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Abstract—This paper proposes a mathematical framework for
evaluating the limiting capacity of a millimeter-wave (mmWave)
communication involving a mobile user (MU) and a cellular
base station. The investigation is realized considering a three-
dimensional (3D) space in which the random waypoint mobility
model is used to probabilistically identify the location of the MUs.
Besides, the analysis is developed accounting for path-loss atten-
uation, directional antenna gains, shadowing, and modulation
scheme. Closed-form formulas for the received signal power, the
Shannon capacity, and the bit error rate (BER) are obtained for
both line-of-sight (LoS) and non-LoS scenarios in the presence
of a noise-limited operating regime. The conceived theoretical
model is firstly checked by Monte Carlo validations, and then
employed to explore the influence of the antenna gain and of the
cell radius on the capacity and on the BER of a fifth-generation
(5G) link in a 3D environment, taking into account both the 28
and 73 GHz mmWave bands.

Index Terms—5G communications; millimeter-waves; Shannon
capacity; random waypoint mobility model.

I. INTRODUCTION

For telecommunication scientists and engineers, 2020 is
awaited to be the year in which the definite accomplishment of
the fifth-generation (5G) cellular system worldwide will take
place, with a blending of real and virtual innovative compo-
nents. To obtain this accomplishment, an ultra-densification
of the base stations (BSs) will be required, in conjunction
with the design of transceivers operating at tenths of gigahertz.
Moreover, another requirement will be the virtualization of the
core and edge network functionalities. These requirements are
needed to build an ultra-high capacity and very low-latency
pervasive network capable to also incorporate the current
fourth-generation (4G) Long-Term Evolution (LTE) system
and the existing gigabit Wireless-Fidelity (WiFi) technology
[1]–[16], with the aim of finally realizing the for a while
conceived Internet of Things (IoT) and Internet of Everything
(IoE) paradigms.
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The concrete implementation of the 5G technology, together
with its exploratory evaluation and realization, is at a starting
point, whereas its conceptual analysis, as far as its attainable
performance is concerned, is instead a mature research field,
with several relevant studies that have been published in last
years [17]–[25]. Namely, the 60 GHz links have been analyzed
in [17] developing a mathematical set-up considering the mod-
eling of the antenna pattern through a linear array of flat-top
elements. Moreover, [18] presents a coverage analysis to derive
a simpler model of dense networks. Furtherly, [19] addresses
multi-tier millimeter-wave (mmWave) networks, considering
pragmatic propagation environments, pursuing the evaluation
of their coverage probability. Alternatively, [20] investigates
the starting access, addressing in deep detail the search and
interference management problems. A general channel power
distribution, considering disparate statistics, is used in [21] to
analyze the performance limits of BS densification in multi-
dimensional mmWave networks. [22] considers the effect of
the interferers spatial distribution on the capture probability,
whereas, in [23], the use of arrays with few elements is proved
to rise the strength against the beam alignment errors employ-
ing the analysis of the coverage. [24] analyzes the influence of
the spatial statistic on network performance adopting a precise
propagation model and [25] theoretically estimates the statistic
of the bit error rate (BER) extending the results of [24].
Finally, the problem of exploiting the vacant beams available
at a BS is addressed in [26], where the author proposes a
method to employ them for doubling the throughput of the
adjacent active MU-BS links.

A frequent characteristic of the above mentioned works is
the spatial statistic assumed to express the position of the
mobile users (MUs) and/or of the BSs. Actually, these studies
contemplate the commonly employed spatial Poisson point
process (PPP), having the significant merit of conducting to
analytically tractable models when the space domain is not
bounded. A small number of studies, parallel to the PPP,
consider uncommon spatial statistics, such as the uniform
distribution (UD) and the random waypoint mobility model
(RWMM). As far as these two distributions are concerned, the
UD has obtained more consideration [27], [28], whereas the
RWMM has been unfrequently adopted for 5G applications
[22], [24]. This latter model is of a certain interest because
of its extensive employment in network simulators where it
is used to delineate the random motion of a nodes set in a
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bounded space from the statistical point of view [29]. Being
an alternative choice with respect to the PPP, its adoption for
5G applications may constitute a fascinating topic because of
the original understanding of the 5G context it can provide.
Moreover, it is certainly more realistic in the 5G environment
because the actual BS position is not subject to a pre-defined
statistic, but is related to the actual shape and height of
the surrounding buildings and foliage. This attribute becomes
more important when taking into account the more realistic
three-dimensional (3D) scenario instead of the usual two-
dimensional (2D) one to study the 5G performance. This
more realistic scenario is certainly more appropriate to model
the classic 5G small-cell context, where two communicating
nodes are supposed to be positioned one over the other. This
may occur when a BS and a MU are located at different
floors of a building, or when two remotely-controlled flying
vehicles, so called unmanned aerial vehicles (UAVs), fly in
a 3D formation. Thus, the investigation of the capacity of
a 5G mmWave communication link in the presence of a
3D RWMM may produce relevant outcomes, complementing
those obtained applying the ordinary PPP-based mathematical
frameworks.

In [30] we have addressed this topic presenting a theoretical
evaluation of a 5G communication link performance in the
presence of a 3D RWMM. The study is performed in a noise-
limited regime by assuming state-of-the-art 3D channel models
[31], including path-loss attenuation, directional antennas, and
mid-scale fading for both line-of-sight (LoS) and non-LoS
(NLoS) link-state conditions.

The original contribution of the present paper is related to
the consideration of the 3D scenario and to the assumption
of the RWMM, and represents an extension of our previous
works [22], considering exclusively the 2D environment and
[24], focusing on the PPP to evaluate the Shannon capacity.
In particular, exact analytical expressions for the probability
density function (pdf) and the cumulative distribution function
(cdf) of the received power and of the channel capacity
are derived and validated through Monte Carlo simulations.
The obtained results are used to study the influence of the
transmitting/receiving antenna gains and of the cell radius on
the behavior of a 5G communication for the 28 and 73 GHz
mmWave bands. As compared to [30], the here proposed
theoretical framework presents analytical formulas for the
average signal-to-noise ratio (SNR) and, subsequently, for the
corresponding BER in agreement with the adopted modulation
scheme. The results obtained by this extension enable to infer
the influence of the product gain on the error performance
when the MUs are located according to a 3D RWMM.

The paper is organized as follows. Section II introduces
the addressed scenario. Section III describes the bit error rate
(BER) analysis, while Section IV illustrates the derived error
performance. Finally, Section V summarizes the most relevant
conclusions.

Notation. Throughout the paper the following notation is
used: R>0 and R≥0 denote the sets of positive and non-
negative reals, respectively; 1X(x) denotes the indicator func-
tion (i.e., 1X(x) = 1 if x∈X, 1X(x) = 0 if x 6∈X); erfc(x)
denotes the complementary error function; Q(x) denotes the

Q-function.

II. NODE LOCATION AND CHANNEL MODELS

Assume a 5G cellular network where a mmWave commu-
nication link is established between a BS and a MU located
in a finite 3D region around the BS. More exactly, the BS is
positioned at the center O of a 3D ball B(O, ρ) of radius ρ,
using the RWMM to model the MU site.

In [32] was obtained the pdf of the random variable (r.v.) R,
defined as the distance of a point from the center of the ball,
for the 3D scenario. From this result, the pdf of the BS-MU
distance can be expressed as:

fR(r) =

[
3∑
k=1

ak(2k + 1)
r2k

ρ2k+1

]
1R≥0

(r), (1)

where a1 = 245/72, a2 = −119/36, and a3 = 65/72 are the
coefficients of the statistic [32]. The resulting cdf of R can be
calculated by integrating (1) on r, thus obtaining:

FR(r) =


0 r < 0

3∑
k=1

ak

(
r

ρ

)2k+1

0 ≤ r ≤ ρ

1 r > ρ

(2)

The RWMM is implemented in ns2 and GloMoSim simula-
tion tools for evaluating the performance of wireless networks
and communication protocols. Assuming this spatial statistic,
the MU selects a position located inside the ball and then
proceeds in its direction at a certain speed. The selection of
both the location and the speed is performed randomly on the
basis of a UD. Once the MU reaches the selected position, it
stands by for a while and afterwards selects randomly another
position and another moving speed. In steady-state conditions,
that is, when the number of movements approaches infinity,
the cdf of R asymptotically approaches (2), which represents
a nonuniform distribution independent of the moving speed
[29].

The latest experimental exploration of the extremely high
frequency (EHF) band has disclosed the most important
factors characterizing the mmWave channel. These are the
noise power and the link-state [31], determining the path-loss
attenuation and the mid-scale fading statistic [17]. As far as
the link-state is concerned, the communication is feasible in
two conditions, namely the LoS and NLoS ones. The further
link-state condition, called outage, models the absence of any
link due to an infinite path-loss. For LoS/NLoS states, the om-
nidirectional path-loss attenuation is linearly dependent from
the logarithm of the distance R, and thus can be expressed as:

L(R) =
1

αRβ
, (3)

being α the the floating intercept and β the average path-loss
exponent. The link-state and the operating mmWave frequency
band determine both these latter constants. For the 28 and
73 GHz bands, their precise determination has been performed
in [31], through a best-fit linear regression of the acquired
experimental data.
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The link-state and the operating mmWave frequency band
affects also the mid-scale fading statistic, which, in contrast
with what happened in the 2-4G cellular systems, is much
more relevant than small-scale fading for the 5G mmWave
system. In particular, shadowing may be modeled by a r.v. Ξ
following a log-normal distribution, whose pdf can be written
as [22]:

fΞ(ξ) =
1√

2πσ̃ξ
exp

(
− log2 ξ

2σ̃2

)
1R>0(ξ), (4)

where σ̃ is the shadowing standard deviation.
Together with the link-state, the path-loss attenuation, and

the mid-scale fading, the additional important propagation phe-
nomenon influencing a mmWave communication performance
is the noise power, which can be expressed as [19]:

N = N0 ·W · F , (5)

where N0
∼= 3.98 · 10−21 W/Hz is the noise spectral density,

while W and F are, respectively, the bandwidth and the noise
figure of the receiver. The significance of the noise power
points out an additional dissimilarity between the µWave 2-
4G cellular networks and the mmWave 5G one. The first ones,
as a matter of fact, are normally interference-limited, whereas
the latter one is frequently noise-limited. The last hypothesis
is valid if the communication is directional enough and the
node densities are low enough [17].

III. BER ANALYSIS

The expressions derived during the development of the
capacity analysis in [30] may be suitably exploited to estimate
the BER of a mmWave communication link in agreement
with the selected modulation scheme. To this aim, one can
firstly evaluate the average SNR from the previously obtained
statistics to subsequently calculate the corresponding BER.
Accordingly, the average SNR E[Ω] may be determined by
using (16) in [30] and then exploiting the linearity of the
expectation operator, thus obtaining:

E[Ω] = E

[
P

N

]
=

E[P ]

N

=
E[T Ξ]

N =
E[T ]E[Ξ]

N , (6)

in which the average received power E[P ] is expressed, by
remembering (11) in [30], as the product between the average
values of the independent r.v.s T and Ξ. In particular, E[T ]
may be calculated as:

E[T ] =

∫ +∞

−∞
tfT (t)dt =

∫ +∞

−∞
t

dFT
dt

dt

=

∫ +∞

−∞
t

[
1

tβ

3∑
k=1

(2k + 1)ak

(
δ

t

) 2k+1

β

]
1[δ,+∞](t)dt

=
1

β

3∑
k=1

(2k + 1)ak

∫ +∞

δ

(
δ

t

) 2k+1

β

dt

= δ
3∑
k=1

(2k + 1)ak
2k + 1− β , (7)

by using (9) in [30]. This latter evaluation maintains its
significance until β < 3, an assumption that, according to
the experimental channel characterization presented in [31],
is verified in both LoS and NLoS mmWave propagation
scenarios. Regarding the second expectation required by (6),
the average value of the r.v. Ξ may be obtained from:

E[Ξ] =

∫ +∞

−∞
ξfΞ(ξ)dξ

=
1√
2πσ̃

∫ +∞

0

exp

(
− log2 ξ

2σ̃2

)
dξ

= exp

(
σ̃2

2

)
, (8)

by remembering (4). Since a noise-limited regime has been
assumed throughout the proposed analysis, the availability of
the average SNR allows the investigation of the corresponding
BER according to the selected modulation scheme. To this
purpose, with reference to a modulation of order M , one
may focus the attention on two of the more widely adopted
schemes: the M− phase-shift keying (PSK) modulation and
the M− quadrature amplitude modulation (QAM). By follow-
ing the approximations provided in [33] and [34], a joint
analytical formulation may be adopted to describe the BER
of these two schemes. In particular, this formulation allows
one to estimate the BER as:

E ∼= ςM Q
(
χM
√
E[Ω]

)
, (9)

where the parameters ςM and χM , which account for the
specific constellation, are defined as:

ςM =
2

log2M
·


1 M− PSK

2

(
1− 1√

M

)
M−QAM

(10a)

χM =
√

log2M ·


√

2 sin
( π
M

)
M− PSK√

3

M − 1
M−QAM

(10b)

By replacing (6) and then (7) and (8) in (9), one finally obtains
the BER estimation as:

E ∼= ςM Q

χM
√√√√ δ

N exp

(
σ̃2

2

) 3∑
k=1

(2k + 1)ak
2k + 1− β

 , (11)

which, similarly to the other provided expressions, is derived
in analytical form. The numerical values obtainable from (11)
are illustrated and discussed in the next section.
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TABLE I
DEFAULTS PARAMETER VALUES ADOPTED FOR TRANSMISSION POWER, ANTENNA GAINS, CELL RADIUS, BANDWIDTH, NOISE FIGURE, AND CHANNEL

PARAMETERS (FLOATING INTERCEPT, PATH-LOSS EXPONENT, SHADOWING STANDARD DEVIATION) IN LOS/NLOS CONDITIONS FOR THE TWO MMWAVE
BANDS [31].

PT 100 mW GT 10 dBi GR 10 dBi

ρ 100 m W 1 GHz F 10

α

61.4 dB (28 GHz, LOS)

β

2 (28 GHz, LOS)

σ̃

5.8 dB (28 GHz, LOS)

72.0 dB (28 GHz, NLOS) 2.92 (28 GHz, NLOS) 8.7 dB (28 GHz, NLOS)

69.8 dB (73 GHz, LOS) 2 (73 GHz, LOS) 5.8 dB (73 GHz, LOS)

82.7 dB (73 GHz, NLOS) 2.69 (73 GHz, NLOS) 6.7 dB (73 GHz, NLOS)
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Fig. 1. BER for the 28 and 73 GHz channels in LoS and NLoS conditions as a function of the product antenna gain for ρ = 100 m: (a) 16-QAM, (b)
64-QAM, (c) 16-PSK, (d) 32-PSK.

IV. BER RESULTS

The presented BER results are evaluated using the parame-
ters listed in Table I (where PT is the transmission power, GT

is the transmitting antenna power gain of the MU, and GR

is the receiving antenna power gain of the BS), which have
been experimentally derived in [31] by extended measurement
campaigns carried out in the 28 and 73 GHz mmWave bands.

According to this table, if not otherwise stated, the default
values for the cell radius ρ and for the product antenna gain
GTGR will be set equal to 100 m and 20 dB, respectively.
Besides, all the presented results are obtained employing
the Matlab tool and adopting a nonuniform discretization
of the support of the analyzed r.v.s, in order to reduce the
computational time necessary for evaluating their statistics..
More precisely, the derived curves are reported in Fig. 1,
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which shows the error performance as a function of the
product antenna gain when the 16-QAM (Fig. 1(a)), 64-
QAM (Fig. 1(b)), 16-PSK (Fig. 1(c)), and 32-PSK (Fig. 1(d))
modulations are employed.

These figures confirm, for any band, link state, and mod-
ulation, that the BER decreases with the increase of the
product antenna gain. This behavior may be explained by
observing that higher GTGR values directly determine higher
SNRs. Furthermore, beside the expected higher BER in LoS
conditions with respect to that in NLoS ones for a given
modulation and mmWave band, one may specifically notice the
very low performance that characterizes the 73 GHz channel
in the NLoS case. This aspect may be clarified in mathematical
terms by jointly observing (7) and (10) in [30], from which one
may infer that the increase of the average path-loss exponent
β has a relevant impact on the average power E[T ] received
at the BS in the absence of mobility. Similar arguments may
be exploited to justify the better error performance achievable
in the 28 GHz LoS channel. With reference to this specific
case, one may observe that the 16-QAM scheme becomes
preferable when the target of the communication is identified
by the integrity of the data, while the 64-QAM one is more
appropriate when, instead, the transmission rate is the main
concern. This is a direct consequence of the well known higher
spectral efficiency of the M -QAM schemes as compared to
that of the M -PSK ones under the assumption of identical
modulation order.

V. CONCLUSIONS

In our preliminary work [30] we have evaluated the cdf
and pdf of the received power and of the Shannon capacity
for a 5G communication link by means of a mathematical
framework. Assuming mmWave channel models, lately esti-
mated through experimental measurement campaigns, in [30]
we have derived closed-form analytical formulas for capacity
evaluation, verified through numerical simulations. Here, also
a BER analysis has been added together with the derived
error performance. The influence of the operating EHF band
and of the link state on the attainable performance has been
investigated by means of the proposed analysis. In [30] and
in the present paper, the antenna gains have been shown to
be crucial for the robustness of the communication link both
in LoS and NLoS conditions, although the most significant
advantages can be obtained making use of the 28 GHz band
with not too large cell radii. The ongoing research pursues
the extension of the obtained physical layer model to come
up with a valid reception criterion for establishing the result
of a packet transmission in an ultra-dense contention-based
scenario. Another research direction that would be interesting
to promote has to do with the presence of non-Gaussian noise
and/or co-channel interference. Both these phenomena need
a generalization of the SNR modeling approach based on
suitable colored channel models, specially conceived for the
28 and 73 GHz operating bands, in which the noise-limited
conjecture is not valid any more.
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