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CONTACT STRESS PREDICTION MODEL FOR VARIABLE
HYPERBOLIC CIRCULAR ARC GEAR BASED ON THE OPTIMIZED
KRIGING-RESPONSE SURFACE MODEL

Summary

In order to study the influence of design parameters (pressure angle, tooth width, tooth
line radius, modulus, and moment) on contact stress of variable hyperbolic circular arc gear
(VHCAG) and to obtain the best manufacturing parameters, The Kriging-Response Surface
Model, a hybrid surrogate model with adaptive quantum particle swarm optimization (QPSO)
algorithm was proposed to establish the expression prediction model for the relation between
design parameters and contact stress. An intelligent quantum particle swarm optimization
algorithm based on adaptive weight and natural selection is proposed to optimize the
parameters of Gaussian variation function of the kriging surrogate model to improve its fitting
accuracy. The global search ability of quantum particles is improved, and the accuracy and
stability of the algorithm are improved by adjusting the weight of quantum particles
adaptively and by optimizing the elimination iteration process, and the response relationship
between design parameters and contact stress was established. The binomial response surface
model of gear design parameters and contact stress is established based on the output obtained
through the improved kriging model; this simplifies the complex expression of the kriging
model. The effects of parameters and their cross-terms on contact stress are analysed based on
the contact stress prediction model established by using the optimized Kriging-Response
Surface Model hybrid surrogate model. The hybrid Kriging-Response Surface Model
surrogate model lays a foundation for the research on the reliability and robust optimization of
cylindrical gears with variable hyperbolic arc tooth profile.

Key words: contact stress, design parameters, Latin square sampling method, prediction
model, hybrid surrogate model, parametric impact analysis

1. Introduction

Variable hyperbolic circular arc gear (VHCAG) is a new type of transmission devices,
which, theoretically, has the characteristics of high contact rate, high bearing capacity, no
axial force, high coincidence, high transmission efficiency, long service life, high stability,
and low noise [1-6]. However, the research on this kind of gear is still in its infancy; the gear
performance has not been verified, so its industrial promotion is limited. The relationship
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between design parameters and contact stress is the basis of reliability analysis and robust
optimization. Because of the complexity of the tooth surface of cylindrical gear with variable
hyperbolic arc tooth line, it is difficult to derive the explicit formula of contact stress.

In practical engineering, the relationship between uncertainties and design objectives is
complex and highly non-linear, and it is often expressed by implicit functions. A surrogate
model can approximate the relationship between uncertainties and design objectives very
well, and it can establish its explicit expression [7]. Cremanns et al. developed a multi-
objective robust optimization method for the steam turbine labyrinth seal based on a surrogate
model; the authors also solved the problem of conflict between minimizing mass flow and
total enthalpy, thus improving the performance and lowering the temperature [8]. Wang et al.
used a kriging surrogate model and a 66 robust design method to optimize the robust design
of flexible mechanisms with flexible plates [9]. Wang Jie et al. used a radial basis function for
the interpolation of the residual error of the response surface model in order to improve and
optimize it [10]. Zhou Xiaojian proposed a surrogate model of support vector regression
machine based on non-semi-positive deterministic kernels, optimized its fitting accuracy, and
provided an accurate surrogate model for robust optimization design [11].

The accurate response relationship can be established and the contact stress calculation
of VHCAG can be realized by using a kriging surrogate model. However, the calculation of a
large number of parameters in the kriging surrogate model has become a complex
optimization problem, and the calculation process is cumbersome. At the same time, the
kriging surrogate model cannot get an explicit polynomial expression. Therefore, the Kriging
-Response Surface model, a hybrid surrogate model with an intelligent algorithm of quantum
particle swarm optimization (abbreviated as AQPSO-kriging-RSM) based on adaptive weight
and natural selection is proposed to establish a binomial response surface model of the
relationship between design parameters and contact stress by using the improved quantum
particle algorithm. The degree of the influence of design parameters and their intersections on
contact stress is analysed. Using the contact stress prediction model based on the AQPSO-
kriging-RSM method under the set working conditions, we can also get the best
manufacturing parameter

2. Experimental Design

Suppose that the design parameters (tooth width, pressure angle, modulus, tooth line
radius) and the torque of cylindrical gears with variable hyperbolic arc tooth line obey normal
distribution. According to references [12] and [13], the mean and standard deviations of
parameters are determined. When there is no test data, the standard deviation ¢ is determined
by the coefficient of variation method, and the coefficient of variation is 0.1. Gear design
parameters and their mean and standard deviation values are shown in Table 1.

Table 1 Average and standard deviation of design parameters of VHCAG

Variable Mean Value | Standard Deviation | Upper Bound | Lower Bound
Tooth Width (mm) 40 0.5 38.5 41.5
Modulus (mm) 3.2 0.1 2.9 3.5
Pressure Angle (°) 20 0.5 18.5 21.5
Radius of Tooth Line (mm) 250 25 175 325
Moment (N -mm) 161400 16140 112980 209820
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Considering the non-linearity of contact characteristics of cylindrical gears with variable
hyperbolic arc tooth line, three levels, k. k., k;, are selected for each design parameter in this
paper, according to [13]. The values are k,=0.05, k,=0.5, k3=0.95, as shown in Table 2.

Table 2 Level of design parameters

Variable Level 1 Level 2 Level 3
Tooth Width (mm) 38.83685 40.00000 41.16315
Modulus (mm) 2.96737 3.20000 3.43263
Pressure Angle (°) 18.83685 20.00000 21.16315
Radius of Tooth Line (mm) 191.84250 250.00000 308.15750
Moment (N - mm) 123853.51800 161400.00000 198946.48200

Considering that the range of the interval is too large, the accuracy of the surrogate
model will be reduced, according to [12]; thus, the point which has the greatest impact on the
reliability index of this new type of gear will be excluded from the sample space and the
calculation accuracy will be affected. In order to ensure the uniformity of the sample space,
the optimal Latin hyper design method was used and the results were compared with those of
the uniform design test. Optimization of the Latin hypercube process, which consists of inner
and outer loops, is shown in Figure 1.

Inner Loop Outer Loop
Initialize
N=X; Xper=X
T =Two
lq—
Randomly pick J distinct Xo;"—?‘i’ O: Kpest
element-exchanges _J S
within column (7 mod m) Pacpi= 0. Mimp = 0

v

Choose the best design
X, from J design
induced by exchanges

v

AR )AL
I-RS Te random(0.1).—
Yes T

. // ﬂagr'w;: 1

No

— . L No
_—"Stopping criter1oi—._
=< : = P
~~.__1s satisfied? —

™
Y .
e Yes

-~ \ Yes
i<<M i

o
o

Fig. 1 Flow chart of optimized Latin hypercube
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Based on the experimental design results, the contact stress response was analysed by
finite element analysis method. The analysis results are shown in Table 3.

Table 3 Contact stress response results of sample set

Tooth .
Tooth Number | Pressure Tooth Radius of Mome | Contact
No. | Number Modulus . Tooth
of Angle Width . nt Stress
of Gear .. Line
Pinion
1 31 62 1 3 2 3 1 384.7
2 31 62 3 2 2 3 2 424.5
3 31 62 2 3 3 3 3 4374
4 31 62 3 1 1 2 2 470.3
5 31 62 2 1 1 2 3 506.4
6 31 62 1 2 3 3 3 468.2
7 31 62 1 3 1 3 3 446.6

3. Kriging method based on the improved QPSO algorithm

The kriging has been widely used in prediction analysis. In order to improve its
accuracy and provide a more accurate mathematical model for prediction analysis, this paper
proposes to optimize the kriging model using an improved quantum particle swarm
optimization algorithm.

3.1 Improved quantum particle swarm optimization

The PSO algorithm is a heuristic intelligent algorithm. In the evolution process, the
fitness function is used to evaluate the current flying position of particles, and the optimal
position pyest solution of particles is recorded in the iteration process. The global optimal
position solution of the whole particle gyt is recorded at the same time. The iteration velocity
of particles in the flight process can be dynamically adjusted based on puest and Gpest to
determine the next flight position. From the solution of Schrodinger equation, the position-
updating equation of particle swarm optimization with quantum behavior is expressed as
shown in Equation 1.

X, (t+D)=p, ;()* Li’fz' © In(1/ u;_;(1)),; (1) ~ U(0,1) 1)

The location update expression of QPSO is shown in Eq.1, where a is the dilation-
contraction factor, X;(f) is the position of the iy particle in the jy coordinate dimension,
pij(?)is the historically optimal location of the ith particle in the ji coordinate dimension.

In order to further improve the convergence of QPSO algorithm, take another form of
Ll"j(t):

L (1) =2a

Pi (=X, (1) @)
L, (0)=2a|C,()-X, 1) (3)

Then Eq. 1 can be rewritten as:

X @+ =p; ;O xa|p ()= X; ;@O|In(1/w; ;(@)),u; ;(2) ~U(0,1) 4)
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X, (e +1) = py (O +a|C,(0)= X, ;(0)| In(l/ 1w ;(£)),; ;(£) ~ U(0,1) (5)

C;(0)=(Ci(1), (1), Cy (1)

LI PRI S RPNNLE J AL oy o ©
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The QPSO equation can be converted, as shown in Equation 4 (Equation 5).

Inertial weight is an important parameter that can be adjusted by the QPSO algorithm.
Its value has an important influence on its search ability. In the QPSO process, inertial weight
decreases with the iteration algebra increase, which leads to premature local optimization and
slow convergence. Based on this, an adaptive method is used to dynamically adjust the
parameters so as to solve the problem of premature local optimization. At the same time,
natural selection is adopted to maintain the diversity of the particle population, improve the
global search ability, speed up the convergence, and improve the efficiency of the algorithm.

Definition: Individual particle evolution rate is
Fitness(Fy ;(1))
- Fitness(F, ;(1))

ip;(1)
(7

Definition: Group dispersion is
85, (1) =1{g;1(0), & 2 (0),-++, & v (D)}
={ Apiy @) Apia@)  Apn() } @®)
Oxni(Xin () 02 (Xin(@) 7 Oy (X, ()

Then the equation of the improved QPSO algorithm is

pi (0 =ip;()P, ;) +¢; ;ip;(OLF, ;(1) =Py ;(1)] 9)
c,-(r)=(Mgem,ﬁ;e,z(t),---,MEPI-,N@)) (10)
X, j(t+)=p, (0% a‘C (0 -—gs, (1) X, ; (r)\ln(l [y () ;(£) ~U(0,1) (11)

Adaptive evolution speed and dynamic population dispersion are introduced in
Equations 9 and 11 respectively. Adaptive evolution speed is a dynamic parameter between 0-
1, which represents the proximity between an individual optimum and the global optimum.
When it approaches 0 positively, it indicates that there is a great difference between the global
optimum and the individual optimum, and the evolution speed is fast; otherwise, it indicates
that the difference between the global optimum and the individual optimum can be accepted
and the evolution speed is slower. By introducing the adaptive evolution speed, the
convergence speed of the algorithm is improved. The dynamic population dispersion is used
to characterize the diversity and stability of its particles. The dynamic dispersion tends to be 1
in the iteration process. The diversity of its particles is guaranteed by adaptive population
dispersion.
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Fig. 2 Flowchart of improved QPSO algorithm

At the same time, the natural selection mechanism is used to eliminate the worst
particles in the iteration process to improve the diversity of particles; thus the accuracy and
stability of the algorithm are improved. The flowchart of the improved QPSO algorithm is
shown in Figure 2.

In order to verify the effectiveness of the proposed algorithm, the single-peak sphere
function and the multi-peak Rastrigrin function are selected to test and verify the proposed
algorithm. The specific expressions of the sphere and the Rastrigrin function are referred to in
the relevant literature. In this paper, no specific explanations are given. The QPSO and the
improved QPSO algorithm are used to optimize the sphere the convergence curve is shown in
Figure 3.
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Fig. 3 Optimal convergence curve of the sphere function

From Figure 3, we can see that the improved QPSO algorithm proposed in this paper
can achieve the global optimization of the sphere function and that the convergence speed is
significantly faster in the case of the improved QPSO algorithm than in that of the QPSO
algorithm.

The QPSO and improved QPSO algorithms are used to optimize the Rastrigrin function.
The convergence curve of the Rastrigrin function is shown in Figure 4.
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Fig. 4 Optimal convergence curve of the Rastrigrin function

From Figure 4, we can see that the improved QPSO algorithm proposed in this paper
can achieve the global optimization of Rastrigrin function, and that the convergence speed is
significantly faster in the case of the improved QPSO algorithm than in that of the QPSO
algorithm.

3.2 Kriging surrogate model optimization based on the improved QPSO

The kriging surrogate model is constructed by using the statistical method based on a
stochastic process and by minimizing the variance of the prediction model. The model has the
ability of local estimation. Even when dealing with strong non-linear problems, the model can
still obtain better prediction results. It has been widely used in the field of engineering
optimization.

The kriging model expresses the relationship between the input variables and response
values as follows

y(x)=F(f,x)+2(x) = f(x) B +2(x) (12)
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Here, f(x) is the deterministic part approaching the input space globally, usually in the
form of polynomials; f is the regression coefficient; z(x) is the stationary Gauss process,
which is used to generate local deviations. It has the following statistical characteristics

E[z(x)]=0
Var[z(x)] = o’ (13)
E[Z(x(i)),z(x(j))] - O'zR(H, x(i)’x(j))

Among them, R(Ox” x7) is the correlation function and 6 is the parameter. By
optimizing the parameters, the correlation between design points can be adjusted.
Model of variation function is defined as follows:

RO,x x =TT Ri(,x" —xy (14)
i=1, =1

The smoothness of kriging model, the correlation between nearby data points and
quantified observations are controlled by Model of variation function. Model of variation
function models commonly used in kriging include the exponential model, exponential
Gaussian model, Gaussian model, linear model, spherical model, cubic model, spline function
model, and so on. The Model of variation function with Gaussian model can provide a
relatively smooth and infinitely differentiable surface, so it is widely used in engineering
applications as a variation function. The mathematical expression of Gaussian function is as
follows:

R(x(l),x(j)) _ CXp[—Z ek ’ xlEl) _x/(cj) |2] (15)
k=1

Here, 6 is the correlation parameter, which is the parameter (constant) of the kernel
function in the K direction of the sample point. Its main function is to coordinate the
flexibility of the variation function in the calculation, and it is an important parameter for the
kriging method to establish the approximation model; x;” is the coordinate of x” in the K
direction.

The Gaussian function is chosen as a variation function of the kriging model, its
parameters are optimized, and the Root Mean Square Error (RMSE) of the model is taken as
an optimization objective function.

By improving the quantum particle swarm optimization algorithm, the parameters of the
Gaussian vario-gram function are optimized to improve the fitting accuracy of the kriging
method. The accuracy index of the kriging approximation model optimized by the improved
QPSO algorithm is shown in Table 4.

Table 4 Precision index of the kriging approximate model before and after the improvement

Method R’ RMSE | RMAE
Kriging 0.9950 3.2887 0.2843
Improved Kriging Method 0.9970 2.5097 0.1836

According to the above table, the accuracy of the improved evaluation surrogate model
has been improved by three indexes: root mean square error (RMSE), R-Square and relative
mean absolute error (RMAE); the improved accuracy further improves the establishment of
the kriging model. The accuracy of the surrogate model considering the input parameters
(pressure angle, tooth width, modulus, tooth line radius, and moment) and the output (contact
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stress) of hyperbolic circular arc tooth-line cylindrical gears lays a foundation for the
subsequent analysis. The optimized residual, prediction results, and graph are shown in

Figures 5-7.
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Comparison of the predicted results of the improved KRIGING on the test set
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Fig. 7 Prediction results and a box diagram based on the AQPSO-kriging surrogate model

Kriging is used to establish a surrogate model for the relationship between the input
parameters (pressure angle, tooth width, modulus, tooth radius, and moment) and the output
(contact stress) of VHCAG; the order of magnitudes of error of the surrogate model is
2x10". Only 12 samples from the prediction set can be reproduced well, and they are
measured in 9 cases. Although the sample cannot be reproduced well, only one sample has a
maximum error of about 13MPA, and the difference between the predicted value and the
actual value of eight samples is less than SMPA. The AQPSO-kriging method is used to
establish a surrogate model for the relationship between the input parameters (pressure angle,
tooth width, modulus, tooth radius, moment) and the output (contact stress) of the hyperbolic
circular arc tooth-line cylindrical gear. The error magnitude is 1x10™; however, only 10
samples of the predicted set can be well replicated. At present, although the samples cannot be
reproduced well in 12 test sets, only 3 samples have errors greater than 4MPA, and the
maximum value is about 8MPA. The difference between the predicted value and the actual
value of 9 samples is about3MPA, which effectively improves the accuracy of the model.

4. Research on the AQPSO-kriging-RSM surrogate model

A surrogate model of gear design parameters and response values is established based on
the AQPSO-kriging method, but the kriging surrogate model cannot directly provide the explicit
expression of surrogate model function between input and output. The output of its display
expression is realized by conversion, and the explicit expression with terms is obtained, but it
cannot be obtained directly. The mathematical expression in polynomial form is quite complex,
which is not the subsequent programming of reliability calculation and optimization design. In
order to simplify the model, an AQPSO-kriging approximation model based on the gear design
parameters and response values is proposed, and polynomial response surface is used to fit the
approximation model. The polynomial approximation model between the gear design
parameters and response values is obtained. The AQPSO-kriging provides data samples for
establishing a response surface model in order to obtain more data. For accurate fitting results,
the complete quadratic response surface is selected and the design variables are selected from
4000 sample points between the upper and lower bounds of the design by using the optimized
Latin hypercube experimental design method for complete quadratic fitting. The mapping
relationship between parameters is established. The optimal Latin square sampling method is
used in Isight to sample the upper and lower bounds of variables. Based on the kriging
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approximation model of gear design parameters and response values, the response values of the
analysed samples of design variables are calculated, and a binomial response surface model is
established. The correlation between design variables and output responses, and the effect of
design variables on output responses in the established surrogate model are also discussed. The
analysis is carried out. The fitted residual graphical representation is shown in Figure.8 As can
be seen from the figure, the training sample can be reproduced by the response surface method,
and the absolute error is less than 2MPA.
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Fig. 8 Residual chart fitted by the drive wheel

A binomial response surface model is established by fitting. The coefficients of the
response surface are shown in Equation 16.

v =2892.858100838364 —48.4239995276189x; —129.022376574498x,
+27.1928130560591x; —2.38910303011489x, +3.19306043457358x;5

+0.842196301494258x7 +7.03292929829766x3 —0.35135945763997x3

+ 0.00193576482488664)@% - 0.0023796286525423x§ +0.575348586969959x,x,
+0.117854563490473x1x; +0.0186614852448023xx4 —0.0338134740010336x; x5
—0.362050425259949x,x5 +0.137695997619272x,x, —0.261469117268301x, x5
—0.000518333663425921x3x,4 +0.000487903474894235x;x5
—0.000136289867271496 x,x;

(16)

The influence of the parameters on the response surface parameters is analysed in detail.
Figure 9 shows the output distribution of the fitted response surface, and Fig. 10 shows the
significant degree of the influence of each variable and its group on the contact stress. Red is
the negative effect, while blue is the positive one.
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According to Figure 9, the output (contact stress) of response surface is normal
distribution. In Fig. 10, one can see that the influence of pressure angle, modulus, moment,
and tooth line radius on the contact stress increases gradually, and that the increase in the
moment is proportional to the increase in stress. The influence of tooth width on the contact
stress is not significant and can be ignored, so it can be regarded as a fixed value in the
subsequent analysis and design.
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Figure 11 (a) - 11 (e) show scatter plots of the correlation between the design variables
and the output (contact stress). The scatter plots show the distribution of contact stress caused
by the change in independent variables, and the solid line (green line) in each plot shows the
trend of the change in the contact stress corresponding to the change in independent variables.
That is to say, they show the correlation between the change in contact stress and the change
in design variables. If the solid line (green line) falls, the contact stress is negatively
correlated with the change in design variables; when the solid line (green line) rises, the
contact stress is positively correlated with the change in design variables. Thus, one can see
that the influence of tooth width on contact stress can hardly be neglected. Secondly, the
influence of pressure angle, modulus, radius and moment increases in turn; however, the
influence of moment is a positive correlation, while the other three are negative correlations,
and the tooth width is basically an irrelevant parameter. The relationship between design
variables and contact stress was established, and the correct results were obtained, which can
be used for the subsequent reliability analysis and robust optimization design.
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Fig. 12 The main and interaction diagrams

From Fig. 12 (a), one can see that five design variables, i.e. pressure angle, modulus,
tooth width, moment, and tooth line radius, have different effects on the contact stress of
gears. Among them, the influence degree of tooth width can be neglected; the degree of
influence of tooth line radius, moment, modulus, and pressure angle increases in an ascending
order. The influence of pressure angle, modulus, tooth width and tooth line radius on the
contact stress is negatively correlated and the moment is correlated. Figure 12 (b) - (e) show
the degree of influence of design variables on the response in the case of two-to-two
interaction (shown by the pressure angle as an example). If parallel is not interactive, two
lines are not parallel or intersected, then the interaction is indicated.

5. Conclusion

In order to study the influence of design parameters (pressure angle, tooth width, tooth
line radius, modulus, and moment) on the contact stress of variable hyperbolic circular arc
gear (VHCAG), and to obtain the best manufacturing parameters, a hybrid kriging-response
surface model surrogate model with an adaptive quantum particle swarm optimization
(QPSO) algorithm was proposed to establish a model for the expression prediction of the
relation between design parameters and contact stress. An intelligent quantum particle swarm
optimization algorithm based on adaptive weight and natural selection was proposed to
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optimize the parameters of Gaussian variation function of the kriging surrogate model to
improve its fitting accuracy; the global search ability of quantum particles was improved, and
the accuracy and stability of the algorithm are improved by adjusting the weight of quantum
particles and by optimizing the elimination iteration process.

An intelligent quantum particle swarm optimization algorithm based on adaptive weight
and natural selection was proposed. The accuracy and stability of the quantum particle swarm
optimization algorithm were improved.

An improved hybrid kriging-response surface model surrogate model with a quantum
particle swarm optimization algorithm based on adaptive weight and natural selection was
proposed. The quantum particle swarm optimization algorithm based on adaptive weight and
natural selection was used to optimize the parameters of the Gaussian variation function of the
kriging surrogate model, which improves the fitting accuracy of the kriging surrogate model.
The model of expression prediction for the relation between design parameters and contact
stress was obtained.

The significant degree of the influence of pressure angle, tooth width, tooth line radius,
modulus, moment and their interactions on contact stress is analysed. The results show that
the influence of tooth width on contact stress can hardly be neglected, and that the influence
of pressure angle, modulus, radius and moment increases in turn.
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