GLASNIK MATEMATICKI
Vol. 55(75)(2020), 351 — 366

PARTIAL QUALITATIVE ANALYSIS OF PLANAR
Ag-RICCATI EQUATIONS

BORUT ZALAR, BriGITA FERCEC, YILEI TANG AND MATEJ MENCINGER*

University of Maribor, Slovenia and Shanghai Jiao Tong University, China

ABSTRACT. If we view the field of complex numbers as a 2-dimensional
commutative real algebra, we can consider the differential equation 2z’ =
az? 4+ bz + ¢ as a particular case of A— Riccati equations 2’ = a-(z-2)+b-
z+ ¢ where A = (R, +) is a commutative, possibly nonassociative algebra,
a,b,c € Aand z: I — A is defined on some nontrivial real interval. In the
case A = C, the nature of (at most two) critical points can be described
using purely algebraic conditions involving involution * of C. In the present
paper we study the critical points of £(7)— Riccati equations, where £(7)
is the limit case of the so-called family of planar Lyapunov algebras, which
characterize 2-dimensional homogeneous systems of quadratic ODEs with
stable origin. The number of possible critical points is 1, 3 or co, depending
on coefficients. The nature of critical points is also completely described.
Finally, simultaneous stability of the origin is considered for homogeneous
quadratic part corresponding to algebras £(0).

1. INTRODUCTION

Let ' = Q(Z) denote autonomous system of homogeneous quadratic dif-
ferential equations in R™. One possible non-classical way of investigating pos-
sible behavior of its solutions, for example the stability of the origin, uses the
theory of non-associative algebras. This was first studied by Markus in [16].
He considered @ = @ (Z), and naturally associated it to a nonassociative
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commutative algebra Ag= (R",0) defined by the following algebra multipli-
cation:

(1) Foy=3 Q@+ - QW@ - Q@)

This approach makes sense because ¥ = Q1(Z) and ¥ = Q2(Z) are
equivalent systems of ODEs if and only if algebras Ag, and Ag, are iso-
morphic. The algebra Ag is called the real Markus algebra of the system
¥ = Q(Z), which can be viewed as an algebraic differential equation 2z’ = 22
for z : I — Ag where I C R is some nontrivial interval. A standard mono-
graph on the subject is [28] where details can be found, was written by S.
Walcher.

Certain properties of homogeneous quadratic systems became very nat-
ural when viewed through Markus lenses. For example, it is a purely alge-
braic fact that every real finite-dimensional algebra contains either a nonzero
element satisfying p? = p or a nonzero element satisfying n? = 0. Since the
existence of an element of the former type implies existence of solutions whose
formula is given by

0
x(t) = T 5.7 for any § > 0,
z(0) = zp = 0p,

which blow-up in finite time and whose initial conditions can be arbitrary close
to the origin, a homogenous quadratic system &' = Q(Z) with a stable origin
corresponds to an algebra Ao which contains a nonzero nilpotent element of
order two. Since (an)? = a?n? = 0 for all real constants o and the constant
function z : (—o0, +00) — Agq defined by z(t) = n is obviously a solution of
2" = 22, it follows that in every homogenous quadratic systems of ODEs with
the stable origin, the origin cannot be an isolated critical point, but in fact
lies on a line which consists entirely of critical points.

In planar case, i.e., when dim (Ag) = 2, some well-known classical results
can be elegantly expressed using Markus approach. One such example was
presented in [21] where it was proved that a nontrivial (i.e., @ # 0) system
¥ = Q(Z) in the real plane has a stable origin if and only if A is isomorphic
to one of the planar Lyapunov algebras L£(0), where 6 € (0, 7|. These algebras
will be described in Section 2. In [2] Boujemaa, El Qotbi and Rouiouih treated
the (in)stability and behavior of the solutions near the critical point away from
origin. Some other recent papers concerning similar topics as well as some
applications to differential and integral equations are [1, 3, 8, 9, 10, 21, 22, 23].

The purpose of studying known results in R? and reformulating them
into the language of Markus algebras, is to gain some structural insight and
hopefully form sensible conjectures concerning possible new results in higher
dimensions. One such example is [18] where 3-dimensional systems with a
stable origin and a plane of critical points were successfully classified.
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All 2-dimensional real commutative algebras can be classified (see [16,
Theorems 6, 7 and 8] for details) in three large groups (those containing
a nonzero idempotent, those containing a basis consisting of two nilpotent
elements and those containing no idempotents and only one nilpotent line)
and further, with respect to their multiplication tables, into 23 parametric
families. Let (A, o) be one of 2-dimensional Markus algebras. Since a Markus
algebra need not contain an identity element, we will define Riccati equations
with respect to A as the following differential equation:

2 =ao0z’+boz+cforabce Aanda#0.

Assuming the existence of a singular point, the system can be transformed
with a simple linear change of coordinates in such a way that the origin
becomes one of singular points and the constant term vanish

2 =aoz+bozfor0#a,be Aanda#0.

In the sequel we call an equation of this type an A—Riccati equation, in
order to avoid any possible confusion with the classical use of the term Riccati
differential equation.

If we choose any fixed algebraic basis {e1,e2} of A and write z(t) =
x(t)er + y(t)es, the planar A—Riccati equation transforms into a familiar
systems of ODEs

&=z + Sy + arx? + 2bizy + 192,

1.2 .
(1.2) Y = aox + [y + asx? + 2byxy + czyz,

for some real parameters a1 2, 31,2, 1,2, b1,2 and c; 2, which were studied by
many authors. One good recent survey concerning global behavior of (1.2)
is the paper [1] by Artés, Llibre, Schlomiuk and Vulpe. The authors proved
that for (1.2) there are 1765 different global geometrical configurations of sin-
gularities of quadratic differential systems in the plane. There are other 8
configurations conjectured impossible, all of them related with a single con-
figuration of finite singularities. Another good source of general information
is [29].

This system was recently considered for symmetries in [8]. Note that if
b # 0 the interesting dynamics occurs if the origin is a nonhyperbolic singular
point of (1.2) in which case we have the system

v = —y+ qu2? + 2q122Y + Q132

. €R fori,j e {1,2,3).
Y =2+ qa® + 2q00my + qay?, 19 S ori,jed }

The singular point at the origin of this system is a center (near the origin all

trajectories of the system are ovals) or focus (all trajectories are spirals).
For the singular point at the origin of the planar analytic differential

system in the form of a linear center perturbed by higher order terms, i.e.,
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where F' and G are real analytic functions whose series expansions in a neigh-
borhood of the origin start in at least second order terms Poincaré and Lya-
punov ([13, 22]) proved that it is a center if system (1.3) admits a first integral
of the form

(1.4) e=a+y7+ ) gty
k+1>3

This is the so-called problem of distinguishing between a center and a focus,
or the Poincaré center problem which was studied for the first time in 1908
by Dulac ([6]) where he has solved it for the case of the quadratic system.
Later it was solved for the systems in the form of a linear center perturbed
with homogeneous cubic nonlinearities ([15]), for the so-called Kukles system
([14, 24]), for some linear centers perturbed with homogeneous polynomials
of degree five ([5]), and for a few other specific families of polynomial systems
of ODE’s. Although in the general case a first integral of the form (1.4)
does not always exist we can always find series of the form (1.4) for which
o = ‘g—‘f(—y + F(z,y)) + ‘g—‘;)(:zr + G(z,y)) reduces to

(1.5) & =22+ 9% — oo (2% + %) —gss- (2% +9°)" —gua- (22 +2)" — -+,
where ggi is called k—th focus quantity and it is a polynomial in the param-
eters of the system. By the definition, (1.4) is a first integral of system (1.3)
if ® = 0 from which it follows that all focus quantities must be zero. This is
one of the tools to study the problem of distinguishing between a center and
a focus in polynomial systems of the form (1.3). To find necessary conditions
for the existence of a first integral of the form (1.4) for system (1.3) we look for
a formal series (1.4) satisfying (1.5). To start the computational process for
finding the first several conditions for integrability we write down the initial
string of (1.4) up to order N

N
On(z,y) =2 +y> + Y bty
k-+1=3

Then for each ¢ = 3,..., N we equate coefficients of terms of order 7 in the
expression

8@]\] a(I)N
1.6 — F —_— G
(1.6) 5y (YT E(y) + oy (z + G(z,y))

to zero obtaining systems of linear equations of unknown variables ¢y;. Then,
we look for solutions of the linear systems obtained starting from system that
corresponds to ¢ = 3. Linear systems corresponding to odd i = 2¢ — 1 always
have unique solutions. After solving the system we substitute the obtained
values of ¢p; into the linear systems corresponding to ¢ > 2¢ — 1. For systems
that correspond to even i = 2/, there is one equation more than the number
of variables. After dropping a suitable equation one obtains the system with



QUALITATIVE ANALYSIS OF PLANAR RICCATI EQUATIONS 355

the unique solution. After solving the system we assign the value 0 for the
undefined ¢y; (with k& + [ = 2¢) and substitute the obtained values of ¢
into the linear systems corresponding to i > 2¢. Next, we evaluate (1.6) with
the found ¢x; (kK + 1 < 2¢) and find the coefficient of (22 + y?)¢ which we
denote by gr—1¢,—1. Computing in this way we obtain a list of polynomials
J11, 922, 33, - - . in the parameters of system (1.3) (see for instance [23] for
more details). We will use this approach later to prove the existence of first
integral of the certain quadratic system.

Our idea is to study the dynamics of 2-dimensional Riccati equations asso-
ciated to commutative nonassociative algebras, using the apparatus developed
by Markus, Walcher and others, which should eventually lead to elegant al-
gebraic formulations of some known results concerning global dynamics and
behavior of solutions near critical points, while our final goal is to use the
obtained algebraic insight to formulate and hopefully prove some new results
concerning the dynamics of quadratic systems in 3-dimensional space.

2. A SIMPLE EXAMPLE

The most obvious case of a planar Markus algebra is the (associative)
field C of complex numbers, viewed as 2-dimensional real algebra. In order
to illustrate what kind of algebraic formulation we are looking for in general
case, we will write two simple observations in an explicit way. For the sake of
reader’s convenience we also include some details concerning computations.

PROPOSITION 2.1. Let 2’ = az? + bz, where a # 0, be a C— Riccati equa-
tion. Then one of the following three possibilities must hold.

(1) The equation has precisely one singular point, which is unstable. More-
over, every neighborhood of this singular point contains initial condi-
tions for which the corresponding solution blows-up in finite time. This
happens if and only if b = 0.

(2) The equation has precisely two singular points, one of which is a stable
focus, while the other one is an unstable focus. This happens if and
only if b#0 and b? # (b*) or b #0 and b = b*.

(3) The equation has precisely two singular points, both of which are cen-
ters. This happens if and only if b # 0 and b = —b*.

PROOF. (1) The polynomial p(z) = az?+ bz has a double zero if and only
if b = 0. We can rewrite the A—Riccati equation in the form 2’ = az? whose
solution is

t = _
2(0) {(zol—ta)l if z0#0
In the second case the solution is defined on (—o0, +00) if az is not real and
on (—oo, a"lzy 1) otherwise. Every neighborhood of 0 contains points of the
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form zy = ea~' for sufficiently small real ¢, for which the solution

goes to infinity as t — ¢~ L.

(2) If the polynomial p(z) has two different zeros, we can rewrite the
A—Riccati equation in the form 2z’ = az(z — 2z1) where 21 # 25 = 0 are
distinct singular points. The solution of this equation is given by

21 1f zZo = 21
21 (1 - (1 - zlzal) etazl)il if zg# 2z and 29 #0

The corresponding Jacobians are representing multiplications with complex
numbers az; = —b and —az; = b whose real parts have opposite signs. If the
real part of b is nonzero, we therefore have one stable and one unstable foci.

(3) If the real part of b is zero then b = ip for some real ¢. The solution
is of the form A(1 + Be'')~! for some constants A, B, ¢ and is therefore
periodic, which yields a center. O

3. A—RICCATI EQUATIONS ASSOCIATED WITH LIMIT LYAPUNOV ALGEBRA

The most natural way to describe Lyapunov algebras is using their com-
plex envelopes. Let {p,p*} be some base of the complex linear space C2,
and the product being defined by p? = p, (p*)2 =p and p-p* =p*-p=
(e?p + e~¥p*) /2, where the constant 6 satisfies the condition 0 < 8 < 7.
The involution is defined by (p*)* = p and extended on C? by conjugate-
linearity. In this fashion we equip C? with the structure of an involutive
algebra C(f) = (C2,-,%). The Lyapunov algebra £(f) is the self-adjoint part
of C(0), i.e., L(0) = {x € C(0) : * = z}. Since C(A) has dimension 4 over R,
the real dimension of £(6) is 2. They are interesting because of the following
result (see [21]).

THEOREM 3.1 ([21]). The system of differential equations
&= a1z’ + frey +ny?,
= aza® + Baay + 72y,
where at least one of the above coefficients a2, P12, V1,2 18 nonzero has a
stable origin if and only if its Markus algebra is isomorphic to one of L(6).

Because in the limit case § = 7 the multiplication table is somewhat
simpler, in the original Markus paper those algebras were listed as two families
([16, Theorem 6, families 9 and 10], for more details, see next section).

Because of Theorem 3.1, from the viewpoint of our final goal, the present
paper deals with two natural antipodes. If we consider planar homogeneous
A—Riccati equations, then A4 = C represents the most unstable possibility,
while A = L(r) is the most stable possibility.
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It is not difficult to compute that the multiplication table of £(7) can be
given by

L [ln] e ]
(3.1) ni 0] e
ellel|l—n

with the corresponding simplified A—Riccati equation 2’/ = az? + bz defined
by

T = —byy — 2aszy,

3.2 .
(3.2) y = box + b1y + 2010y — agyz,

where a = ain+ ase and b = byn + bee. In the sequel we will use abbreviation
a = (ay,a2), b = (b1,b2). The involution can be defined by n* = n and
e* = —e. Using the above multiplication table it is easy to compute that
(xy)* = a*y* for all z,y € L(n). Let © = (z1,x2), Re (z) = 21 and Im () =
x2. Note that e is in some sense an equivalent of the imaginary unit for £(r).
More precisely, e (ex) = —x for all x € L(7).

In order to interpret our computations in terms of £(7) structural prop-

erties we note the following

OBSERVATION 1. (1) Let v = (z1,22) € L(m). Then x1 = 0 if and only
if v = —x*.

(2) Let x = (x1,x2) € L(7). Then x2 = 0 if and only if v = x*.

(3) Let x = (z1,x2) € L(r). Then zo = 0 if and only if x* = 0.

(4) Let a = (a1,a2) € L(m), b = (by,b2) € L(7). Then azbs = Re (ab*)
and a1bs — azb; = —Im (ab*).

(5) Let b = (b1,b2) € L(m). Then b3 — 4b3 > 0 if and only if

(Re((eb)z))2 > (Im((eb)2))2.

The proof is a straightforward computation and will be omitted.

™

).
).

THEOREM 3.2. The homogeneous equation 2’ = az?, where a # 0 always
has an unstable origin.

PROOF. Let zoy = a-(x-y) define the multiplication in algebra A,. To
check that A, is not isomorphic to any £(6), one just has to prove that A,
has a nontrivial idempotent (yielding blow-up solutions). Therefore we seek

for solutions to az? = z:

e if ajay # 0 algebra A, has two linearly independent idempotents e; =

1 —__1 o1 ..
as € and eg = Saras "t T 24,6
1

e if a3 =0 and ay # 0 algebra A, has idempotent e; = ——e.

az
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THEOREM 3.3. Let 2/ = az? + bz, where a # 0 and b # 0, be a
L(7)— Riccati equation. Then one of the following possibilities must hold.

(1a)

(1c)

2 2
Ifa® #0, (Im (ab*))> > 2 (Re ( ab*))?, Re ((eb)2> <Im ((eb)2> and
b # —b*, the equation 2’ = az® + bz has three distinct singular points.

Two of them are either a pair of sink and saddle or a pair of source
and saddle or a pair sink-source, while the origin is a focus.

If a® # 0, (Im (ab*))* > 2 (Re (ab*))* and Re ((eb)2)2 > Im ((eb)2>
the equation 2’ = az® + bz has three distinct singular points. Two of
them are either a pair of sink and saddle or a pair of source and saddle
or a pair sink-source, while the origin is sink (if Re (b) > 0) or source
(if Re (b) < 0).

If a® # 0 and (Im (ab*))*> > 2 (Re (ab*))* and b = —b*, b # b*, the
equation 2’ = az? + bz has three distinct singular points. Two of them
are either two saddles, a saddle and a source or a saddle and a sink or
a pair sink-source, while the origin is a center if ajas = 0 and a focus
otherwise.

2 2
Ifa? #0, (Im (ab*))® < 2 (Re (ab*))?, Re ((eb)2> <Im ((eb)Q) and
b # —b*, the equation 2’ = az? + bz has the origin as the only singular
point, which is a focus.

Ifa? #0, (Im (ab*))? < 2 (Re (ab*))® and Re ((eb)2)2 > Im ((eb)Q)
the equation z' = az? + bz has the origin as the only singular point,
which is either a sink or a source.

If a® # 0 and (Im (ab*))® < 2 (Re(ab*))® and b = —b*, b # b*, the
equation z' = az? + bz has the origin as the only singular point, which
is a center, if a® = (CL2)* and a focus otherwise.

Ifa® # 0, b2 £ 0, (Im (ab*))* = 2 (Re (ab*))? the equation 2’ = az2+bz
has two isolated singular points. For Re (b) =0 see (1c). For Re (b) #
0, the origin is hyperbolic and (un)stable, if Re (b) < 0 (Re(b) > 0),
the other one is a semi-hyperbolic saddle.

Ifa® # 0, b = 0, (Im (ab*))* = 2 (Re (ab*))? and Re (ab*)* = 0 then
Im (b) = 0 and the equation 2’ = az?+bz has a line of semi-hyperbolic
saddles containing the origin and an isolated singular point which is
either a sink or a source.

If a®> = 0, b2 # 0 and b # —b* the only singular point of the equation
2! = az®+b is the origin, which can be either a focus of sink or source.
Ifa®> =0, b®> # 0 and b = —b* the only singular point of the equation
2! = az? 4 b is the origin. This singular point is a center.

Ifa? =0, b2 = 0 and a # a*, all singular points form two perpendicular
lines; one of them passing trough the origin admits infinitely many

2
)

2
)
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stable and unstable singular points, while the other one admits just
unstable singular points.

(6b) If a®> = 0, b> = 0 and a = a*, all singular points form a line passing
trough the origin, which admits just stable or just unstable singular
points.

PROOF. Singular points of 2’ = az? + bz in this case are the solutions to
—boy — 2asxy = 0, box + by + 2a12y — asy? = 0. Denoting A = a1by — biay =
—1Im (ab*) and D = A? — 2(azbs)? there are at most three possible singular
points

by ~A++vVD
3.3 = = O = —— =
( ) To = Yo ) T1,2 20y Y1,2 2a§
The spectra of Jacobian
B —2a9y —bs — 2asx
J(@,y) = [ bo + 2a1y b1 + 2a1x — 2a2y

at (0,0), (z1,y1) and (x2,y2) are

1 VD 1
01(0,0) = {5 <bl /0% - 453)} » O (a1 21,2) = {¥a—27 o (A T \/5)} :

Clearly, if D > 0 there are three different singular points. If b3 — 4b3 < 0 the
origin is a focus. If b? — 4b2 > 0 the origin is a sink (if b3 > 0) or a source (if
b < O)

(1a) The origin is clearly a focus. The signs of 054, ;4. ) = {A1.2, H1,2}
depend on the sign of A and as (see Table 1), yielding (z1,y1) and (z2,y2)
to be either a pair of sink and saddle or a pair of source and saddle if A £ 0
and a pair sink-source, if A = 0, as stated.

(M [ [ X pe [A]a
[+
- —+[=
- —1F
|-+ -]
TABLE 1. Signs of elements of spectra of J (x1,2,91,2)

(1b) The origin is clearly a sink (if b3 > 0) or a source (if by < 0). For
nature of (x1,y1) and (x2,y2) refer to Table 1.
(1c) For (z1,y1) and (22, y2) refer to Table 1, if a; # 0. If a; = 0 we have

{M2, 12} = {ia—t\/ﬁ,$a—l2\/5} which corresponds to a pair sink-source,
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as stated. The origin undergoes a Hopf bifurcation. We can perform change
of time 7 = byt and system (3.2) becomes

T = -y - 2A2$y7

(34) y =+ 2A1$y o 142y27
where a s
A= —, Ay = =,
1 b27 2 b2

We compute first three focus quantities, briefly explained in the introduction®
of this system and we obtain

1
922 = §A1A2,
1
g3z = ﬂ(2A§’A2 —217AA3),
1
Gus = m(é;é;A?A2 — 1411047 A3 + 5771114, A).

We see that there are two necessary conditions for the existence of a center:
AleandAgzO.

e For A; = 0 the corresponding system is & = —y—2As2y, ¥ = x — Axy>.
This system has an integrating factor u(z,y) = (1 +242) 2 from
which we construct first integral

9 1 1
@) = saomnY T Iy 2y T aag (I 2A) +C
Choosing C' = —1/(4A3), expanding ® (z,y) in a power series and then
multiplying it by 2, we obtain first integral of the form (1.4). Hence,
by the Poincaré-Lyapunov Theorem system (3.4) admits center at the
origin.

e For As = 0 system (3.2) is of the form & = —y, §y = © + 2A1xy. It

admits first integral

2A1y —In (1 +24,y)
2A32
which is analytic first integral of the form (1.4).
(2a,2b) The observation follows directly from (3.3) and the spectrum of
J(0,0).
(2¢) The system is equivalent to (3.4). The center/focus analysis of the
origin is done in the proof of (1c).

(3a) If D = 0 and ay # 0 there are two isolated singular points: (0,0) and

Yo =91 = —5> (and zp = 21 = —2%) with 00,0y = {% (b1 + /b3 — 4b%)}

2

and (g, ) = {0,%}. For case by = 0 see (lc). If by # 0, the origin

{E2

b =

1See for example [23] for details.
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is hyperbolic and (un)stable, if b < 0 (by > 0), while (z1,y1) is a semi-

. . o b o A .
hyperbolic. If we apply transformation u = z + s and v =y+ 243 We arrive
at

! a1b2 _ _
u' =52 bl) u — 2a2uv,
b
v = by + @br — 9122 44 90,y — agv?.
as a2

The normal form of the above system is

~ —biaz + aibs
e
Y' = (b%ag - aza‘fb% - a%b%ag + 2a?b1a§b2) X2

+ 2@1&2 (albg - blag) XY — a2Y2

X/ X + 20,2 (—bgag — ClelCLQ + a%bg) X2 — 2CLQXY,

and a change of coordinates X = X, Y = XW takes it to

—b b
X = TR TG0 ot
a2
bias — arb
W' = —as (—bga;l + aib3 + ajbia3 — 2a?b1a2b2) X+ 242 Ty + h.o.t,
as

with the Jacobian

as
2.4 412 212 2 3 bias—a1b
—a9 (—b2a:2 + a1b2 + Glblaz — 20;11)10;21)2) %212

—biastaibs 0
JIx—o,w=0 =

Eigenvalues of Jx—o,w=o are A\; = a%, Ao = —% which means that this sin-
gular point is a (semi-hyperbolic) saddle.

(3b) If ag # 0, by = 0 then y = 0 is a line of singular points. Another
singular point (x,y) = (O, %) is isolated. The eigenvalues of J (0, %) =
—2by O . o

a1 _p, are A} = —2by, Ay = —bq, real and of the same sign, yielding
as
a sink or source, since by # 0. The corresponding system =’ = —2aszy,
Yy = by +2a12y — asy? contains also a line of semi-hyperbolic singular points.
We can verify this by the change of coordinates x = yX, y = Y. This yields a
system

X =-X (bl +2a1Y X + CLQY),
Y =biY 4+2a1Y?X — axY?,

whose Jacobian at point (X,Y) = (0,0) (i.e., (z,y) = (O b—l)) is

) ag
[ =b 0
=[]

yielding a (semi-hyperbolic) saddle, as stated.
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(4) System (3.2) takes the form & = —boy, ¥ = bax + b1y + 2a12y. The
only singular point (0,0) is either a focus, if b3 < 4b3, otherwise, if by < 0 it
is a sink or a source (if by > 0); see 0 5(g,0y and (3.3).

(5) By change of time 7 = byt and denoting A; = g corresponding
system & = —bay, y = bax + 2aqxy is equivalent to «’ = —y, ¢y = x + 2A; 2y,
which admits a non-hyperbolic singular point at origin. The corresponding
first integral is ® (z,y) = 24222 + 241y — In (1 + 2A1y). Note that 24,y —
In(1+2A1y) = 242y — %A%y3 40 (y*). Thus, expanding ® (z,y) in a power
series and dividing it by 2A%, we obtain first integral of the form (1.4). Hence,
by the Poincaré-Lyapunov Theorem system 2’ = —y, 3/ = x + 2A;xy admits
a center at the origin.

(6a) The corresponding system & = 0, § = b1y + 2a1xy is linear. Ob-

viously, the lines y = 0 and = = —2% # 0 are two (perpendicular) lines
of singular points. Singular point g = —2%, yo = 0 always splits the

line y = 0 into two half-lines; one of them containing only stable singular
point, while the other only unstable singular points. To observe that all
points on the line z = —2% are unstable, take (small) ¢ > 0 and consider
= (b1 4+ 2a1 (zo £ €))y, y(0) = yo to observe § = tey, y (0) = yo, for some
(small) € > 0, yielding instability, as stated.

(6b) The corresponding system & = 0, § = byy is linear. The line y = 0
admits all singular points. For (b1 > 0) b1 < 0 all singularities are (un)stable,
as stated. O

4. ANALYSIS OF SIMULTANEOUS STABILITY OF THE ORIGIN

Let X be a quadratic dynamical system. By simultaneous stability, it is
meant the stability of the origin for both X and —X. It is known that if we
write X = AL + Xy, where X1, and X'y are respectively the linear and the
homogeneous quadratic part, and if X7 = 0, the origin is stable if and only
if, up to linear equivalence, X is

& = ky?
g =2xy+y°

&= —y?
Yy =2y
Moreover, if X7, = 0, the origin is stable for both X and —X.

Note that algebras corresponding to systems Xp 1 and Xp j are isomor-
phic to algebras £(0) for 6 € (0,7]. In the limit case § = 7 algebra L£(6)
is isomorphic to algebras corresponding to Xy 1, while for 6 € (0,7) alge-
bras L£(f) are isomorphic to algebras corresponding to Xp . The relation
between parameters § and k is (see [21, p. 10]) described by & : (0,7) —
(—00,—1/8) defined by k() = —1/(8cos? %), which is clearly a bijective
function. The real form systems X = Q4 (X,Y), Y = Qa4 (X,Y) corre-
sponding to algebras £(#) are obtained by taking the real basis h; = p + p*
and hy = i(p — p*). The linear equivalence between X = Q10 (X,Y),

either Xg 1 = {

or Xy i = { k< —% is a scalar.
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Y = Qo0 (X,Y) and systems Xy, is the following (see [21, p. 10]) X = z+3y,
Y =— (cos %6‘) T — % (cot %6‘) Y.

Using the classic results we will handle the problem of simultaneous sta-
bility for quadratic systems with X g, i.e., to Xg corresponding to algebras
L(6). Treating (simultaneous) stability of £(#)—Riccati equation is a problem
for the future work.

If X7 is no longer the trivial linear map, classical results show that the
origin is unstable for & or —&" if X', has a nonzero real eigenvalue or a complex
eigenvalue with a nonzero real part. When, X7, has zero as an eigenvalue with
multiplicity two, then, in a convenient basis it can be written

n={ 528

The topological type of X = X', + X has been studied for a large sub-
family already in [27] (we recover the well-known cusp) and recently also in
[1], and in all cases, the origin is unstable either for X’ or for —X, yielding
simultaneous instability of the origin in this case.

The remaining case occurs when Xy has two purely conjugate complex
eigenvalues. In this case, up to an isomorphism of the corresponding algebras,

X, writes
_)J =y
XLQ - { y =
In their paper on limit cycles, Bautin and Frommer ([29]) gave necessary
and sufficient conditions for which X = X1, + X'y is center and consequently,
the origin is stable for both X and —X. We recall this very useful theorem.

THEOREM 4.1 ([27]). Suppose a quadratic dynamical system has a form
&= —y —ba® — (2¢ + Blay — dy’,
§=a+azx? + (2b + a)zy + cy?.

Then the origin is a center if and only if one of the following conditions holds:
1. a=p8=0,

2. a+c=b+d=0,

B.a=c=0=0(orb=d=a=0),

4. a+c=p=a+5b+d) =bd+2d*+a* =0, witha+c#0,
5. § =2 =k, with ak® — (3b + a)k® + (3¢ + B)k —d = 0.

When it is not a center, the origin is an unstable focus either for & or for
-X.

In what follows, we consider the following question for systems X'p ¢ corre-
sponding to algebras £(6): If we consider the homogeneous quadratic dynam-
ical systems Xy = Xy,; and Xy = Xp i, and if we add a linear part having
two purely imaginary conjugate complex eigenvalues, X, = X7, when will
we obtain a center? We partially answer this question by emphasizing two
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preliminary examples. The results below give an example of simultaneous
stability for both the homogeneous quadratic part and the associated linear
part.

LEMMA 4.2. The origin is a center for the following quadratic system

. 2
_ ) r="y-y
PRrROOF. The conclusion follows directly from Theorem 4.1 for a = ¢ =
B =0 (case 3). O

LEMMA 4.3. Consider the quadratic dynamical system

T =—y+ky? 1

X_XL2+XH’k_{y:{I;+2;Cy+y2 wzthk<—§,

then the origin is not simultaneously stable.

PROOF. According to the classification theorem 4.1, X is not a center for
any value of k: the origin is a focus either for & or for —X, thus we have not
obtained the simultaneous stability. O

A direct corollary of the above lemmas is the following

THEOREM 4.4. Let X = X1, + Xug. Then the origin is simultaneously
stable if and only if Xy = Xpg1; i.e., in the limit case L(7).
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