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ABSTRACT. In [4] we gave some sufficient conditions under which, for
given pair of bounded linear operators 7" and S on an infinite-dimensional
complex Hilbert space H, there is a dense set of vectors in H with orbits
under T and S tending strongly to infinity. In this paper we are going
to extend these results for pairs of operators on an infinite-dimensional
complex and reflexive Banach space.

1. INTRODUCTION

Throughout this paper X will denote an infinite-dimensional reflexive
Banach space over the field of complex numbers C and B(X) the algebra of
all bounded linear operators on X. For T' € B(X), with 7(T), o(T), 0,(T) and
0q(T) we will denote the spectral radius, the spectrum, the point spectrum
and the approximate point spectrum of T, respectively. Recall that o,(T)
consists of all eigenvalues for T' and o, (T) consists of all A € o(T") for which
there is a sequence of unit vectors (z,)p>1 in X such that ||Tz, — Az,| — 0,
as n — 400; any such sequence is called a sequence of almost eigenvectors
for A. It is known that, unlike the point spectrum, which can be empty, the
approximate point spectrum is nonempty for every T € B(X); it contains
both the boundary 0o (T") and o,(T") [3, Prop. VIL.6.7].

Orbit of x € X under T' € B(X) is the sequence Orb(T', z)={T"z : n > 0}.
We are interested in the operators T' € B(X) for which there is © € X whose
orbit Orb(T, ) tends strongly to infinity, i.e. ||[T"z| — +oo, as n — +oc.
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Obviously, if ¢,(T) contains a point A with |A| > 1, then for every corre-
sponding nonzero vector z in the eigenspace Ker(T — A), the orbit will tend
strongly to infinity: [|[T"z| = |A|" ||z|| — +o0, as n — +oo. In general,
Ker(T — )) is not dense in X (relative to the norm topology). In order to
produce a dense set of vectors in X whose orbits under T' tend strongly to in-
finity we have to look at the points in the approximate point spectrum which
are not eigenvalues.

In [5] we gave a complete proof of the following result, originally stated by
B. Beauzamy [2, Thm. 2.A.5]: if T' € B(X) and the circle {A € C: |A\| = r(T)}
contains a point in o(7") which is not an eigenvalue for T, then for every
positive sequence (ay)n>1 With Y o @, < 400, in every open ball in X
with radius strictly larger then Y | a,, there is = € X satisfying | T"z| >
anr(T)"/2 for all n > 1. (For some additional results with similar estimates
for the orbits we refer to [6] and [7]). Note that, if (7') > 1, then the space
will contain a dense set of vectors x € X with orbits under 7" tending strongly
to infinity.

The proof of the previous result that we gave in [5] suggests that it will
remain true if #(T') is replaced with |A|, for any A € o,(T)\op(T). Thus we
have

THEOREM 1.1. If T € B(X) and X € 0,(T)\op(T), then for every pos-
itive sequence (an)n>1 with Y, - an < 400, in every open ball in X with
radius 2 an1 Qn, there is © € X satisfying

1
|T"z|| > n A", for alln > 1.
We are going to extend this result for suitable pairs of operators in B(X).

2. PRELIMINARY RESULTS

The first result in this section describes the behavior of the sequences
of almost eigenvectors, relative to the weak topology, for those points in the
approximate point spectrum that are not eigenvalues. Although this follows
from [2, Prop. 11.1.13], for completeness we give bellow its proof.

PROPOSITION 2.1. If A € B(X) and X € o4(A)\op(A), then every corre-
sponding sequence of almost eigenvectors for A tends weakly to 0.

PROOF. Let (un)n>1 be any sequence of almost eigenvectors for
A€ gq(A)\op(A).

Since in the case of reflexive Banach space ball X = {z € X : ||z]| < 1} is
weakly compact, there is a subsequence (up, )k>1 of (Un)n>1 and u € ball X
so that u,, — u (weakly). Then Au,, — Au,, — Au — Au (weakly) and, by
[[Awn, — Aup|| — 0, as n — +00, Auy,, — Aup, — 0 (weakly). But, in the case
of Banach spaces the weak topology separates the points; hence Au — Au = 0.
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If we assume that w # 0, then Au — Au = 0 will imply that A € o,(4),
which contradicts our assumption. So, © = 0. Thus, we obtain that © = 0
is the only accumulation point for (uy)n>1 relative to weak topology. This,
together with the weakly compactness of ball X, gives u,, — 0 (weakly). O

We also need the following modified version of [2, Lemma III.2.A.6] and
[4, Lemma 2.2].

LEMMA 2.2. If (up)n>1 5 a sequence in X (not necessarily reflexive)
which tends weakly to 0 and A € B(X), then for every u € X and § > 0
(a) limsup |[|A(u + duy)|| > ||Aull;
n—-+00
() if |Aun|| — a, as n — 400, then
1

limsup || A(u + duy)|| > max{iad, ||Au||} .
n—-4o0o

PROOF. If (un)n>1 tends weakly to 0, then for every bounded linear func-
tional z* on X

|z* (Au) lim |2*(A(u + duy))| < limsup ||a*|| - [|A(u + duy)||
n—-+00

| - n—-+00
and consequently

|Au|| = sup {|z*(Au)| : ™ € X* ||z*|| < 1} < limsup |[|A(u + duy)],
n—-+o00

where X™* denotes the dual space of X. This proves (a).
If uw € X is such that ||Au|| > «d/2, then the assertion in (b) follows from
(a). If ||Au|| < ad/2, then for all n > 1

ad ad
[AQun)ll = = < 1A + dun)|| + [|Au]| = o < [[A(u + dun)]|

which implies that

= HI—iI-l (||A(5un)|| - %5) < limsup ||A(u + duy)|| -

n—-+o0o

ab
2

3. MAIN RESULTS

THEOREM 3.1. If T, S € B(X), A € 04(T)\op(T) and p € 04(S)\op(S),
then for any two positive sequences (0 )n>1 and (Bp)n>1 with Y, < a, <+00
and Y, Bn <400, in every open ball in X with radius 2Zn>_1 (an + Bn)
there is z € X satisfying simultaneously -

1 1
IT7z| > 20 A" and ||S™z|| > iﬁ" ||, for alln > 1.

PROOF. By Proposition 2.1 there are sequences (2 )n>1 and (Yn)n>1 in
X such that
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(@) |znll =1 =|yn|l for all n > 1;
(0) (zn)n>1 and (Yn)n>1 both tend weakly to 0;
(¢) [|[Txn, — Azp| — 0 and ||Syn — pynll — 0, as n — +oo.
Since A, as an element of 04 (T")\o,(T") C o(T), is with |A| < r(T") < ||T,
for each k >1

| T 2 — Aoa, || [(TF=Y + ATE=2 4 N22T + A1) (T, — Ay, ||

RITIM T2y = Azl -

IA

This implies that HTkxn — )\kan — 0,asn — +oo, for all k > 1. In the same
way we obtain that HSkyn - ,ukynH — 0, for all £ > 1, and hence, by (a),
(3.1) ||T%zn| — A" and [[S*y.| — |u]", when n — +oo, for all k > 1.

Fix z € X, 0 < e < 1/2 and any two sequence (a,)n>1 and (8, )n>1 with
Dons>10n < tooand 0, o B < +oo.

We are going to prove that there are positive integers 0 < n; < m; <
<o < ny <my < ... such that for every [ > 1 the vector

z=x+ (1+e)(1@n, + B1Ym, +  + WZn;, + Biym,),

satisfies
HszlH > %aj AP and HszlH > %ﬁj |, foralll <j <l

The proof will be made with the use of mathematical induction. First we
prove that there exists 21 € X such that | Tz > a1|A| and [|Sz1|| > 361]ul.
Since the sequence (z,)n>1 tends weakly to 0, by Lemma 2.2.(b) we have

1 1
limsup [|T(z + (1 +€)arzy,)|| > max{§(1 +e)ar |A], |T:c||} >3 0 [A].
n—-+4oo

This allows us to find a positive integer n; so that z; = z + (1 + )12y,
satisfies ||T'21|| > Fa1|A|.
In the same way we obtain that

. 1 1
limsup [|S(21 + (1 +€)Aiyn) || = max 5 (1+e)B1 |ul, 15211 ¢ > 551 |ul-
n—-+oo 2 2

So, we can find integers n1 < m(1) < m(2) < ... such that
1 .

||S(zi + (14 s)ﬂlym(i))H > 551 ||, for all ¢ > 1.

Clearly, (Ym(i))i>1 tends weakly to 0. Hence, by Lemma 2.2.(a)

. 1
limsup [|T (2] + (1 + €)B1yme)|| > T2 ] > 701l

i——+00

and consequently, there is ig > 1 so that | T(2] + (1 + €)B1Ym(i)) || > F0u [Al.
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Let m; = m(ig) > ny and 21 = 21 + (1 + &) 51Ym, = ¢+ (1 +&)(aqzp, +
B1Ym, ). Then
1 1
1721 > s A and [S21] > 561 1l
Suppose that we have found integers 0 < n; < mq < ... <nj_1 < my_1
for some [ > 2 such that each
zr=x+ (1 +e)(azn, + B1Ym, + .-+ Zny, + Brym, ), 1 <k <1-1

satisfies both (3.2) and (3.3) bellow

(3.2) HTjZkH > %aj|)\|j, forall1<j<k<I-1,

(3.3) (|57 2k || > %@W, foralll1<j<k<Il-—1

Now we start with the sequence (21 + (1 + €)qxp)n>1. First we are
going to show that there are strictly increasing sequences of positive integers
(N;j(n))n>1,7=1,...,1—1,1,...,2l — 2 such that

(P.1) (Nj41(n))n>1 is a subsequence of (N;(n))p>1, for every 1 < j < 20—3,
, 1 ,
(P.2) ||T9(zi—1 + (1 + &)cuz v, my)|| > 3% A, forall 1 < j < [1—1 and
n>1,
) 1 ; )
(P.3) ||S7(z1-1 + A+ e)anzn,,, )| > §ﬁj |, for all 1 < j <1 —1 and
n > 1.

By Lemma 2.2.(a) and (3.2) , for j =1 and k =1 — 1, we have

sup || T(zi—1 + (1 + e)aqzy,)|| > limsup ||T(zi—1 + (1 4+ €)oyz,) ||

nzm n—-+oo

1
> [ Taa] > gor A,
for all m > 1. This allows us to find a strictly increasing sequence of positive
integers (N1(n))n>1 such that

1
T (z1-1 + (1 + e)auzn, (n) || > P! |A], for all n > 1.

Now, suppose that for some s < [ — 2 we have found the sequences
(N;j(n))n>1, j =1,...,s, with the desired properties, (that is (P.1) and (P.2)
hold for all j =1,...,s).
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Since (2n,(n))n>1 tends weakly to 0 (as a subsequence of (z)n>1), by

Lemma 2.2.(a) and (3.2), for j = s+ 1 and k =1 — 1, we have

sup HTSJrl(Zl—1 + (1 + E)C‘élst(n))H

n>m

> lim sup HTSH(zl_l +(1+ E)alINs(n))H

n—-+4oo
1 :
Z HTSJFlZl—lH > Eas-‘rl |)\|5+17

for allm > 1. So, we can find a strictly increasing sequence of positive integers

(Ns41(n))n>1 such that (Ns11(n))n>1 is a subsequence of (Ng(n)),>1 and

1 s
7> (1 + (L4 Doz, ym)|| > Gowss AT for alln > 1.

a1
Thus, inductively we find the sequences (N;(n))p>1, j=1,...,0—1. To
find the sequences (N;(n))p>1, j = 1,...,2l — 2 we only need to repeat the
previous discussion with (2,1 4+ (1 + €)aixn, | (n))n>1, S and (3.3), instead
of (zi—1+ (1 4+ e)ayzpn)n>1, T and (3.2), respectively.
The sequence (zy,, ,(n))n>1 tends weakly to 0 and HTlxNQZQ(n)H — |)\|l,
as n — +o0o. Hence, by Lemma 2.2.(b),

1
limsup ||T"(zi—1 + (1 4 &)z, ,(n))|| = max {5(1 + &)y Al HlellH}

n—-+4oo

1 !
> —a A,
50 Al
and consequently, we can find a positive integer i{, such that Noj_o (i) > my_;
and
1 1
(34) HT1(2171 + (]. + s)almN2172(i6))|| > 50&1 |>\| .

Put n; = Noj—i(iy) > my—1 and z; = 21 + (1 + €)ayxy,. Then, by (P.1),
(P.2), (P.3) and (3.4)

35) |32 > Sy AP forail 1< <1,

. 1 ,
(3.6) 1572 > 56]- |p)?, forall 1 <j<Il-—1.
Starting with sequence (2] +(1+¢)8iyn)n>1 and applying Lemma 2.2.(a),
(3.5) and (3.6), in the same way as we applied Lemma 2.2.(a), (3.2) and (3.3)

for (z1—1+(1+¢€)aizy)n>1, we can find strictly increasing sequences of positive
integers (M;(n))n>1, j=1,...,1—1,1,...,2l — 2,21 — 1 such that
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(P.4) (Mj41(n))n>1 is a subsequence of (M;(n))n>1, for every 1 < j < 20—2.
: 1 ,
(P.5) ||87 (21 + (1 + ) Biyas; ) || > §ﬁj |uf ,forall1<j<l—1landn>1;
, 1 .
(P.6) |77 (2 + (L +€)Biynt,sr_r ()| > 3% A, foralll <j <landn > 1.

The sequence (yar,, ,(n))n>1 tends weakly to 0 and HSlmefl(n)H — |u|l,

as n — +o0o. Hence, by Lemma 2.2.(b)

1
lim sup HSl(Zl' +(1+ E)ﬁlmefl(n))H > max {5(1 +e)6 |,u|l , HSlzl'H}

n—-+o00 1
!
> 50&1 |>\| s
and consequently we can find a positive integer i} such that Ma;_1 (i) > ny
and
1 !
(3.7) 15 (21 + (1 + &) Biyagar_r i) || > L Il

Put m; = My;—1(i)) > n; and
(3.8) 21 = 2]+ (1+€)Biym, = x+(1+&)(1Zn, +B1Ymy +- - -+ T, + BiYm,)-
Then, by (P.4), (P.5), (P.6) and (3.7),

(3.9) HTjZlH > %aj A7, forall1<j<I,

(3.10) [572] > %ﬁj uf?, forall 1 <j <L

Thus, by induction, we obtain that there are integers 0 < n1 < m; <
... <my <my < ... such that the sequence (z;);>1, given with (3.8), satisfies
both (3.9) and (3.10), for all I > 1. But then, since }_, -, an < +00 and
Zn21 Brn < 400, for any | and k with [ > k, by (a) we have

l

> (@in, + Biym,)

i=k+1

l

<(+e) Y (aitB)—0,

i=k+1

2zt — zkll = (L +¢)

as k,l — 4o00. This means that (z;);>1 is a Cauchy sequence in the Banach

space X. Hence, there is z € X so that

+oo
z = lligrnoo z=z+ (1+¢) ; (0ixn, + BiYm,)s

and this is the vector with the desired properties. Namely
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1. since 0 < e <1/2
1

Z (aixni + ﬁiqu,)

—z| = i —z|=(1+e) li
(Ed Jm iz = el =1 +e) T 2

l
< (1+2e) lim ; (ai+Bi) =235 (an + Bn),

and, for all n > 1 (by (3.9) and (3.10))

2. |[T™z|| = lm ||T"z| > Zan|M\™ and [|S™z|| = lim ||S™z] >
l—+o00 2 l—+o00

1 n

O

COROLLARY 3.2. If 0,(T)\op(T) and 0,(S)\op(S) both have a nonempty
intersection with the domain {\ € C : |\| > 1}, then there is a dense set of
vectors z € X with both Orb(T, z) and Orb(S, z) tending strongly to infinity.

4. ON ORBITS TENDING STRONGLY TO INFINITY UNDER 1" AND f(T')

4.1. The general case. Let 0 be a nonempty subset of the complex plane
whose boundary consists of finite number of rectifiable Jordan curves, oriented
in the positive sense and Hol(Q)) the set of all holomorphic functions on some
open neighborhood of the closure of ).

THEOREM 4.1. If T € B(X), o(T) C Q and f € Hol(Q?), then
(a) o(f(T)) = f(o(T));
(0) 0a(f(T)) = f(oa(T));
(¢) op(f(T)) C f(op(T)) and, if f is non-constant function on each of the
components of Q, then o,(f(T)) = f(op(T)).

For the proof of these results we refer the reader to [3, Thm.VII.4.6],
[1, Thm.2.48] and [8, Thm.10.33]. (For the basics of the Riesz’s functional
calculus see also [2].)

If, in addition to the hypotheses of Theorem 4.1.(c), we assume that f is
injective, then (e (T)\op(T) = J(7a(TY\F(op(T)) = Gal FIT)\opl(f(T)).

Now, applying Theorem 3.1 on T and S = f(T') we have the following
result.

THEOREM 4.2. If T € B(X), A € oo(T)\op(T), o(T) C Q and
f € Hol(Q2) is injective and mon-constant function on each of the compo-
nents of Q, then for any two positive sequences (an)n>1 and (Bn)n>1 with
Dons10n < +00 and Y, o fn < 400, in every open ball in X with radius
25" o1 (an + Bn) there is z € X satisfying simultaneously

1 1
1772 > San IN" and 872 > 38 |FOVI", for alln > 1.
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And, by Corollary 3.2, we have:

COROLLARY 4.3. If T € B(X), o(T) C Q, f € Hol(Q) is injective
and non-constant function on each of the components of Q and oo (T)\op(T')
contains points A and p with |\| > 1 and | f(1)| > 1, then there is a dense set
of vectors z € X such that both Orb(T, z) and Orb(f(T), z) tend strongly to
infinity.

4.2. The case of invertible operator. If T € B(X) is an invertible operator,
then

o(T) S {Ae C: (T < A < r(T)}.

Since f(A) = A7! is holomorphic, non-constant and injective function on
Q={NeC:m<|\N<M}Do(T), where 0 < m < [r(T71)]"! and
M > r(T), by Theorem 4.2 we obtain:

THEOREM 4.4. If T € B(X) is invertible operator and X € o4(T)\op(T),
then for any two positive sequences (ot )n>1 and (Bn)n>1 with Y, < o, < +00
and ), <, Bn < 400, in every open ball in X with radius 2Zn;1 (an + Bn)
there is z € X satisfying simultaneously -

1 1 _
|T72| > 30 A" and ||T~"z| > §6n IAI7", for allm > 1.
By Corollary 4.3 we also have the following result.

COROLLARY 4.5. If T s invertible operator and oq(T)\op(T) has a
nonempty intersection with both {A € C: || > 1} and {\ € C: |A| < 1}, then
there is a dense set of vectors z € X such that both Orb(T, z) and Orb(T 1, 2)
tend strongly to infinity.
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