resp., a Drazin inverse) of m(a)
in A/Z. The socle soc(A) of A is defined to be the sum of minimal ideals,
and the set kh(soc(A)) is defined by kh(soc(A)):= {a € A : a + soc(A) €
Rad(A/soc(A))}. In the following two results, we obtain the abstract index
equality of Fredholm elements and B-Fredholm elements respectively in the
Banach algebra context.

THEOREM 3.1. Let A be a unital semisimple Banach algebra and let T be
a trace ideal of A such that soc(A) C T C kh(soc(A)). If a,b,c,d € A satisfy
acd = dbd and dba = aca and 1 — ac is a Fredholm element relative to L, then
(1 —ac) = (1 — bd).

PRrROOF. By [10, Proposition 3.10 and Theorem 3.11], there exist idem-
potents p,q in soc(A) and =z € A such that p(1 —ac) = 0, (1 —ac)q = 0,
(I—ac)r=1-p,z(l —ac) =1—gq and (1 —ac) = 7(q) — 7(p). Now we take
y =14 bd+baczd. A direct calculation shows that (1 —bd)y = 1 — bacpd and
y(1 —bd) =1 — bacgd, which implies that

(1 =bd) =7((1 = bd)y — y(1 — bd)) = 7(bacqd — bacpd).
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Since p(1 — ac) = 0, 7(bacpd) = 7(pdbac) = 7(pacac) = T(pac) = 7(p).
Analogously, T(bacqd) = 7(q). Therefore, t(1 — bd) = 7(q) — 7(p) = ¢(1 — ac).
O

THEOREM 3.2. Let A be a unital primitive Banach algebra and suppose
that a,b,c,d € A satisfy acd = dbd and dba = aca.
(1) If 1 — ac is a B-Fredholm element relative to soc(A), then (1 — ac) =
(1 = bd).
(2) If ac is a B-Fredholm element relative to soc(A), then t(ac) = (bd).

PROOF. (1) By the punctured neighborhood theorem for the index of B-
Fredholm element (see [5, Theorem 3.1]), for nonzero A with |A| small enough,
we have

1—ac—Xe ®(As0c(A)), 1 —ba—\e P(A, soc(A))
and
(1 —ac)=u1(1 —ac—N), (1 —ba) =u(1—ba—N).
Hence, the desired result follows by Theorem 3.1.
(2) The proof is analogous to that above. O

4. COMPLEMENTABILITY OF KERNELS AND RANGES

Let B(X,Y’) denote the set of all bounded linear operators from Banach
space X to Banach space Y. For T' € B(X) := B(X, X), let N(T') denote its
kernel and R(T) its range. In this section, we discuss the complementability of
kernels and ranges of I — AC' and I — BD under the assumption ACD = DBD
and DBA = ACA. Recall that a closed subspace M of a Banach space
X is complemented if there exists a (closed) subspace N of X such that
X = M@ N. Equivalently, M is complemented in X if and only if there is a
bounded projection P such that R(P) = M.

THEOREM 4.1. Suppose that A, D € B(X,Y) and B,C € B(Y, X) satisfy
ACD = DBD and DBA = ACA. Then N(I — AC) is complemented in'Y if
and only if N(I — BD) is complemented in X .

PROOF. Assume that P is the projection onto N (I — AC). Then (I —
AC)P = 0, that is, P = ACP. Put Q = BPACD. From the fact DBP =
DBACP = ACACP = ACP = P, it follows that

Q? = (BPACD)(BPACD) = BPACPACD = BPACD = Q.
Noting that
(I - BD)Q = (I — BD)(BPACD) = BPACD — BDBPACD =0,

we have R(Q) C N(I — BD). Let 2 € N(I — BD). Then Dx = DBDx =
ACDz, whence Dz € N(I — AC) = R(P). Thus PDxz = Dz, and hence

Qr = BPACDx = BPACPDx = BPDx = BDzx = «,
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which implies that N (I — BD) C R(Q). Consequently, @ is the projection
onto N'(I — BD).
Conversely, assume that U is the projection onto N (I — BD). Set V =
ACDUBACAC. Noting that BDU = U, it follows
V2 = (ACDUBACAC)(ACDUBACAC)
= ACDUBDBDBDBDUBACAC
= ACDUBACAC
=V
Since
(I - AC)V = (I — AC)(ACDUBACAC)
= ACDUBACAC — ACACDUBACAC
= ACDUBACAC — ACDBDUBACAC
= ACDUBACAC — ACDUBACAC
= O,
R(V) CN(I — AC). Let x € N(I — AC). Then x = ACxz. Since BACx =
BACACz = BDBACz, BACx € N(I—BD) = R(U), and hence UBACz =
BACz. Thus,
Va=ACDUBACACx = ACDUBACz
= ACDBACx = ACACACx = z,

which implies that N'(I — AC) C R(V). Consequently, V is the projection
onto N (I — AC). O

THEOREM 4.2. Suppose that A, D € B(X,Y) and B,C € B(Y, X) satisfy
ACD = DBD and DBA = ACA. Then R(I — AC) is complemented in'Y if
and only if R(I — BD) is complemented in X .

PROOF. Assume that P is the projection onto R(I — AC). Set Q =
I—BAC(I—P)D. Since (I-P)(I-AC)=0,(I—P)AC =1—P. It follows
that

[BAC(I — P)D|[BAC(I — P)D] = BAC(I — P)ACAC(I — P)D
= BAC(I — P)D,
and hence Q% = Q. Since R(P) = R(I — AC),
R(BACPD) C R(BAC(I — AC)) = R((I — BD)BAC) C R(I — BD).
Noting that
Q=1 BAC(I — P)D = I — BACD + BACPD
=I—-BDBD+ BACPD = (I — BD)(I + BD) + BACPD,
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we get R(Q) C R(I—BD). Let x € R(I—BD). Then thereis an x1 € X such
that x = (I — BD)xy. Since Dz = D(I — BD)zy = (I — AC)Dx1 € R(P),

Qxz =[I — BAC(I — P)D]z = z,

which deduces that R(I — BD) C R(Q). Therefore, R(I — BD) is comple-
mented in X.
Conversely, suppose that U is the projection onto R(I — BD) and put

V =1— ACD(I — U)BAC.

Next we will show that V is the associated projection onto R(I — AC'). Since
(I-U)(I-BD)=0,(I —-U)BD =1—-U, and hence

[ACD(I — U)BAC]?* = ACD(I — U)BDBDBD(I — U)BAC
= ACD(I —U)BAC,
which implies that V2 = V. Noting that

V =1- ACD(I —U)BAC = I — ACDBAC + ACDUBAC
=1 - ACACAC + ACDUBAC,

it follows

/—\
\/

NN IN N

(I — ACACAC + ACDUBAC)

(I — AC)(I + AC + ACAC)] + R[ACD(I — BD)]
(I — AC) + R[(I — AC)ACD]

(I — AC).

For any y € R(I — AC), there exists an element y; € Y such that y =
(I — AC)yy. Thus BACy = BAC(I — AC)y; = (I — BD)BACy, € R(U),
and so

JdANIA

Vy=|[I-ACD(I —U)BACy = y.
Hence R(I — AC) C R(V). Consequently, R(I — AC) is complemented in Y.
o

In the following we give an application of Theorem 4.1 and Theorem 4.2.
Recall that an operator T' € B(X) is said to be relatively regular if there
exists an operator S € B(X) for which TST =T and STS = S. Relatively
regular operator plays a significant role in operator theory. We refer the
reader to [2] for more details. It is known that T € B(X) is relatively regular
if and only if A/(T) and R(T') are complemented ([2, Theorem 3.88]). Thus
it is easy to obtain the following conclusion about relatively regular operators
from Theorem 4.1 and Theorem 4.2.

COROLLARY 4.3. Suppose that A, D € B(X,Y) and B,C € B(Y, X) sat-
isfy ACD = DBD and DBA = ACA. Then I — AC is relatively regular if
and only if I — BD s relatively reqular.



COMMON PROPERTIES OF ac AND bd 275

ACKNOWLEDGEMENTS.
The authors wish to thank the referees for their careful reading and

valuable comments on the original draft. This work has been supported
by National Natural Science Foundation of China (Grant Nos. 11971108

and

Nos.

jian

11901099), Natural Science Foundation of Fujian Province (Grant
2018J05004 and 2020J01569), the Educational Commission of Fu-
Province (Grant No. JAT190070) and the Science and Technology

Innovation Fund of Fujian Agriculture and Forestry University (Grant
No. CXZX2018036).

(1]

REFERENCES

H.Y. Chen and M. Sheibani, Generalized Hirano inverses in rings, Comm. Algebra 47
(2019), 2967-2978.

P. Aiena, Fredholm and local spectral theory, with applications to multipliers, Kluwer
Academic Publishers, Dordrecht, 2004.

B.A. Barnes, The Fredholm elements of a ring, Canadian J. Math. 21 (1969), 84-95.
M. Berkani, B-Fredholm elements in rings and algebras, Publ. Math. Debrecen 92
(2018), 171-181.

M. Berkani, A trace formula for the index of B-Fredholm operators, Proc. Edinb.
Math. Soc. (2) 61 (2018), 1063-1068.

N. Castro-Gonzélez, C. Mendes-Aratjo and P. Patricio, Generalized inverses of a
sum in rings, Bull. Aust. Math. Soc. 82 (2010), 156-164.

G. Corach, B.P. Duggal and R.E. Harte, Eztensions of Jacobson’s lemma, Comm.
Algebra 41 (2013), 520-531.

D. Cvetkovié¢-Ili¢ and R.E. Harte, On Jacobson’s lemma and Drazin invertibility,
Appl. Math. Lett. 23 (2010), 417-420.

M.P. Drazin, Pseudo-inverses in associative rings and semigroups, Amer. Math.
Monthly 65 (1958), 506-514.

J.J. Grobler and H. Raubenheimer, The index for Fredholm elements in a Banach
algebra via a trace, Studia Math. 187 (2008), 281-297.

O. Giirgiin, Properties of generalized strongly Drazin invertible elements in general
rings, J. Algebra Appl. 16 (2017), 1750207, 13 pp.

R.E. Harte, On quasinilpotents in rings, Panamer. Math. J. 1 (1991), 10-16.

J.J. Koliha and P. Patricio, Elements of rings with equal spectral idempotents, J.
Aust. Math. Soc. 72 (2002), 137-152.

T.Y. Lam and P.P. Nielsen, Jacobson’s lemma for Drazin inverses, in: Ring theory
and its applications, AMS, Providence, 2014, 185-195.

D. Mosié, Extensions of Jacobson’s lemma for Drazin inverses, Aequationes Math. 91
(2017), 419-428.

P. Patricio and R.E. Hartwig, The link between reqularity and strong-pi-regularity, J.
Aust. Math. Soc. 89 (2010), 17-22.

P. Patricio and A. Veloso da Costa, On the Drazin index of reqular elements, Cent.
Eur. J. Math. 7 (2009), 200-205.

K. Yan, Q.P. Zeng and Y.C. Zhu, Generalized Jacobson’s lemma for Drazin inverses
and its applications, Linear Multilinear Algebra 68 (2020), 81-93.

Q.P. Zeng, Z.Y. Wu and Y.X. Wen, New extensions of Cline’s formula for generalized
inverses, Filomat 31 (2017), 1973-1980.

Q.P. Zeng, K. Yan and S.F. Zhang, New results on common properties of the products
AC and BA, II, Math. Nachr. 293 (2020), 1629-1635.



276 Q. ZENG, K. YAN AND Z. WU

[21] Q.P. Zeng and H.J. Zhong, Common properties of bounded linear operators AC and
BA: spectral theory, Math. Nachr. 287 (2014), 717-725.

[22] Q.P. Zeng and H.J. Zhong, Common properties of bounded linear operators AC and
BA: Local spectral theory, J. Math. Anal. Appl. 414 (2014), 553-560.

(23] Q.P. Zeng and H.J. Zhong, New results on common properties of the products AC
and BA, J. Math. Anal. Appl. 427 (2015), 830-840.

[24] G.F. Zhuang, J.L. Chen and J. Cui, Jacobson’s lemma for the generalized Drazin
inverse, Linear Algebra Appl. 436 (2012), 742-746.

Q. Zeng

College of Computer and Information Sciences, Institute of Applied Mathematics
Fujian Agriculture and Forestry University

350002 Fuzhou

P.R. China

E-mail: zqpping2003@163.com

K. Yan (Corresponding author)

College of Mathematics and Computer Science
Fuzhou University

350108 Fuzhou

P.R. China

E-mail: yklolxj@163.com

Z. Wu

College of Mathematics and Informatics
Fujian Normal University

350117 Fuzhou

P.R. China

E-mail: zhenyingwu20110@163.com

Received: 31.1.2020.
Rewvised: 20.5.2020.



