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A coincidence point theorem for multi-valued
contractions”
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Abstract. A coincidence point theorem for two pairs of mappings
s proved.
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1. Introduction and preliminaries

Let (X, d) be a metric space and let f and g be mappings from X into itself. In [5],
S. Sessa defined f and g to be weakly commuting if

d(gfz, fgz) < d(gz, fz)

for all x € X. It can be seen that two commuting mappings are weakly commuting,
but the converse is false as shown in the example of [5].

Recently, Jungck [1] extended the concept of weak commutativity in the follow-
ing way:

Definition 1. Let f and g be mappings from a metric space (X,d) into itself.
The mappings f and g are said to be compatible if

lim (fgan,gfrn) =0

whenever {x,} is a sequence in X such that lim, o f2, = lim, o gz, = 2z for
some z in X.

It is obvious that two weakly commuting mappings are compatible, but the
converse is not true, see the examples in [1].
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Recently, Kaneko [2] and Singh et al. [6] extended the concepts of weak com-
mutativity and compatibility, see Kaneko et al. [3], for single-valued mappings to
the setting of single-valued and multi-valued mappings, respectively.

Now let (X,d) be a metric space and let CB(X) denote the family of all non-
empty closed and bounded subsets of X. Let H be the Hausdorff metric on CB(X)
induced by the metric d, i.e.,

H(A,B) = max{sgg d(z, B), sgg d(y, A)}
@ y

for A, B € CB(X), where d(z, A) = infyca d(z,y).

It is well-known that (CB(X), H) is a metric space, and if (X,d) is complete,
then (CB(X), H) is also complete.

The following lemma was proved in Nadler [4].

Lemma 1. Let A,B € CB(X) and k > 1. Then for each a € A, there exists a
point b € B such that d(a,b) < kH(A, B).

Definition 2. Let (X,d) be a metric space and let f : X — X and S : X —
CB(X) be single-valued and multi-valued mappings, respectively. The mappings f
and S are said to be weakly commuting if for all x € X, fSx € CB(X) and

H(Sfx, fSz) < d(fz,Sz),

where H is the Hausdorff metric defined on CB(X).
Definition 3. The mappings f and S are said to be compatible if

lim d(fyn,Sfx,) =0

whenever {x,} and {yn} are sequences in X such that lim, o f, = limp_ 00 Yn =
z for some z € X, where y, € Sz, formn=1,2,....
Remark 1.

(i) Definition 3 is slightly different from Kaneko’s definition [2].

(i) If S is a single-valued mapping on X in Definitions2 and 3, then Defini-
tions 2 and 3 become the definitions of weak commutativity and compatibility
for single-valued mappings.

(iii) If the mappings f and S are weakly commuting, then they are compatible, but
the converse is not true.

In fact, suppose that f and S are weakly commuting and let {x,} and {yn}
be two sequences in X such that y, € Sz, for n = 1,2,... and lim, . fx, =
limy, oo Y = 2z for some z € X. From d(fx,,Sz,) < d(fxn,yn), it follows that
lim, o0 d(fxn, Szy) = 0. Thus, since [ and g are weakly commuting, we have

lim H(Sfxy, fSz,) =0.

n—oo

On the other hand, since d(fyn,Sfxn) < H(fSxn,Sfx,), we have

lim d(fyn,Sfx,) =0,
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which means that f and S are compatible.

Example 1. Let X = [1,00) be set with the Euclidean metric d and define
fr=2x*—1 and Sz = [1,22] for all z > 1. Note that f and S are continuous and
S(X)=f(X)=X. Let {z,} and {yn} be sequences in X defined by x, = yn =1
form=1,2,.... Then we have

lim fz, = lim y, =1¢€ X, where y,, € Sz,.
n—oo

n—oo

On the other hand, we can show that H(fSxp,Sfz,) = 2(x% —1)?2 — 0 if and
only x, — 1 as n — 0o and so, since d(fyn,Sfxn) < H(fSxy,Sfz,), we have

lim d(fyn,Sfx,)=0.

Therefore, f andT are compatible, but f and T are not weakly commuting at x = 2.

2. Main results

Theorem 1. Let (X, d) be a complete metric space. Let f,g: X — X be continuous
mappings and S,T : X — CB(X) be H-continuous mappings such that T(X) C
f(X) and S(X) C g(X), the pair S and g are compatible mappings and

HP(Sz,Ty) < wax{ad(fz,gy)d"""(fz,Sx),ad(fz,9y)d" " (9y, Ty),
ad(fz,Sz)d"~ (gy, Ty), cd”* (fz, Ty)d(gy, Sz)} (1)

for all x,y € X, where p > 2 is an integer, 0 < a < 1 and ¢ > 0. Then there exists
a point z € X such that fz € Sz and gz € Tz, i.e., z is a coincidence point of f, S
and of g, T. Further, z is unique when 0 < ¢ < 1.

Proof. Let xy be an arbirary point in X. Since Sxzg C g(X), there exists a
point z; € X such that gr; € Sz, and so there exists a point y € Tz

d(g‘rlay) S kH(Sxo,T.’L']_),

where k = a~'/2 > 1, which is possible by Lemma 1. Since Tz; C f(X), there
exists a point zo € X such that y = fzs and so we have

d(gx1, fra) < kH(Sxo, Tx1).
Similarly, there exists a point x3 € X such that grs € Sxs and

d(gxs, fra) < kH(Sxe,Tx1).
Inductively, we can obtain a sequence {z,} in X such that

fron € Txan, m €N,
gTon+1 € Sta,, n € Ng= N U{0},
d(gron+t1, fron) < kH(Sxzoy,, Txon—1), mn € N,
d(gzan+1, fron) < kH(Sapn, Tront1), n € Ny,
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where N denotes the set of positive integers. Then, by (1), we have

kPHP(Sxon, Txan+1)

a~P/? max{ad(fron, 9Tont1)d? " (fron, Sxon),
ad(fxon, g2n+1)d" (922041, T22n41),
ad(fron, St2,)dP " (g2on i1, TToni1),

cd” (fron, Tront1)d” " (gon41, foonta)}
a~P/? max{ad(fTon, 9Ton11)d" (fron, 9Toni1),
ad(fran, gron1)d" " (9Tant1, fT2nt2),
ad(fw2n, ST2n)d"~ (g22n11, fT2n12),

cd”! (fxan, f$2n+2)dp_1(9962n+1,9$2n+1)}-

d?(92an+y1, frany2)

IAIA

IA

Putting a=?/2 = f3, we have

dP(gx2n+1, front2) < Bmax{ad(fran, 9$2n+1)dp71 (fr2n, 9Ton+t1)s
ad(fr2n, 9T2n11)d" " (9T2n41, fTo2nt2),
ad(fran, Sm2n)dp71 (9T2n+1, f2ont2),
cd”(fran, front2)d” (922041, 9T2n11)},
< Bad(fran, 9T2n+1)d" " (fon, gT2041),

d?(9r2n+1, frant2) < B"a"d(xo, gx1).
Since 0 < 8 < 1, it follows that
{91, fx2, 923, fTa,... ,9T2n—1, [Ton, 9Ton+1,--. }
is a Cauchy sequence in X. Since (X, d) is a complete metric space, let
lim gzont1 = lim faxo, = 2.
n—oo n—oo

Now, we will prove that z is a coincidence point of f and S. For every n € N,
we have

d(fgrant1,S2) < d(fgrany1, Sfran) + H(Sfran, Sz). (2)
It follows from the H-continuity of S that

lim H(Sfxo,,Sz) =0, (3)

n—oo

since fzg, — z as n — oco. Since f and S are compatible mappings and
lim fxzo, = lim y, = z,
n—oo n—oo

where y,, = gron+1 € Sxa, and z, = x2,, we have

lim d(fyn,Sfzn) = n11—>rgo d(fgzan+t1,Sfxe,) =0. (4)

n—oo
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Thus, from equations (2), (3) and (4), we have
lim d(fgxont1,Sz) =0
and so

d(fz7 SZ) < d(fzv fgx2n+1) + d(fgx2n+17 SZ)

Letting n tend to infinity, it follows that d(fz,Sz) = 0. This implies that fz € Sz,
since Sz is a closed subset of X. Thus z is a coincidence point of f and S. Similarly,
we can prove that z is a coincidence point of g and T'. This completes the proof of
the theorem. O

Letting f = g be the identity mapping on X, in Theorem 1, we have the following
corollary:

Corollary 1. Let (X,d) be a complete metric space and let S,T : X — CB(X)
be H -continuous multi-valued mappings such that

HP(Sz,Ty) < wmax{ad(z,y)d"" (y,Ty), ad(z,y)d""*(y, Ty),
ad(z, Sz)d?~(y, Ty), cd?~ (z, Ty)d(y, Sz)}
for all z,y € X, where p > 2, 0<a<1,¢>0. Then S and T have a common
fixed point z in X.

Putting f = g and S =T in Theorem 1, we have the following corollary:

Corollary 2. Let (X,d) be a complete metric space, let f : X — X be a
continuous mapping and let S : X — CB(X) be an H-continuous mapping such
that S(X) C g(X), and

HP(Sz,8y) < max{ad(fz, fy)d"~(fz, Sz),ad(fz, fy)d"~*(gy, Sy),
cd”~(fz, Sy)d(fy, Sx)}
for all x,y € X, where p > 2 is an integer, 0 < a < 1 and ¢ > 0. Then there exists

a coincidence point z of f and S.
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