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Abstract. In this article, we introduce mixtures of tempered stable subordinators. These
mixtures define a class of subordinators which generalize tempered stable subordinators
(TSS). The main properties like the probability density function (pdf), Lévy density, mo-
ments, governing Fokker-Planck-Kolmogorov (FPK) type equations and the asymptotic
form of potential density are derived. Further, the governing FPK type equation and
the asymptotic form of the renewal function for the corresponding inverse subordinator
are discussed. We generalize these results to n-th order mixtures of T'SS. The governing
fractional difference and differential equations of the time-changed Poisson process and
Brownian motion are also discussed.
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1. Introduction

In recent years, the subordinated stochastic processes have found many interesting
real-life applications, see [6, 17, 19, 23, 24, 25, 26, 39] and references therein. In
general, a subordinated process is defined by taking superposition of two indepen-
dent stochastic processes. In a subordinated process, the time of a process called
a parent process (or outer process) is replaced by another independent stochastic
process called an inner process or subordinator. A subordinator is a non-decreasing
Lévy process [3]. Note that subordinated processes are a convenient way to develop
a stochastic model, where it is required to keep some properties of the parent pro-
cess and at the same time some characteristics need to be altered. Some well-known
subordinators include the gamma process, the Poisson process, a one-sided stable
process with index o € (0,1) or an a-stable subordinator, tempered stable subordi-
nators, geometric stable subordinators, iterated geometric stable subordinators and
Bessel subordinators [12].
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In this article, we introduce a class of subordinators which generalize the class of
tempered stable subordinators and a-stable subordinators. This class of subordina-
tors can be used as a time change to define another subordinated process instead of
the tempered stable subordinator or the a-stable subordinator. We have discussed
the main properties of the introduced subordinator.

The rest of the paper is organized as follows. In Section 2, we introduce an a-
stable subordinator, a tempered stable subordinator (TSS), and also the mixtures of
TSS and the inverse of mixtures of T'SS. In Section 3, the distributional properties
of mixtures of TSS are discussed. Section 4 deals with the asymptotic forms of
potential density and renewal function. The n-th order mixtures of TSS are also
discussed in this section. In the last section, as an application, we introduce a time-
changed Poisson process and Brownian motion by considering the mixtures of the
tempered stable subordinator and its inverse as time changes.

2. Tempered stable subordinators and their Mixtures

In this section, we recall the definitions of the a-stable subordinator, the tempered
stable subordinator, as well as the mixtures of tempered stable subordinators and
the inverse of mixtures of tempered stable subordinators.

2.1. Tempered stable subordinators

In this subsection, we present the main properties of the a-stable subordinator and
the tempered stable subordinator. The class of stable distributions is denoted by
S(a, B, 1,0), where parameter « € (0,2] is the stability index, § € [—1,1] is the
skewness parameter, u € R is the location parameter, and ¢ > 0 is the shape
parameter. The stable class probability density functions do not possess a closed
form except for three cases (Gaussian (o = 2), Cauchy (o = 1), and Lévy (a =
1/2)). Generally, stable distributions are represented in terms of their characteristic
functions or Laplace transforms. Stable distributions are infinitely divisible and
hence generate a class of continuous time Lévy processes. The one-sided stable Lévy
process S, (t) with the Laplace transform (see e.g. [34])

E(e™*%®) = 78" s >0, a € (0,1), (1)

is called an a-stable subordinator. The a-stable subordinator S, (¢) has stationary
independent increments. The right tail of the a-stable subordinator behaves [34]

t —Q
P(Sa(t) > z) ~ ﬁ as T — 0. (2)
Next, we introduce a tempered stable subordinator (TSS). The TSS Sq () with
the tempering parameter A > 0 and the stability index « € (0,1) is the Lévy process
with the Laplace transform (LT) [26]

E(e~#Saa()) = et (07 =x%) (3)
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Note that T'SS are obtained by exponential tempering in the distributions of a-
stable subordinators [32]. The advantage of a tempered stable subordinator over an
a-stable subordinator is that it has finite moments of all orders and its density is also
infinitely divisible. However, in the process of tempering it ceases to be self-similar.
The probability density function for S, (%) is given by

far(z,t) = e A E (21), A>0, a€(0,1), (4)

where f,(z,t) is the PDF of an a-stable subordinator [40]. The Lévy density corre-
sponding to a TSS is given by [15]

a e—)\:c

_— 0. 5
F(lfa)xo‘+1’$> (5)

TSa x (SL’) =
The sample paths of the a-stable subordinator and the TSS are strictly increasing
with jumps by applying Theorem 21.3 of Sato [35]. The tail probability of the TSS
has the following asymptotic behavior:

-z
e
P(Saa(t) > z) ~ CQ’AJ?’ as & — 0o, (6)
where cqx: = =T(1+ ) sin(ra)er”t. The first two moments and covariance of the

TSS are given by

E(Saa(t)) = aX* ', E(San(t)? = a1 — a)A**t + (X '1)2, (7)
Cov(Sar(t),Sax(s)) = a(l — a)A* ?min(t,s), t,s > 0.

2.2. Mixtures of TSS and the inverse of mixtures of TSS

In this subsection, the mixtures of TSS (MTSS) are introduced and their governing
fractional FPK type differential equations are discussed. Further, the inverse of mix-
tures of TSS (IMTSS) are also introduced. Mixtures of inverse stable subordinators
have been considered in [4].

Definition 1 (Mixture tempered stable subordinator). We define an MTSS denoted
by Sy Aasre (), >0, as a Lévy process with the Laplace transform

E (e—ssal,xl,%,h(t)) _ eft(cl((er/\l)"l7)\?1)+cg((s+/\2)“27,\g‘2))’ 550, (8)

where ¢1 + co = 1 and ¢, co > 0. An alternative representation of an MTSS can
be given as a sum of two independent tempered stable subordinators Sq, z,(t) and
Sasxe (t) with time scaling and the condition ¢1 + c2 = 1, such that

Sa1,>\170z27/\2 (t) = Sa1,>\1 (Clt) + Saz)\z (C2t)’ 1, ¢ 2 0. (9)

Representation (9) directly follows from (8), and using the Laplace transforms of
the tempered stable subordinators Se, x,(¢) and Sa, x,(t) and the fact that both
processes in the LHS and RHS are Lévy processes and hence the equivalence of their
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one-dimensional distributions lead to the equivalence of two processes. Further,
the sample paths of MTSS are strictly increasing since sample paths of independent
TSS used in (9) are strictly increasing. Next, the governing fractional Fokker-Planck-
Kolmogorov (FPK) type equation for MTSS is discussed. We recall the LT denoted
by L; with respect to the time variable ¢ of shifted fractional Riemann-Liouville
(RL) derivatives, which is given by [8, 18],

Ly (c—i— ('?75) f(z,t) = (c+8)"Lif(x,t) — (c+8) 1 f(x,0), s>0. (10)

The shifted fractional RL derivative can be defined as in [8], see also the approach
discussed in [20]. We also recall the definition of generalized Mittag-Leffler function
31],

’IL

oo
p’q ];)Fpn+q n!’

where p,q,r € C with R(¢) > 0 and (r),, = Lr+n) s a Pochhammer symbol. Let

I'(r)
us recall that the following LT formula F(s) = L[t*" ' M (—at has the

inverse LT in [29]

") =

L7YF(s)] =t M (—atP). (11)

Proposition 1. The pdf go, ar 00,0, (%, 1) = G(z,t) of the MTSS satisfies the fol-
lowing fractional partial differential equation (FPDE):

0 O\™ O\
EG((K t) <)\1 + %) G(1'7t) — C2 ()\2 + 61‘) G({E,t)
+ A1 Gz, t) + A oGz, t), (12)

with initial conditions
G(z,0) =é(x)
G(0,t) = 0.

Proof. Using (21),

L, (901,/\1,a2,>\2 (z,1)) =L (G(2,1))
et (A0 AT (0 M) _ (),

Differentiating with respect to ¢ yields

EG(S t)=—[e1 (s +M)™ = AT") + 2 ((s + X2)™ = A5%)] G(s, 1)

ot
=— [e1(s + A1) G(s,t) — ci(s + A)* 1 G(0, )]
— [ea(s + X2)*2G(s,t) — cr(s + M) 71G(0,1)]
+ MG (s, 1) + oA G (s, 1)
—c1(s+ M) EG(0,1) — ¢ (s + A1) TG0, ).

Taking the inverse LT on both sides, using equation (10) and applying the initial
conditions, we obtain the desired result. O
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Remark 1. For the density of the a-stable subordinator, the time derivative is equal
to the negative of the fractional RL derivative. However, for the TSS density the
time derivative is equal to the negative of the shifted fractional RL space derivative
with an extra term. The density of MTSS involves two shifted fractional RL space
deriwatives.

Next, we define the IMTSS and derive the fractional FPK type differential equation
for its pdf. Let Eq, A, 2,1, (t) be the right continuous inverse of MTSS So; A;,a2.0, (£),
defined by

Ea1,>\170¢27>\2 (t) = lnf{u >0: SOZly)\laa27)\2 (u) > t}'

The process Equ, x; 00,2, (t) is called the inverse of mixture tempered stable (IMTS)
subordinator. This is also called the first-exist time. Since MTSS is a strictly increas-
ing Lévy process, the sample paths of Eq, A, as,x,(t) are almost surely continuous
and constant over the intervals where Sqo, A, 00,1, (t) have jumps. Let ha, a;,a0,2, ()
be the pdf of IMTSS; then the Laplace transform fa, x,.aq.a, (%, 8) of the density
Ry ara0.0, (t) With respect to the time variable ¢ is given by [28],

iLOél)\l,DQ-,)\g ({E, s) = @einﬂs)a (14)
where
d(s) = c1((s+A1)* = ATY) 4+ 2 ((s + A2)™ — AF?). (15)

The Laplace transform in (14) has a simple pole at s = 0 and branch points at
s = —A; and s = — )3, and hence using the contour in Figure 1, the density function
hayar,a0,0. (t) can be found using complex inversion of the Laplace transform, see
[22] for a similar approach.

Proposition 2. The pdf ha, Ay ,as.0. (T, 1) = H(z,t) of IMTSS governs the following
time-fractional differential equation:

0 O\™ O\* o
%H(z,t) =—c (/\1 + 8t> H(z,t) — co <)\2 + (%) H(z,t) + A\ 1 H(z,t)
F A o H (. t) — et M 1L (= Aat)d(x) — ot 2 M 1%2 (= Aat)d (),
(16)

with H(x,0) = 6(x).
Proof. Using (14),
c ((s+ M) = ATY) +ea ((5+ A)™ — A5?)

S
—t(c1 ((s+)\1)0‘1 —)\?1 )+C2((S+A2)a2 —A;Q ))

‘Ct (h‘a17)\170¢2,>\2 (1:7 t)) =

X e

=H(z,s),
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which implies

%F(I, s) =—[c1 ((s + A1) = A?) + 2 ((s + A2)* — A3?)] H(z, s)
=—[ei(s+ A1) H(z,s) —ci(s + )™ H(z,0)]
— [ea(s + A2)** H(z,t) — c1(s + A1) ' H(z,0)]
+ e M H(z,8) + codo™H (x,5) — c1(s + A)** 1 H(z,0)
—ci(s+ M) H(x,0).

Taking the inverse LT on both sides and using equation (10), we obtain

0 o\ o\ "

%H(x,t) =—q </\1 + 815) H(x,t) —co ()\2 + 8t> H(z,t) + 1M H(x,t)
+ oM™ H(z,t) — L7 [cl (s+ /\1)0‘171] H(x,0)
— L7 [er(s + M) H(z,0). (17)

In (11), taking p=1,¢g =1 —a,r =1 and a = X yields

1

Lt [W} =t M7, (= A0). (18)

Using (17) and (18) yields the desired result. O

3. Distributional properties of MTSS

The distributional properties like pdf, Lévy density and moments of MTSS are
discussed in this section.

3.1. Probability density function (pdf)

We discuss the pdf ga, A, as,r, (@, 1) of the introduced strictly increasing Lévy process
Seia,asne () . Here we use the technique of complex inversion of the Laplace
Transform (LT) for finding the pdf of MTSS.

Proposition 3. The pdf go, r,as.0, (2, 1) of MTSS defined in (8) is given by the
following integral representation, if \y # Ao,

0

_ —2Xg  —wz t(ci AT Fea T2

gala)\l’QZy)\Z(‘r7t) _;/ € e € (e 2227)
0

k
,t( A1 —Ao )1 oo (A1) —wo k 2 )
< e c1(A1—=X2)1 3772 ( i ) Oy aag)k COST +cow®2 cos Tan

X sin <c1t(A1 — )™ i (i‘;) (All_”k&)k sin (k)

k=0
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+eotw? sin (rag) ) dw

1 Az=A o )
+ = efx/\lefw:vet(cl)\l +c2A5?)
T Jo

k
_ e . . _ o oo ag w .
% e t(clw Lcos(may)+ca(A1—A2)%2 322 ( h )(>\1—>\2)k cos (ﬂk))

x sin (¢1tw™ sin (may)

e k
+Clt(A1 — )\2)(12 (O;CQ) ()\qiji)\)k sin (Wk)) dw, (19)
k=0 1 2

and Zf )\17 )\2 =\

1 [ o o

o —zA _—wz t(ci AL 4o A2

Gai,A1,02,2 (.T,t) *; e e e (e 2 )
0

% e—t(clwo‘l cos (maq)+caw®?2 cos (raz))

x sin (¢(cyw™ sin (ray) + cow™? sin (rag)))dw, (20)
where ¢c1 +co =1 and c1,co > 0.

Proof. Let £,(f(x,t)) be the LT of the function f(z,t) with respect to the = vari-
able. Then for g, A, 00,0, (7, t) from (8), we have

L., (ga17>\17a2,)\2 (z,t)) = e—t(cl((s-ml)al_A?1)+CZ((3+>\2)<X2 “A22)) - é(s,t). (21)

The pdf ga, . ar,a0.0. (2, ) can be obtained by using the complex inversion formula
for the Laplace transform, namely [36]

1 To+1i00
Goy A1 a.00 (T,1) = —/ e G(s,t)ds. (22)

270 J po—ioo

Here the integration is to be performed along a vertical line at xg > a for some a
such that the integrand is analytic for Re(s) > a. Note that the function e**G(s,t)
is an exponential function which is analytic in the whole complex plane. However,
due to fractional power in the exponent, the integrand e**G(s,t) has branch points
at s = —A\; and s = —Ao. Thus we take a branch cut along the non-positive real
axis and consider a (single-valued) analytic branch of the integrand. We assume
here \; < Ag; for calculating the integral in (22), consider a closed double-key-hole
contour C: ABCDEFGHIJA (Figure 1) with branch points at P = (—A;,0) and
@ = (—A2,0). In the contour, AB and 1J are arcs of radius R with the center at
O = (0,0), BC, DE, FG and HI are line segments parallel to the z-axis, CD, EF
and GH are arcs of circles with radius r, and JA is the line segment from xy — iy
to xo + iy (see Figure 1). The integrand is analytic within and on the contour C' so
that by Cauchys residue theorem [36]

1

_— sTy =0. 2
57 Ce G(s,t)ds =0 (23)
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v

—

O P(0,0)

/J

Figure 1: Contour ABCDEFGHIJA

Along CD, we have s = —\y + re’?, e < @ < m — €, which implies ds = ire*® and

/ e5*G(s,t)ds
CD

:et(cl )\‘fl JrCQ)\;Q )

/ esmet(cl((sJF)\l)al)+‘32((S+>\2)a2))’ ds
CD

€ . .
<pet(CrAT! +e223?) / e tler (Aot Hre’?) M fea (r21e'?2)

mT—€

% ‘e(—)\g-&-rew)a:

|ie”| do — 0, (24)

as r — 0, since the integrand is bounded. Similarly, for the arcs EF and GH, the
integrals tend to zero as the radius r goes to zero. We have e=%" < y~/b for b,y
and a > 0. Thus

‘6(8, t)| _ et(clz\fl +earg?) |eftc1(s+A1)D‘1 ||67t02(s+)\2)°‘2 |

et(C1A;¥1+02)\;2) et(C1A;¥l +C2)\;2)

|(s+)\1)_a1”(8+)\2)_a2| < |S|—(a1+a2)'

t261 C2 t261 C2

Hence applying Lemma 4.1 to the circular arc AB (see [36, p. 154]) gives

lim e’ G(s,t)ds = 0.
R—oo [ ap

Similarly, for the circular arc 1J, the integral vanishes as the radius R goes to oco.
Along BC, we have s = —\y + we'™, which implies ds = —dw and

—A2+R R
_ o a1y
/ esmG(S,t)dsz/ e~ Trze W HIAT Fe2ds ")
BC r

% e—tler (A =Aatwe ™)1 ey (w2ei™2)] g (25)
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Similarly, along DE, we have, s = —\; 4+ we’™, which implies ds = —dw. Further,
—r+Aa—A1
[ etisnas= [ e gz gi(e N +eag)
DE r
x emtler (@ e s (A=At ™)2] g (26)
Along FG, take s = —\; + we ™", which implies ds = —dw and leads to
—r+Aa—A1
/ 5T G (s, t)ds = f/ e~ TM o wE (AT ead?)
FG r
x e~ ter(w e T ) ber (e = MweT )R] gy (27)

Along HI, take s = —\o + we ™™, which implies ds = —dw. Hence,

o —A2+R N s
/ e G(s,t)ds = —/ e~ T2 oW (1A Fe2A5%)
HI T

x e~ tlera=datwe ™ )N ep(w2e TR g, (28)
Thus,
o o —7r+Aa—A1 a ay
/ e”G(S,t)der/ e’ G(s, t)ds = 7/ e~ P e wEt(e1A T +0225 %)
DE FG r
X {eft(clwal cos(man)tez(Aa=ArFwe™)") 97 gin (e w™? SiH(Tl'Oél))] dw. (29)
Similarly,

—A2+R o
/ esxé(s, t)ds + / esré(s7 t)ds — / e—mAz—wx+t(C1Aa1 +cz>\22)
BC HI r

% {e—t(c1(/\1—/\2+we”)°‘1 +ea(w2ei™2)) _e—t(cl (A1 —=Aa+we ™ ™)L fep (w2 67’””’2))dw )

(30)

For R — oo and r — 0, using (21), (30), (29) and (23), we obtain the desired
result. O

Remark 2. For the special case, oy = as = a and Ay = 0, Ay = 0 with condition
c1+c2 =1, (3) reduces to

1 o0 «
Ga,0,0,0(x, 1) = f/ e~ WP et os(m) i (ty® sin(ra) ) dw, (31)
T Jo

which is the pdf of a-stable subordinator [22].

Remark 3. Substituting a1 = as =a, A1 =0, Ao =A>0,c1 =0andcy =1 in
the equation, then we obtain the PDF of TSS with tempering parameter A

Ja0.an(T,t) = e A tf/ e~ wremtw cos(m) gin (twsin(ma))dw (32)
T™Jo
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3.2. Lévy density

In this subsection, we discuss the Lévy density for MTSS. Here, we apply the result
discussed in [6] for strictly increasing Lévy processes.

Proposition 4. The Lévy density denoted by vs for MTSS Say xiasr, (t) has the
following forms. When A1 # Aa,

l/s(dl‘)
1 [ > k
= p / e TATwE Cl()\l - )‘2)alz <();g1> ()\17;07)\2)]6 sin (ﬂ'k‘) + cow®? sin (7ra2) dw
0 k=0
1 A2 — A1
+ */ e ATV [ sin (Tan )
™ Jo

o > (65) wk .
+er (A — Ag)? Z ( h ) W sin (’]Tk)‘| dw. (33)

k=0
When /\1 = )\2,

1 [ .
vg(dx) = —/ e~ TATWT (1™ sin (o) + cow®? sin (o) )duw. (34)
T Jo
Proof. Let f(x,t) be the pdf for a strictly increasing Lévy process; then the Lévy
density v(dx) is given by [6]:

.1
v(dx) = lgfgl ;f(x, t).
sin(at)

Using the above result in (19) and (3) with the help of lim; .o =~ — a, a # 0,
gives the desired result. O

Remark 4. Substituting oy = as = « with the condition ¢1 + co = 1 in (34), we
obtain the Lévy density of tempered stable subordinator, which is given by [15]

Oéef)\:r
dr) = ——, =z > 0.
vs(de) 'l —aztte’ *
Further, for A =0 and an = az = « in (34), the Lévy density corresponds to that
of the a-stable subordinator, and is given by [3]:

«

vs(de) = P gyatte

Proof. By putting a1 = s = a in (34), we obtain

1 ae A

vs(dr) = ;/O e TATVEY sin(Ta)dw = T o)zl x> 0.

Using Euler’s identity I'(a)['(1 — a) = Strayr V@ € (0,1), we obtain the Lévy

density of TSS. O
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3.3. Moments

In this subsection, we discuss the moments of MTSS. We also discuss the asymptotic
forms of the moments for large t. The n-th order moment of MTSS is obtained by
using the n-th order cumulant such that
~ dsm
where K (s) = —t (c1 ((—s + A1) — ATY) + 2 ((—s + A2)?2 — A5?)) is obtained from
(21). The first moment and variance are k; = E(Sa, A1 an00 (1) = t(craa\® 1 +
02a2)\2a2—1) and k2 = Var(Sa; a.a0.0. (1)) = tlcion(l — al))\lal_Q + coaa(l —
ag))\gaTQ). The n-th order cumulant is

Ky, K(s)|s=o,

kn =(=1)"t[ciar(ar — (a1 —2) - (a1 = n+ DN + con(ag — 1) (ag — 2)
a4 (35)

Moments and cumulants can be expressed in terms of each other by using Bell
polynomials [9].

Next, we discuss the asymptotic behavior of the p-th order moments E(Sa; 1,007, (1))
of MTSS Sy Ar,a2,0. (), where 0 < p < 1.

Proposition 5. For 0 < p < 1, the asymptotic behavior of the p-th order moments
of MTSS is given by

E(Say Ap.asne () ~ (clal)\lal_l + 62a2)\2"2_1)ptp, ast — oo, (36)
with condition c1 +co =1, ¢1,c0 > 0.

Proof. Using the result in [21],

E(S apy = CD [T e (sra)® AT e (302 AT gy
( a1,>\1,0627>\2() )_F(lfp) 0 dse ) )

tet(eAT +e2d3?)  poo 1 1
—W/ s P(cran(s + M)M 7+ caaa(s + X))
- 0

% e—t[cl (s4+A1)1 +02(5+>\2)a2]d8

By choosing f(s) = c1(s+ A1) + ca(s+ A2)?2 and g(s) = s P(craq (s + M)~ +
caa(s + Ag)@2 1) it follows

f(8) = (a1 AT* 4+ c2A5?) + (clal)\o‘l_l + 020@)\‘“2_1) S+
= £(0)+ ) arstP,
k=0

where f(0) = c1A\{" + c2A5?, ag = c1an A 7L + coap A2 7! and B = 1. Further,

g(s) = (clalz\?171+ C2a2/\;‘2*1) sP+ (61 (g — 1))\‘1)‘1724— 62((12—1))\0‘272) Pl

oo
=S on,
k=0
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where by = c1a1 AT ! + c200A52 7Y, b = er(on — AT + ca(an — 1)A%272 and
v =1 — p. Using the Laplace-Erdelyi theorem from [16], we have

]E(Sal,)\l,az,)\z (t)p Z F k- tk—i-l—p’ (37)
k:O

where Dy, in terms of coefficients aj and by is given by

J k-‘r’Y 1
Dy = k+’y)/ﬁ Zbk J Z ( ) Bji(a1,a2,...,a-i11), (38)

where B;; are partial ordinary Bell polynomial (see e.g. [2]). The Bell polynomials
arises naturally from differentiating a composite function n times and exhibits im-
portant applications in combinatorics, statistics, numerical solutions of non-linear
differential equations and other fields, and is given by (see e.g. [2, 14, 9]):

mg.

az e,

— 7!
Bji(ai,az,...,aj_i11) = E -~ ap
myma: - Mj_i41

SOt
where the sum is taken over the sequences satisfying
mi+ma 4+ My =4,my +2me + -+ (F =i+ Dmy_ipr =

where mqy,ma,...,m;j_;11 > 0. For large ¢, the dominating term is the first one in
the series given in (37), which implies

E(SOC17>\17‘12,>\2 (t>p) ~ Dot?, (39)
where Dy = (cran M ™ ™! 4 a2 7P, O

Remark 5. For a positive integer n, the n-th order moments of MTSS satisfy

E(Sahh,az,Az (t))n = Z Bn,m(kla k27 ceey kn—m—i—l)
N(kl)n ~ (Cla1>\1al_1 + 02042)\2@2_1)”15” ast — o,

where By, are partial (or incomplete) exponential Bell polynomials [2]. For more
information on cumulants, Bell polynomials and moments, see [33, 38].

Remark 6. By taking a1, as = a, A1, Ay = X with condition c14+c2 =1, ¢1,¢c2 >0
n (53), we obtain the asymptotic behaviour of the p-th (0 < p < 1) order moment
of TSS Sq,n given by

E(Sa ()P ~ (aX*"H)P,  ast — co.
Similarly, the asymptotic behavior of the n-th order moment for TSS is

E(Sax(t)™ ~ (@A* 1), ast — oo.
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Next, we discuss the algorithm to simulate the sample trajectories of MTSS and its
inverse.

Example 1 (Simulation of MTSS sample trajectories and its inverse). The algorithm
for generating the sample trajectories of MTSS are as follows:

Step 1: fix the values of parameters; generate independent and uniformly distributed
in [0,1] rus U, V;

Step 2: generate the increments of the a-stable subordinator S, (t) from [18] with
pdf fo(x,t) using the relationship Sq(t+dt) —Sq(t) LS, (dt) < (dt) /S, (1), where

d sin(arU)[sin((1 — o) U)]Y/ =1
[sin(zU)]/e|In V|-l 7

Se(1)

Step 3: for generating the increments of TSS Sa (t) with pdf fo x(x,t), we use the
following steps called “acceptance-rejection method”,

(a) generate the stable random variable S, (dt);

(b) generate uniform (0,1) rv W (independent of S, );

(c) if W < el then S, \(dt) = Sa(dt) (“accept”); otherwise go back to (a)
( “reject”).

Note that here we used (4), which implies
the ratio is bounded between 0 and 1;

fa,)x (rvdt)
cfa(x,dt)

=e M forc= e and

Step 4: cumulative sum of increments gives the TSS S, A (t) sample trajectories;
Step 5: generate Sa, a,(C1t), Say r,(C2t) and add these to get the MTSS, see (9).
The inverse MTSS sample trajectories are obtained by reversing the axis.

1.0
1.0
0.81
0.81
) s
,{cj 0.6 ,Q 0.6
§ g
< =
. L 0.4
0.4 4 4
W W
0.2 1 0.2
0.0 0.0 {
0.00 025 050 0.75 1.00 0.0 0.5 1.0
t t

Figure 2: MTSS Figure 3: Inverse MTSS
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4. Asymptotic forms of potential density and renewal function

In this section, we discuss the asymptotic behavior of the potential density at 0
(respectively at co) for MTSS and the asymptotic form of the renewal function for
the IMTSS. The potential measure of a subordinator S(t) is defined by [37]:

V(A) = E/ L(syea)dt. (40)
0

The LT of the measure V is given by

& 1
V(s) = ]E/O exp(-sS(t))dt = 2. (41)

Note that the potential measure represents the expected time the subordinator spent
in the set A.

Proposition 6. Let v be the potential density of the MTSS. For any oy, as € (0,1],
we have

p&1+ag—min(ag,ag)—1
F(min(al7a21))(clma27min(o¢1,a2)+02ma17min(al,a2))7
c1a1 A1 Tdheoaphg®2— 10 A1, A2 >0, as r — o0,

p&1+ag—min(ap,ag)—1

asx — 0,

v(z) ~
A, A2 =0 asx — o0.
(42)

T'(min(o,02)) (o2 —min(ar,a2) f oy por—min(ag,az))?

Proof. We apply the Tauberian theorem [10], which connects the asymptotic form
of a Laplace transform with its inverse Laplace transform for a function. We have

— 1 571
Vi(s) = ~ ,as s — 0.
(s) B(s) (a4 agh® )

Similarly, for Ay, Ay > 0,

— 1
V(s)~ ——— as s — oo.
€18 + o852
Applying the Tauberian theorem at @ — 0 (respectively at @ — 00) gives the desired
result. O

Remark 7. By substituting a; = as = «a and Ay = Ay = A, with the condition
c1+ co =1 in (42), we obtain the asymptotic behavior of the potential density for
TSS such that

)\1—04
—
v(x) ~q Lt a8 & = 00, (43)
Ta) @57 — 0.

Here, we discuss the asymptotic form of the renewal function for IMTSS. The
renewal function is given by U(t) = E(Eq, A, a2, (t)). The Laplace transform (LT)

of U(t)is U(s) = ﬁ(s), see [23].
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Proposition 7. The renewal function U(t) has following asymptotic form,

t(¥1+o¢2—min(a1,a2) t 0
F(l-‘rmin(al,O¢2))(Clt°’2_mir‘(al"12)+02tt11—min(a1,02))7 ast — U,
t
U(t)N (cra1 A 191 T dcoap @27 1)0 )\17 )‘2 > 07 ast — o0,
(o1 +ag—min(ag,ag)
F(1+min(al,@2))(c1t0‘2*m3“(‘11"12)+C2t(“1*mi1‘(‘11»02))7

A =X =0, ast — co.

Proof. Using the Tauberian theorem [10], which says that U (t) ~ tpr(lzgi)l) ast — oo

(respectively to 0) is equivalent to U(s)~s '7PI(1) as s — 0 (respectively at co),
where [ : (0,00) — (0.00) is a slowly varying function at 0 (respectively to o).
When s — 0, the Laplace exponent behaves as

P(8)~s(crar A T+ caaara ™), (44)
and hence
_ 1 1
U(S) - - a1 [ %)
so(s)  s(er ((s+ A1) = A7) + ez ((s + A2)*2 — AF?))
e

(Oél)\lal_l + a2)\2o¢2—1) ’
which further implies that the renewal function has the asymptotic form

t
U(t)~ , A, A2 >0, ast — oo. 45
() (clal)\lalfl +62a2)\2a271) 1 2 ( )

For Ay = Ay = 0, we have

ta1+a2—min(a1,(x2)
U(t)~ - - , as t — oo.
( ) F(l + min(al, a2))(01ta2—mm(a17a2) + CQtal—mm(al,az))

Moreover,
d(8)~c1 Y + cos™? as s — 00, (46)
and hence
U ! 47
(S)N81+min(a1.a2)(C2sa2—min(a1.a2) + clsal—min(ocl.az))a as s — 00, ( )
sa1+a272 min(ag.ag) . . .
where I(s) = is a slowly varying function at co and

T (caso1-min(a1-02) f oy oz min(al-az))
hence the renewal function

ta1+a2—min(a1,a2)

U(t)~ - - ,ast — 0. 48
( ) F(l +min(a17az))(cltaz_mln(al’(XQ) +C2ta1—m1n(a1,a2)) as ( )

O
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Remark 8. Substitute oy = g = v and A\ = Ay = X with condition ¢1 +co =1 in
(50), which gives the asymptotic behaviour of the renewal function corresponding to
TSS Saa(t), see [25],

)\afl
U(t) ~ t—t% , ast — 0o (49)
m ast — 0.

Next, we discuss the asymptotic behavior of the g-th order moments M,(t) =

E(Eay M .anre(£)9,g > 0, of Eu, ; as.n,(t). The LT of M,(t) is given by M,(s) =

Sr(g(':)%)q, see [21, 41, 42], where ¢(s) is the Laplace exponent given in (15). Again

using the Tauberian theorem, we have the following asymptotic behavior for M,(¢):

tq(ﬂ1+a2—min(0¢1v”2))p(1+q)
F(1+q min(a17a2))(clta2—min(al,a2)+62to¢17min(a1.a2))qﬂ
4
(cra1 A1l T fcoophgt2 1)) >\17)\2 >07 aSt_>OOa
ta(e1tag—min(ag,e2))p(14 q)
T'(14+q min(aq,a2))(crt®2 —min(er,a2) 4 copay —min(ag,az))q?

ast — 0,

Mq(t) =

A =X =0,ast— oo.
(50)

Remark 9. a1 = as = a and Ay = Ay = \ with condition ¢; +co =1, ¢1,¢0 > 0 in
(50) gives the asymptotic behavior of My(t) for TSS So x(t) such that

r(4+4q) sqo
Fg}i‘ﬁ)t , ast — 0,

My(t) ~ ¢ X—t1, A >0, ast— oo, (51)
L(1+q)

T(iTqa) 1 A =0, ast — oo.

In the next remark, n-th order mixtures of TSS are discussed.

Remark 10. We define the n-th order mixtures of TSS as a Lévy process with LT:

E (eissl’lv’\l:‘IQvAQ ----- anAn(t)) —e ! i Ci((SJF/\i)ai*/\iai)’ s> 0, (52)

where ¢; > 0 and >, ¢; = 1. The alternative representation of the n-th order
MTSS is given by

n
Sai A0 A2,0am A (B) = Z Sa; i (cit),
=1

with the conditions ¢; > 0, Y.°  ¢; = 1. Using similar approaches as in previous
subsections, we can obtain analogue results for the n-th order miztures of TSS. The
pdf of the n-th order miztures of TSS is difficult to obtain using complex inversion.
For 0 < p <1, the asymptotic behavior of the p-th order moments of the n-th order
miztures of TSS is given by

n

p
E (Say Aoz Aassom A (E)F) ~ (Z (ciozi/\f”l)> tP, ast — oo. (53)

i=1
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The generalized pdf goy Ay .czhs....cn A (Z,E) for the n-th order miztures of TSS sat-
isfies the following FPDE with condition g, ay,ase....an.An (0,1) =0,

a n a (673
ardar,A,02,X2. 00,00 ($7 t) == Z Ci <>‘l + ) Jai, 1,002,200, (LU, t)
ot e Ox

n

a;

+ (Z /\z Ci) Goi,A1,02,X2...,00,An (I,t).
=1

Further, the asymptotic behaviour of v(x) for the n-th order miztures of TSS is
obtained in the same manner and given by

xZ?/Zl a;—(n—1) min(ay,ag,..., anp)—1

P (e T CE gy asx — 0
F(min(a1,a2,...,(¥n))(Z:;l Cix2j¢z‘ i—(n—1) [CERCTTIN n)) ) ’
e AL An >0
. as T — o0
’U((E)N (E;L:Ociaikiaiil)’ 15 N\2, sy \n ) )
2SI = (n—1) min(ay,az,...,an) -1
P(min(a1,a,man) (1, crass T O D P Y
A, Ao, A =0, as x — 00.

The asymptotic behavior of the renewal function corresponding to the m-th order
compositions of TSS is given by

+(ZF2 @i —(n—1) min(ag,ag,....an))
T(1+min(ar,az,...,04)) (Z?:l ety T a")) 7
£ A1, Ao, Ay >0, ast — 00,

ast — 0,

Ul(t)~ (g cian@i=1)?

t(z;”zl a;—(n—1)min(ay,ag,..., a"))
PO min(as sz, ) (S et 0 0D )
)\1,)\2,...,)\n:0, as t — oo.

Further, the corresponding My (t) has the following asymptotic form:

$1(S72y e —(n—1) min(ag,az,..., an))r(1+q)
T o, —(n—1)min(aq,a9,...,0n
T(1Hqmin(ar,az,...an)) (S, epttr7 &1 (77D BTz sy T

t‘]
. ast — oo
(t)N ( ZL:()C:,ai)\iai_l)q, >\13A27 aAn >O7 3
tq(zyzl a;—(n—1)min(aq, o9 ...,an))r(lJrq)
(o7 @i (D min(ag e, an))‘17

F(l+qmin(o¢1,a2,.“,an))( »ci
A, Ao, A =0, as t — oo.

5. Applications of MTSS and IMTSS as time changes

In this section, we introduce a time-changed Poisson process and Brownian motion
by considering MTSS and IMTSS as time-changes. Note that a Poisson process
time-changed by MTSS generalizes the space-fractional Poisson process [30] and
the Poisson process time-changed by IMTSS generalize the time-fractional Poisson
process ([25] and references therein). Further, Brownian motion time-changed by
IMTSS generalize Brownian motion time-changed by the inverse stable subordinator
model which is the scaling limit of continuous time random walk with the infinite
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mean waiting time [27]. It is worth mentioning here that the governing equation
of Brownian motion time-changed by the inverse stable subordinator is a fractional
analogue of the heat equation which involves a fractional derivative in a time vari-
able. We discuss the governing fractional differential equations of these time-changed
processes.

5.1. The mixture tempered-space fractional Poisson process
(MTSFPP)

In this section, we introduce and give the governing fractional difference-differential
equation of the mixture tempered space-fractional Poisson process (MTSFPP). A
subordination representation of the MTSFPP can be written as

X(t) = N<Sa17)\17a2;>\2 (t))’ (54)

where a homogeneous Poisson process N (t) with intensity p > 0 is independent of
Sei A,z (). The main purpose is to generalize a homogeneous Poisson process
in fraction sense by introducing a fractional difference operator in the governing
equation in the state space. The PMF r(k,t) = P(X(t) = k) of the MTSFPP can
be easily obtained in an infinite series form by the standard conditioning argument.

The probability generating function (PGF) G(z,t) = E[zX®)] for X(t) is given by
G(z,t) = e~ tHer{Arp(1=2))% A1 " Hea{(A2+p(1-2)) %2 —A2%2}) |z <1,p < ﬁ i=1.2
) Y — ) — 2 ) ) *
(55)

Proposition 8. The marginal distribution r(k,t) = P(X(t) = k) satisfies the fol-
lowing fractional difference differential equation:

d 2
(k1) ==Y ci{(hi +p(l = B)™ = A Yr(k, 1), a; € (0,1), (56)
=1

with the conditions r(0,0) = 1 and r(k,0) = 0 for k # 0, where B is the backward
shift operator.

Proof. Using the PGF, it follows

6 - z [Z( )wwi( )<_1)m§‘gzkrkm<t)

—\ kz_: zkrk(t)]
_ ZQ:CZ- lz (0‘) NN, i ( ) e

i=1 =0

G(z,t)

2
%G(Z,t) =—G(z,t) ZCZ' [ + p(l = 2)) — A
i=1

The result follows by using G(z,0) =1 and (55). O
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5.2. The mixture tempered time-fractional Poisson process
(MTTFPP)

One can also define a mixture tempered time-fractional Poisson process (MTTFPP)
by subordinating homogeneous Poisson process N(t) with the IMTSS process
Eaoi s (t> such as

Y(t) = N(Eay ar00.0: (1)), (57)

where N(t) and Eqa, A;,a9.2,(t) are independent. Next, we derive the governing
fractional difference differential equation for the marginal distribution of MTTFPP
Y (¢).

Proposition 9. The marginal PMF p,(k,t) of Y (t) satisfies the following governing
equation:

O\ 0\
[01 ()\1 + 815) + c2 <)\2 + 8t> ] pulk,t)

= —plpu(k,t) = pu(k = L,1)] + [A" c1 + A3 calpu (k. )
— et MITYL (“Ait)d (@) — eat” 2 M 12 (—Aat)(x), k> 1.

1,170&2

Proof. Let p(k,t) be the PMF of the standard Poisson process. By a standard
conditioning argument and using (16), we have

o\ o\
|:Cl ()\1 + 8t> —+ C2 ()\2 —+ 8t> :| p#(k,t)

o0 a @y a [e2)
:/O p(k, u) [cl (/\1 + 8t> + co (/\2 + 815) } H(u,t)du

%0 P
_ _/ Pl ) H (D + [Nier + Aacalpy (k1)
0

— et MY T (—Ait)0(x) — eat” M1 (= Aot)d(w),

1,170(1

and finally, integration by parts yields the desired result. O

5.3. Time-changed Brownian motion

In this section, we introduce time-changed processes Z(t) and W (t) as Brownian
motion B(t) time-changed by MTSS Sa, A;.as,x, () and IMTSS Ey, 2, a0.0, (t), Te-
spectively, i.e.

N
—

o~
N

I

B(SalJ\l,OézJQ (t»’ (58)
W(t) = B(E(X17)\1,a27)\2 (t))v 3 > O

By applying the previous results, we can find the governing equations for the pdf of
Z(t) and W (t) and the same can be generalized for the N-th order mixtures of TSS.
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Proposition 10. The pdf 7o, xra0.0: (%, ) = P(Z(t) € dz) of the time-changed
Brownian motion Z(t) defined in (58) satisfies the following space-fractional differ-
ential equation:

9
ot

92\
Ty, A1 02,M2 (‘T’ t) =— ()‘1 - 8392> Ty, A1 02,22 (1‘7 t)

2%\
— C2 ()\2 - 6£C2> Tai,A1,02,X2 (‘T7 t)
+ )‘?1 C1T 0y, A1 02, A2 (‘Tv t) + /\glc2ra1,/\1,a2,>\2 (CC, t)? (59)

with initial and boundary conditions

T, A1,02,A2 ('757 O) = 6(37)
llm‘z|‘>00 Ty, A1 02,A2 (Jf, t) = 07 (60)

: 9 _
hm\z|—>oo 9z Nan,A1,a2,A0 (:L',t) =0.

Proof. We will use Proposition 1 to prove this result. One can write

ra17A17a2,A2(:r,t):/ q(z,u)G(u, t)du,
0

where ¢(z,t) is the pdf of the standard Brownian motion B(t). Further,

0 > 0
&ral,)\haz,/\z (.%‘,t) _/0 q(a:,u)&G(u,t)du

:(A(lll c1+ )‘(2)1 02)70041,/\1,042)\2 (LC, t)

« 7 > az
—C1 E ( ))\ 1= ‘/O q(l’7 u)@G(U, t)du
_ (%) as—j o 33
1 .i ( p ))\2 /0 q(z, u)—auj G(u,t)du

()‘?lcl + >‘ CQ)TG1,>\1,GZ7A2 )

gL g
—clg(o;2> 1752~ J/ )G (u, t)du

:(A?l ¢+ /\31 CQ)TOLLALOQJQ (IE, t)

o0 O[l alii 82 7
e e ()
=0
> (0%} ar1—j 82 J
+e2 Z j >\2 7@ Tag, A1 00,22 (:Cat)v
j=0

hence proved. O

VG(u, t)du
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Proposition 11. The density Wa, x, 09,0, (%, 1) of the process W (t) defined in (58)
satisfies the following fractional differential equation:

02 9\ 9\
@wal,)\l,az,)\z (fL‘,t) = |:cl ()\1 + 8t> + C2 ()\2 + 6t> } wal,/\l,az,)\z (.%',t)

+ [)\!11101 + )‘3102] Wy, A1,02, A2 (CL‘, t)

— et MY (S A)d(@) — et M2 (= Xot)8(2),
with initial and boundary conditions

Wa,A1,02,A2 (.%', O) = 5(-T>
limleoc Way,A1,02,A2 (l‘, t) =0,
hmleoo %wah)\l,(w,)\z (33, t) =0.

Proof. The result can be proved by using similar argument as given in Proposition
10 and with the help of (16). O

Remark 11. The demeaned and rescaled standard Poisson process converges in
D([0,00)) with respect to Jy-topology to a standard Brownian motion {B(t), t > 0},
which follows by the functional central limit theorem, i.e.

Using Theorem 13.2.2 of Whitt [43], since B(t) has continuous paths and
Eoy 200,02 () has strictly increasing paths; then

(N(Eah/\l:aZa)\Q (t)) — /\Eah/\haz,)\z (t)> J1
>0

B(E,, Las e (t))-
% (Eayar,a0,0 (1))

Hence the process Y (t) defined in (57) and the process Z(t) defined in (58) are
connected through the scaling limit.
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