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Analytical Solution for 2D and 3D Lamb Problem in Saturated Soil Incorporating Effects of
Compressibility of Solid and Pore Fluid
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Abstract: In this paper, to avoid the complexity, a simple and efficient analytical solution is derived for both 2D and 3D Lamb problems, respectively, in saturated soil under
harmonic excitations. Unlike the existing solutions, the proposed solutions for both 2D and 3D Lamb problems in saturated soil under harmonic excitation are capable of well
revealing the effect of compressibility of both liquid phase and solid phase on the ground displacements. By applying Fourier transforms and Hankel transforms on the
governing equations of wave propagation in saturated soil, wave equations are transformed to ordinary differential equations. Combining the boundary conditions and
draining conditions on the ground surface, the displacement solutions on the surface of saturated porous soil due to line and point harmonic excitations are derived, respec-
tively. Then, the solutions in frequency domain are obtained by inverse integral transforms. In the meanwhile, for the sake of discussion without losing its generality, the non-
dimensional solutions for three-dimensional Lamb problem are derived. The effectiveness and accuracy of the proposed solutions are demonstrated by employing three
different approaches. Finally, parametric studies are conducted to investigate the effects of the governing parameters (i.e., exciting frequency, bulk modulus of soil matrix,
and bulk modulus of pore fluid) on variation of non-dimensional displacement with the increasing distance away from the excitation source. The results indicate that, in
contrast to the effect of the compressibility of soil matrix, the exciting frequency as well as the compressibility of the pore fluid play significant role in affecting the variation of
displacement on ground surface subjected to excitations, which particularly highlights that the compressibility of the pore fluid should be carefully considered for evaluating

the ground movements.
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1 INTRODUCTION

The classical problem of solutions for elastic waves
generated by external forces in isotropic elastic half-space
with plane surfaces was presented, (Lamb, 1904) [1],
which has been called Lamb's problem. Since then, this
problem has been widely used in various fields, such as
foundation engineering (Liu, G. Y. et al. 2007) [2]
earthquake engineering, layered elastic half-space, general
anisotropy. Also, the Lamb's problem has been effectively
extended to different areas, including contact mechanics
and ultrasonic nondestructive evaluation (Han, J. H. et al.
2015) [3].

By means of Fourier transforms with respect to space
and time variables, integral form expressions were
obtained by Lamb. For the integral expressions, Cagniard
(1938) [4] stated that a suitable distortion of the integration
contour can lead to an exact closed expression. The
Cagniard's method was then simplified (de Hoop, 1960)
[5]. The foregoing technique for integration has become
known as the Cagniard-de Hoop method. By applying the
integral transform method and the inverse transformation
technique, exact solution for a two-dimensional Lamb's
problem due to a strip impulse loading in elastic media was
presented (Liu, 2007) [6]. The details for solving Lamb's
problem using finite element method were explored
(Kravtsov, 2011) [7]. The efficiency and accuracy of
integration operation were studied (Guenfoud, 2009;
Arcos, 2013) [8, 9].

For anisotropic elastic solids, Kraut (1960) [10] solved
the Lamb problem in a transversely isotropic solid when
the surface of the half-space is parallel or perpendicular to
the symmetry axis of material using Cagniard-de Hoop
method (Kraut, E. A. et al. 1963) [10]. Burridge (1970)
[11] applied Cagniard-de Hoop method to an anisotropic
solid in the most general class. Hereafter, the Lamb
problem was studied by means of different methods, such
as self-similar boundary-initial value problem method (e.g.
Willis (1973), Willis (1975) ,Wang (1996)) [12-14].

For saturated porous media, Lamb problem due to line
source and point source was solved (Paul, 1976) [15, 16]
using potential decomposition and Laplace-Fourier
transforms. The complicated displacement solution was
presented by means of Cagniard-de Hoop method. Since
the item denoting couple effects between soil phase and
fluid phase in the governing equations cannot be measured
easily and the fluid viscosity is neglected with a result that
the solution could not be used widely. Using Helmholtz
decomposition method, Lamb problem in half-space due to
harmonic loading was studied and the solution with
integral form was obtained (Philippacopoulos, 1988) [17].
But Sharma (1992) [18] pointed out that the boundary
conditions used by Philippacopoulos were not correct.
Again the problem was solved using the foregoing method
by Sharma. Lamb problem in three-dimensional non-
axisymmetrical space in transversely isotropic saturated
porous media was studied by Huang et al. (2004) [19] using
Helmholtz decomposition and integral transforms method.
Transient Lamb problem in cylindrical coordinates in
transversely isotropic saturated porous media was
calculated wusing Laplace-Fourier-Hankel transforms
(Wang, 2011) [20]. However, the compressibility of fluid
phase and solid phase is not taken into account in the above
existing studies. In particular, expressions of the solutions
to the Lamb problem in saturated soil, such as transversely
isotropic saturated porous soil, are often significantly
complicated. It is well known that the compressibility of
materials is a basic property. The compressibility of fluid
and (or) solid is considered in some engineering problems,
such as analytical solutions for damage initiation induced
by pore pressure variation (Mattos, H. S. D. C. et al. 2018)
[21], analysis of beams on layered poroelastic soils (Ai, Z.
Y. et al. 2016) [22], and optimal control problem for flows
(Tamellini, M, et al. 2018) [23]. Likewise, it is of great
importance for considering the compressibility of fluid
phase and solid phase in the Lamb problem.

To address the above issues, in this paper, a simple and
efficient analytical solution is derived for the Lamb
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problems in saturated soil under harmonic excitation,
where the compressibility of liquid phase and solid phase
is considered. Considering a large number of plane strain
problems in engineering, not only the solutions of 3D case
but also those of 2D case are presented, in order to give all
aspects of the problem. By applying Fourier transforms and
Hankel transforms on the governing equations of wave
propagation in saturated soil, the displacement solutions on
the surface of saturated porous soil due to line and point
harmonic  excitations are derived, respectively.
Furthermore, the solutions in frequency domain are
obtained by inverse integral transforms. The effectiveness
and accuracy of the proposed solutions is demonstrated by
employing three different approaches. In the meanwhile,
for the sake of discussion without losing its generality, the
non-dimensional solutions for three-dimensional Lamb
problem are derived. Finally, parametric studies are
conducted to investigate the effects of the governing
parameters (i.e., exciting frequency, bulk modulus of soil
matrix, and bulk modulus of pore fluid) on variation of
non-dimensional displacement with the increasing distance
away from the excitation source. The results and discussion
are presented in details.

2 TWO-DIMENSIONAL LAMB PROBLEM
2.1 Governing Equations

The governing equations describing wave propagation
in the porous saturated media with slightly compressible
fluid, neglecting body force, can be expressed as (Biot,
1956) [24].

Gu; jj + (A +G)u; ;; +aMw; ; = pii; + p W, (1a)
.. -1
aMu;; + Mw,; ; = pu; +p—/w,»+—wi (1b)
n K

where u denotes the displacement vector of solid skeleton;
w denotes the relative displacement vector of the fluid with
respect to solid; p = ((1-n)ps + npy) is the bulk density of
solid-fluid mixture, ps and py are the densities of solid and
pore fluid, respectively; n is the porosity; x =k, / 7rs ka

is the permeability; y,= psg, g is the gravitational accelera-
tion; A = A + a?M, where A and G are the Lamé constants

of soil skeleton; a is defined as a = 1—£ =1 —%

N N

, where K, represents bulk modulus for the solid matrix; M

a—n

is defined as M :[L+
K, K,
bulk modulus of the pore fluid; For two-dimensional space,
the subscript i , j are equal to 1 or 2 and represent x, y co-
ordinates respectively; for three-dimensional space, the
subscript 7, j are equal to 1, 2, or 3 and represent x, y, z
respectively; The single point and double point above the
letter denote the first-order and second-order derivation
with regard to time, respectively; summation convention is
assumed over repeated indices.
The constitutive equations are expressed as follows:

-1
J , Where K represents

0, =2Ge; + 65, (Ae+aM§) (2a)
-py=aMe+M¢& (2b)

where o is total stress tensor; pyis the pore fluid pressure;
& = (uij + u;;) / 2 is the solid matrix strain tensor; e = u;; is

the solid matrix volumetric strain; & = w;; is the fluid vo-

lumetric strain with regard to relative displacement; J; is
Kronecher's delta.

By applying divergence operation to Eq. (1), the fol-
lowing expressions are obtained:

(4. +2G)e; +aMé; = pé+ pfg (3a)

aMe; +M¢&, =pf'e'+ﬁ§'+l§' (3b)
: i p P

In order to convert the time domain to frequency do-
main, the displacement vector e, and & are written as e - &
, £-¢ respectively, where e, & denote amplitude fun-

ctions of displacement in frequency domain, 7 is imaginary
unit, ¢ is time, @ means excitation frequency. Thus the Eq.
(3) becomes:

(4 +2G)e, +aME, = —pw'e - p,&* & (42)
aMe; +ME; = —P/'wzg—&w25+liwe? (4b)
/ . n K

These equations are the governing equations for steady
state problems in compressible saturated porous media.

2.2 General Solutions for Displacement

To solve the Lamb problem, the general solutions for
the governing equations will be derived by means of Fou-
rier transforms. For two-dimensional problems, assuming
that the functions in Eq. (4) are independent of coordinate

y, Fourier transforms of the functionf(x, z) with respect
to coordinate x can be defined as:

F(p2)=[" f(xz)emdr ()

Applying Fourier transforms defined above to Eq. (4)
leads to:

2~

-
(A +26)[—pzé+%]+aM(—p2§+%] =
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2 oz? (6a)
= —pa)zé —pfa)zft
aM[—p2é+%J+M(—p2§+az—§J =
z oz (6b)
= —pfa)zé —ﬂwzf +}/—fia)f:,g
h d
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Subtracting a-Eq. (6b) from Eq. (6a), the expression
for & can be written as:

= 1 2 2\ ~
§=b—(P050 -M,p )e+b——2 (7

where M, =4+2G , b, =0!a0—pfa)2 s Po=p—ap;,

ay=(p; /n)e’ =iy, kg ).
Substituting Eq. (7) into Eq. (6b) gives an ordinary dif-
ferential equation as follows:

4~ ~
d ﬁ1 +/J’ze = (8)

where S, = 2p* +a, By =-pt+ap’+a,,
2
_abo+a)2p0+a0 _(pfb0+a0p0)a)
! M, M MM,
Considering the radiation conditions of waves, the so-
lution of Eq. (8) can be obtained:

&= A" + Ao " ©9)

where 4; and 4, are arbitrary functions with respect to p, ¢
and &? are satisfied with equation x* + Bix+p, =0, and
Re(c) >0, Re(d) > 0. Hence, ¢? and d? can be expressed as:

¢ :pz—pl2 (10a)
d*=p’-p; (10b)
where p? =(a, +@,)/2, py =(ey-a,)/2,

_ [ 2
a, =+Jaf —4a; .

Substituting Eq. (9) into Eq. (7), the following equa-
tion can be obtained:

E=— [Al(Poa’ Mopl) i
by (11)

+4 (,00502 -M,p,’ ) e J

From Eq. (1), equations can be given as:

2— 2— z
G o uzz +—a L;Z +(/IC+G)ae vam -
ox 0z Oz Oz (12a)

= —pa)ZLTZ —pfa)sz/Z

aM—+M6(;§
‘ ; , (12b)
=—p/a)2u ——fa)sz/ +za)—fw

n d

Again, applying Fourier transforms defined in Eq. (4)
to Eq. (12) gives:

o%i £
G| -pi. + uzz +(/IC+G)ae+ Mdé
oz oz dz (13a)
= —pa)zﬁz —pfa)zﬂ/
a1 % =—p i, - 2L oo vio L, (13b)
6 az n g

Subtracting a-Eq. (13b) from Eq. (13a) leads to:

1 o). oe 0%,
w, —% (poa) -Gp )u2+(M0—G)g+G 2
(14

Then substituting Eq. (14) into Eq. (13a) gives another
ordinary differential equation:

d’a ,
dzuzz - jYi, = Ace™ P g + Ayde g, 15)

where jzzpz—s2 2 [pa) +pjl;p ]/H
(]

2
pro M
:{(/10+G)+ ; (/I+G)+ab—(poa)2—M0pi2)}/H )
0 0
pja)z .
H=G|1+ ,((=1,2).
0

According to Eq. (15), u, can be solved as follows:

i, = o A B2 g g gy (16)

z = 2 jz 1 d*— j
where A3 is the arbitrary function with respect to p.
Substituting Eq. (9) and Eq. (16) into Eq. (14) yields

-~ 1 —CZ
W, = E[Alce (cz(g:lf (poa)2 -Gp® +Gcz)—(/1+G)J+

+A2de7“lz [dzg—zjz (poa)2 -Gp? +Gd2)—(Z+G)]+ (17)
+ Ao (oo’ ~Gp’ + G )}

0
+&, then ap-

0
Considering e = s

Ox
plying the Fourier transforms to both sides of these equati-
ons, the following equations can be obtained:

i :i(é_ dﬁzj (182)
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o, =i[(§ - dd%j (18b)

Then substituting Eq. (7), Eq. (9), Eq. (16) and Eq. (17)
into Eq. (18) gives:

. 2 2
i =— Ale“(n%]mze‘{n fg‘,zjm}jeﬁ (19)
p c—J d—j

: 2
~ 1 —z| _€ & 2 2 2
w, =——| 4e po@” —Gp~ +Gce

. pbo{ [&-;2( )

POy

(poa)2 -Gp? +Gd2)+(p0w2 - M,yp* +Gd2))

+(p0a)2 - M, p? +Gcz))+Aze_d2[ d’g, (20)

e (py G+ G |

The following parameters are introduced for simplifi-
cation.

h=(E=7) g =(d - 1) o

Wi = po@” —Gp* + Gy, = pyo” ~Gp* + G,

¢ = pow’ —Myp* +G*
& = P ~Myp* +Gd*, 8 =y, ~ 4 ((A+G))/ by,

& = (w2~ A((A+G))/ by, Sy =y3 /by,
71=(%4%9)/p,72=(22+d2)/p,

m=(Cv+28) /(o). m = (22w + 1) (1)

Al* =Alg1/(c2 _jz) ,A; :Azgz/(dz _jz)’ A; = A3/p

vy = py° ~Gp® +Gj*

Therefore Eq. (16), Eq. (17), Eq. (19) and Eq. (20) can
be written as:

W, = A cbie”F + Ayd S, + A pSye
(21a)

i, = A ce™™ + Ayde ™ + 4; pe™* (21b)

i, =i ATme + A + 438 je | 21d)

Thus, the above equations are the general solutions for
governing equations for wave propagation in the porous sa-
turated media in two-dimensional space.

2.3 Boundary Conditions and Special Solutions

The arbitrary functions, such as Al* , A; and A; ,in the
Eq. (21) should be determined by boundary conditions in

Lamb problem. Then special solutions, namely Lamb pro-
blem's solutions, will be presented. Assuming the ground
surface is permeable, Fig. 1 shows a schematic diagram for
two-dimensional Lamb problem. The vertical concentrated
harmonic force is acting on the surface at origin point. The
boundary condition can be given as follows:

5.(p,0)=-h (222)
7.(p,0)=0 (22b)
Py (p.0)=0 (22¢)

Figure 1 Sketch of 2-D Lamb problem

Applying Fourier transforms defined in Eq. (4) to con-
stitutive equation Eq. (2) gives:

6. =(4+26) % _ipaa, (23a)
dz
da
7. =G—=—ipGil 23b
w =GO, (23b)
] d, . da, .
pr=—M [E_IPWXJ_QM (E—lpuxj (23¢)

Substituting Eq. (21) into Eq. (23) and in turn into Eq.
(22) yields:

A (A0 =20G)+ 4 (20 =2d°G) - 4 (2Gpj) =—B,  (24)

Ae(p+y)+ Ad(p+7,)+ 4 +p*)=0
(24b)
4 (P (a+8)=plap +m))+

X (24¢)
+4, (d2 (a+6)-p(ay, +772))=0

Solution of Eq. (24) gives the following expressions:

A :70-(ﬁ+p2)a2 (25a)
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4 :%-(j2+p2)al (25b)

* P
4 :30'(6“2 (P+71)_da1 (P+72))
(25¢)

—plon+m), & =d"(a+d)-play,+1p)
D=a,((/*+p*)(24°G~21,)~2dGip(p+7,) -

(4o )25 )

where @ =c*(a+6))

Substituting Eq. (25) into Eq. (21), the displacement
solutions in transformed domain for two-dimensional
Lamb problem can be given by

u

-5 Leay (prr = 1)+ da (1 - 1)) (26a)

D

U =ﬂ%(a1 (jz +P2)72 ) (j2 +P2)71 +

+j(azc(p+7/1)—a1d(p+;/2))

(26b)
Applying inverse Fourier transforms to Eq.(26), the

displacement solutions in frequency domain can be expres-
sed as:

. (x, 0) =i e dp (27a)
— Lo —ipx
i, (x,0)= oy u.e dp (27D)

3 THREE-DIMENSIONAL LAMB PROBLEM
3.1 General Solutions for Displacement

The n-th order Hankel transforms of F' (r, z) with res-
pect to r is defined as:

ﬁ'n (p,z)zj(:wrF(r,z)Jn (pr)dr (28)

where J, (pr) is the Bessel function of the first kind of or-

der n.

Utilizing symmetrical cylindrical coordinate in three-
dimensional space, and applying Hankel transforms ins-
tead of Fourier transforms to Eq. (4), the displacement so-
lutions can be obtained as follows:

W.o = A ¢S, + AydSye ™" + 4; pSe (29a)
iy = A ce ™ + dyde ™™ + 4; pe™* (29b)
) = 4 e + dyyye o+ Ay je (29¢)

= A e + An,e + 4,6, je (29d)

in which, 4, , 4, and A; are arbitrary functions with

respect to p, which can be determined by the boundary con-
ditions of special problem.

3.2 Boundary Conditions and Special Solutions

Fig. 2 shows a schematic diagram for three-dimensio-
nal Lamb problem, where the ground surface is assumed to
be permeable. The harmonic force, namely —Fye'” , is ac-
ting on the ground surface at origin point along vertical di-
rection. Assuming the force is acting within a circle plane
with radius of 7y,

The vertical stress due to the force can be written as:

_h
o.(r)={ g <) (30)

0 (rZrO)

Figure 2 Sketch of 3-D Lamb problem

Applying zero-order Hankel transforms with respect to
r to Eq. (39) leads to:

zO_J o,

€2))

rJ0 pr dr+j o, )rJO(pr)dr

Obviously, when#, — 0, the force will translate into
concentrated force. So:

F
o—r}g}mf —OrJo(Pr)d ﬁ

(32)
This is Hankel transforms form for concentrated force
_ PO eiwt
The boundary condition at depth z = 0 can be given as
follows:

i =0 (33a)

6.0 =0 (33b)
2n

Bro=0 (330)
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Combining Eq. (29), Eq. (32) and Eq. (33), the arbit-
rary functions, namely 4, , 4, and 4; can be determi-

ned. Then the special solution for the Lamb problem can
be given as:

A

U =

5 (Caz(p71 )+dal (J _P7’2)) (34a)

2nD

nTo D(a1(7/2(] +P) dj(p+7,)+ (34b)

+a2(Cj(P+71)_y1(j2+p2)))

Finally, applying inverse Hankel transforms to Eq.
(34), the displacement solutions in frequency domain can
be obtained as:

7 (r,0)= [ piiogJo (pr)dp (35)

i, (r,0)= L:mpﬁrﬂl (pr)dp (35b)

It should be noted that the three-dimensional solid ske-
leton displacement solutions, namely Eq. (35b), are origi-
nally derived in current work.

4 VERIFICATION

To verify the accuracy and effectiveness of the propo-
sed solutions, verifications for both 2D and 3D scenarios
are performed as follows:
4.1 Verification for Two-Dimensional Solutions

If there is no fluid in saturated soil, the saturated me-

dium can be degenerated into a completely elastic single
phase medium. Then, pr=0, n= 0 and =0, and the

u, can be expressed as follows:

L =—Rypa’ | p* - G24 4Gp*w® -

_ w_4G22\/2_,0(0\/2_Pw
P PGNP Tavae

A+2G 5, G

It should be noticed that 127 =v?, where
P P
v, v, denote the velocity of compressible wave and shear
wave, respectively. Taking &, _— , k,=— then Eq.
v v
P N

(36) can be simplified as:

ii, :—%kf\/pz —kﬁ/((sz —k_f)z —4p* PP -k P’ _k;) (37)

Applying inverse Fourier transforms to Eq. (37) leads
to:

- kP ke
- \\/ (38)

=G —w((z z_kz y-4p mm)

The Eq. (38) is totally consistent with classical solu-
tion of Lamb problem in reference (Ewing et al., 1957)
[25].

4.2 Verification for Three-Dimensional Solutions

Similarly, in three-dimensional elastic space the verti-
cal displacement u,, solution can be derived by degenera-

tion of Eq. (34a):

2 [ 2 2
ik R L (39)

Applying inverse Hankel transforms to Eq. (39) gives:

pk2 lpZ_kZJO(pr) i (40)
4p Jp szp k2

It can be observed that Eq. (40) is well consistent with
the solution as presented in reference (Ewing et al, 1957).

In order to further verify the accuracy of the presented
3D solutions, comparison studies are also conducted
between the results obtained from the proposed solutions
(Eq. (35a)) and the approach by Sharma (1992)[18] for
Lamb problem in saturated porous media. The physical and
mechanical parameters used in the case are given in Tab.1.
A harmonic load in z direction with load frequency w of 30
rad/s and amplitudeP, of 10° Pa is acting on the half-space
ground. The results of vertical displacement, including real
part and imaginary part, in terms of radical distance are gi-
ven in Fig. 3. A very good agreement is observed between
the results based on Sharma's formula and those from Eq.
(35a), which further highlights the effectiveness and accu-
racy of the proposed solutions in present work.

_ P, 400
i (r 0)= Zn()G.IO (2 2 kz

~ 2.5E-5

E 05 k- Sharma(1992)

X . —— Proposed

o 1.5E-5 |

° o

v 1.0E-5

& 5086

S 00f

m 5.0E-6 " 1 " 1 " 1 " 1 H 1
0 10 20 30 40 50

(a) Distance to origin x (m)

~

E 1086

X" 5.0E-7 |

S oof

b ol <

; -5.0E-7 -

2 -1.0E-6 [

>

= -1.5E-6 - — Sharma(1992)

£ -20E-6 5 —— Proposed

¥ ospg e . I . I . I . I . I

E 0 10 20 30 40 50

(b) Distance to origin x (m)

Figure 3 Comparing solid skeleton vertical displacement solutions from Sharma
with those proposed in the paper (a) Real part of uz-x curves, (b) Imaginary part
of uz-x curves
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5 PARAMETRIC STUDY FOR SOLID SKELETON DISPLA-
CEMENT IN 3D PROBLEM

5.1 Non-Dimensional Governing Equations and Displace-
ment Solutions

Prior to parametric study, the solid skeleton displace-
ment solutions for three-dimension against distance to ori-
gin are firstly discussed in detail herewith. For the sake of
discussion without losing its generality, the non-dimensio-
nal governing equations are given firstly.

Taking the non-dimensional parameters as shown be-
low:

*_ G *_ ﬂc . *_ M
A, +2G" A +2G’ A, +2G
(41)
* * % pf
p =10, xk =1.0; pr=—=

and non-dimensional coordinates and time presented as
follows:

= (42)

where V, =,/(4. +2G)/ p , Eq. (1) can be written as:

G'uy+(4+G Ju

piitaMow; = p i+ pew;  (43a)

*
* * * .. ,0] .
aM uj,ﬁ+M W, i =P U +——w;+

L, (43b)
n K

where the single point and double point above the letter de-
note the first-order and second-order derivation with regard
to 7 ; the subscript i, j equal to 1, 2, or 3 and represent
&, n, ¢ respectively.

It is should be noted that Eq. (1) and Eq. (43) have the
same structure. Therefore, for three-dimensional Lamb
problem, the general solutions for the Eq. (43) have the
same structure of Eq. (29) once parameters in Eq. (29) are
replaced by corresponding non-dimensional parameters gi-
ven in Eq. (41). The boundary conditions basically keep
unchanged except Eq. (33b) should be written as:

.« —P
6.0 =—°-L2 (44)
n pV;

Analogously, the special solutions for the Lamb prob-
lem with non-dimensional parameters should have the
same structure as Eq. (34). Therefore, they can be written
as:

Uy :W(C* ”;‘(P%* _((j*z))er*a‘* ((j*)z —pj/;)) (452)

__ kK
2nDpV;

+a;(c*j*(p+71*)_7;(((j*)

U

(a (7 ((j*)2 +07)=d'J (p+7))+

7))

where the parameters with asterisk have the same structure
as those without asterisk. Finally, for 3D Lamb problem,

the displacement solutions u_ (r, 0) and u, (r, 0) can be

(45b)
2

given by inverse Hankel transforms based on Eq. (45). It is
noted that, in present work, non-dimensional displacement
solutions are derived as follows:

2 Pl (o (s 2)
i =iL,(r, 0) ”Pc [P X (46a)
© () ) o)
i, =i, (r, 0) ’01:0“2 =
o v xff x\2
AT ) -

—d*j*(p+7§))+a§ (" (p+n)
- ((/ )2 +p2)))Jl (pr)dp
5.2 Parametric Study

In order to investigate the effects of the governing pa-
rameters (i.e., exciting frequency, bulk modulus of soil ma-
trix, and bulk modulus of pore fluid) on variation of non-
dimensional displacement with the increasing distance
away from the excitation source, a series of parametric stu-
dies are conducted.
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Figure 4 The influence of non-dimensional load exciting frequency " on solid
skeleton horizontal displacements in 3-D Lamb problem (a) Real part of horizon-
tal displacements 17: — " curves (b) Imaginary part of horizontal displac
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ments 7, —r curves

422

Technical Gazette 28, 2(2021), 416-425



Hao XIONG et al.: Analytical Solution for 2D and 3D Lamb Problem in Saturated Soil Incorporating Effects of Compressibility of Solid and Pore Fluid

L5
a=0.03
- | - - - 0.06
s 10 o &0.09
£ —— 00.12
] — T+ 0.15
5
&
0.0
0.04
= 0.00 A
=l r <y
£ -0.04 - /
E P& @=0.03
g 008 EALY - - - - 006
E02F -7 o @0.09
2 o016l —L5— 3=0.12
E —— a0.15
-0.20 1 Il 1
0 20 40 60 80
(b) r

Figure 5 The influence of non-dimensional load exciting frequency " on verti-
cal displacements of solid skeleton for 3-D Lamb problem (a) Real part of hori-

zontal displacements 7. z* — 7" curves (b) Imaginary part of horizontal displace-

1 *
ments z, —r curves

In the studied case, a harmonic concentrated load is a-
cting on the ground surface with permeable boundary con-
dition. The physical and mechanical parameters used are
given in Tab. 1. Meanwhile, non-dimensional parameters

are given in Tab. 2, where K; are defined as
K /(4. +2G). The non-dimensional exciting frequency

can be inferred as @’ = pko . According to Biot's theory,

the governing equations Eq. (1) are applicable for the exci-
tation at low frequency domain. That is, the frequency is
lower than the cut-off frequency as follows:

0<0.154-" (47)
Pk

Table 1 Physical and mechanical parameters for the saturated soil.

kd / P / Pr / _
G/Pa |v a M/Pa ws | ke/m® | kg/m® K;/Pa
}6974X 02 |06 ?636” 102 |06 |1680 | 1000 |3.79x10°

Table 2 Non-dimensional parameters considered

* *

G v a M K |n P p; K ;

036 (02 |0.60 |0.12 1.0 |06 |1.0 0.60 |0.07
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Figure 6 The influence of parameter ¢ on horizontal displacements of solid
skeleton in 3D Lamb problem (a) Real part of horizontal displacements
i, —r" curves (b) Imaginary part of horizontal displacements z, — " curves

Thus, the upper bound of excitation frequency is deter-
mined as 92.4 rad/s, with the corresponding non-dimensi-

onal value @ of 0.155.

Fig. 4 and Fig. 5 present the variation of displacements
of solid skeleton along the horizontal and vertical direction,
respectively, with the increasing distance from the excita-

tion source with the non-dimensional frequency )
varying from 0.03 to 0.15. It is noted that the horizontal
axis represents non-dimensional radical distance

r=r/ ( PKV, ) . It is observed that, for real part of ground

displacements of solid skeleton in both horizontal and ver-
tical directions, the effect of non-dimensional excitation

frequency @ on the variation of non-dimensional displa-
cement against the distance from excitation source is insi-
gnificant. In contrast, for imaginary part of horizontal dis-

placements, an increase in o leads to a significant incre-
ase in the amplitude of horizontal displacement of solid
skeleton, but this effect would decrease gradually with the
increasing distance away from the excitation source. It is
found that the maximum imaginary amplitude occurs when

frequency @ is taken the value 0.06. Also, the effect of "

on the amplitude of vertical displacement of solid skeleton
is relatively insignificant.
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Figure 7 The influence of parameter ¢ on vertical displacements of solid skele-
ton in 3D Lamb problem (a) Real part of horizontal displacements 17: —7" our-

ves (b) Imaginary part of horizontal displacements ﬁz* — 7" curves

Fig. 6 and Fig. 7 present the displacements of solid
skeleton along horizontal and vertical direction, respecti-
vely, with the increasing distance from the excitation so-
urce corresponding to the parameter o varying from
0.502 to 0.902. Note that, based on the definition of para-
meter « , the greater the parameter « is, the larger the
bulk modulus of soil matrix is if the bulk modulus of soil
skeleton keeps unchanged.

In this study, the other parameters (except « ) in Tab.
2 remain constant. As observed in Fig. 6 and Fig. 7, it can
be found that the variation of the displacements of solid
skeleton along both horizontal and vertical direction is in-
sensitive to the change in the value of « (i.e., bulk modu-
lus of soil matrix).

Fig. 8 and Fig. 9 present the displacements of solid
skeleton along horizontal and vertical direction, respecti-
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vely, with the increasing distance from the excitation so-
urce corresponding to the bulk modulus K;- of pore fluid

varying from 0.07 to 1.93. Similarly, in the analysis, the
other parameters (except K;) in Tab. 2 remain constant. It

can be observed that, for bulk modulus of pore fluid K;- <

1.3, the effect of K; on the ground displacements in both

horizontal and vertical directions is insignificant. Never-
theless, when the bulk modulus K; is greater than 1.3, the

increase of K;v would lead to significant increase in the

ground displacements in both horizontal and vertical direc-
tion, which highlights that the compressibility of the pore
fluid should be carefully considered for evaluating the gro-
und surface displacements.
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Figure 8 The influence of non-dimensional parameter K’;- on horizontal displa-

cements of solid skeleton in 3D Lamb problem (a) Real part of horizontal displa-
cements 17: —r" curves (b) Imaginary part of horizontal displacements

s *
u, —r curves
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Figure 9 The influence of non-dimensional parameter K; on vertical displace-

ments of solid skeleton in 3D Lamb problem (a) Real part of horizontal displace-
ments ﬁ; — " curves (b) Imaginary part of horizontal displacements 17; -
curves

6 CONCLUSIONS

In this paper, to avoid the complexity, a simple and ef-
ficient analytical solution is derived for both 2D and 3D

Lamb problems in saturated soil under harmonic excita-
tion. In addition, unlike the existing solutions, the proposed
solutions for both 2D and 3D Lamb problems in saturated
soil under harmonic excitation are capable of well revea-
ling the effect of compressibility of both liquid phase and
solid phase on the ground displacements firstly. Verificati-
ons are conducted by comparing the degeneration results
obtained from the proposed solutions with those obtained
from existing solutions. For the sake of discussion without
losing its generality, the non-dimensional solutions for
three-dimensional Lamb problem are also derived. Further-
more, parametric studies on displacements on ground sur-
face in both horizontal and vertical direction are carried
out.

The results show that the exciting frequency and com-
pressibility of the pore fluid are the governing factors for
the variation of ground displacements, while the effect of
compressibility of soil matrix on the ground displacements
is insignificant, which highlights that the compressibility
of the pore fluid should be carefully considered for evalua-
ting the movements of ground when it is subjected to exci-
tations.

The integral transformation, which is simple and relia-
ble is utilized for solving in the paper. In addition, in the
process of parameter study, the dimensionless strategy is
adopted to avoid the influence of physical dimension on the
calculation results, which makes the calculation results
more general. These methods are all effective theoretical
analysis methods. However, it should be pointed out that
the methods in the paper should deal with numerical in-
verse transformation, which often requires some numerical
calculation skills.
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