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MATHEMATICAL MODELING OF PERFORMANCE
AND UNDERLYING ABILITIES IN SPRINT*

The classical method - time and averege speed for specific intervals (mostly 10m) - of describing sprinting performance
has significant drawbacks:

- It produces a non-continuous step-function of sprinting speed which doesn't allow detailed investigation, i. e. the maxi-
mum speed can only be located in an interval but not in a certain point of the course.

- It is very sensitive to errors because not only differences of measurements are taken but - due o the arrangement as a
chain of intervals - the random error for one interval becomes a systematic one for the next interval.

It is suggested to model sprinting speed by continuous function with parameters fitted by non-linear regression. Using a

system-approach to modeling two growth-processes are combined: acceleration and fatigue.

Advantages of this method are: '

- continuous functions are easy to analyse. By differentiation / integration a complete kinematic description of sprinting be-
haviour is available.

- sensitivity to errors is reduced because of the fitting approach.

- the obtained parameters allow an interpretation as basic abilities underlying the complex sprinting ability, By this way indi-
cators of basic abilities are measured during competition and not under testing circumstances, which is remarkable theo-
retical aspect.

Analysing the finals in Rome 1987 demonstrates the capability of the suggested method to provide detailed information on

the structure of the complex sprinting ability.

1 Problem - Detailed analysis of the results is insatisfactory: if one

simply asks for the location of maximum speed the an-

There are two traditional methods of analysing behavi- swer can only be the interval with maximum average

our in sprinting competition: apart from measuring stride- speed. One cannot even be sure that the actual maxi-

frequency and stride-length the method of speed curves in mum is located in this interval, because in unlucky cases
common. The latter ones are usually the result of time it might as well be in a neighbouring one.

measurements taken on certain intervals on the course. In
case of a 100m-dash usually every 10 meters time is meas-

ured. ) 12,
1] s —
In order to get the speed curve the difference between =

two neighbouring measurements is taken and divided by
the distance between them. This procedure produces the
mean velocity for every interval.

v(s) [m/s]
Some critical remarks have to be applied:

-The common representation of speed curves is a polygone
which contents the average speed levels at the midpoints
of the intervals. This suggests a continuous function and g p— , . . L |
it is a simplification to assume mean speed in the middle o 10 z‘) D 0 H O 70 O PO 100
of an interval. Actually the procedure supplies a non-
continuous step-function (see figure 1).
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* Acknowledgment: I'd like to thank Dr. Peter Fuchs from our departement

of mathematics very much for his mathematical support. Figure 1: Speed curve drawn as polygone and step-function
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- Taking differences - in case of acceleration curves differ-
ences of differences - makes the error for velocity meas-
urements systematically larger than the error we have al-
redy for a single time measurement. These errors are
amplified by the arrangement in measurement chain,
where the random error of on interval becomes the syste-
matic one of the next.

Apart from these more methodological objections one
should consider a general aim of analysing performance in
competition: to establish a link between behaviour (visible)
and its conditions (invisible), between description and ex-
planation. This desideratum applies to all biomechanical
measurements.

In order to generate practically useable information for
training it is not always sufficient to stick to mere descrip-
tion of what is going on, but one has to aim at the underly-
ing conditions of this behaviour.

There is broad consensus on underlying conditions in
our example, the 100m-dash: the basic abilities are

reaction time,
ability of acceleration,
sprinting speed and
sprinting endurance.
The operational definitions of these basic abilities ap-
pear - exept for reaction time - to be problematic though:

- The ability of acceleration includes the aspects of high
acceleration and of acceleration over a long time. It is a
complex ability which must not be necessarily one-
dimensional. Operational definitions can only aim at one
aspect: the initial acceleration represents the maximum
amount of acceleration, the distance with positive accel-
eration or the corresponding time used to reach maxi-
mum speed stand for its duration.

- The conventional method measures sprinting speed as
the maximum average speed in an interval. So, apart
from errors due to the original time measurements, we
have a systematic error: maximum average speed un-
derestimates by definition maximum speed?).

- The operational definition of sprinting endurance as a dif-
ference of differences (maximum speed minus final
speed) increases the influence of errors from the original
measurements.

One reason for the problems cited above is that input
data (intermediate times) cannot be transformed into a sat-
isfactory description of behaviour in competition. The re-
sulting step-function is non-continuous and supplies only
average speed per interval.

1) This holds although - for other error-sources - we usually observe an
overestimation of maximum speed (see figure 3).
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2 Modeling of sprinting behaviour with analytic functions

Facing these problemes the idea came up to describe
sprinting behaviour with analytic displacement-, speed-
and acceleration-functions obtained by (none-linear) re-
gression. The advantages of a regressional approach are
obvious: '

- Errors in the original measurements are smoothed by the
regression function. This holds because one doesn't in-
terpolate but minimizes the Squared Sum of Errors
(SSE). Compared with the conventional method we ex-
pect a damping of errors instead of an amplification due
to the use of differences.

- Speed and acceleration are not longer determinated by
using differences but by differentiation of the fitted func-
tion,

- Using continuous functions we have speed and accelera-
tion values for any point on the course. Especially the
determination of maximum speed location results in a
point and not in a 10m-interval. Although this point is of
course still subjected to errors these aren't systematic
any more.

2. 1. Developement of an approprlate model-function

Since reaction time is an additive parameter it is ex-
cluded from the following considerations.

Model-building with regression functions can be per-
formed in two fundamentally distinct ways. Inductive mod-
el-building condenses data into a function: "Which func-
tion do | know that looks almost the way my data do?"
Deductive model-building tries to generate regression finc-
tions from assumptions on the underlying process: "Which
function describes the ‘internal functioning' of the mod-
elled system?"

Inductive model-building has severe drawbacks. One
just can't have the same confidence in an inductive model
as in deductive one, although sometimes complexity of
systems or lacking knowledge permit only inductive mod-
els (see FUCHS / LAMES 1989).

Trying the deductive approach we assume that the
speed curve can be understood as a superposition of two
growth processes: acceleration v, and fatigue vg.With an
additive superposition we arrive at the model-function v as
follows:

V(t) = VA() + VE() = Ao (1-ek) 4+ fo(1-ol),
Ak 1>0, F>=0.

v is a function of time with 4 parameters and, typical for
deductive modeling, these parameters have got interpre-
tations in the original system:
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A = absolute speed-limit achieved by infinitely long accel-
eration without fatigue,
k = steepness of acceleration process,
F = onset of fatigue and
| = steepness of fatigue-imapct.
Note that one is not dealing with a mechanical model
but with the system-oriented one.

In 1951 HENRY and TRAFTON have used a model
which is identical to the acceleration component of the in-
troduced one. Their model performed very well in predicting
speed-curves of 60y-dashes. Also they found that the par-
ameters A and k were independent.

Practical calculations with our model forced a modifica-
tion. Having only 11 data points but 4 parameters results in
unstable estimates for the parameters. In addition to this
the two parametrs of the fatigue-process are only loosely
determined by data. The two reasons are that only the last
measurements show a significant imapct of fatigue and
that its overall influence on sprinting speed is small com-
pared with the influence of acceleration.

1004
75¢
a(t) [m] 50}
25+

r}lIIS*‘LGE'1(J12

Displacement over
tima

a{t) [m/s2] 4
2

-2
D 2 4 6 B 10 12
Accel. over time

Figure 2: Kinematic aspects of sprinting performance.

These inductive considerations on lacking quality of
data lead to the elimination of parameter 1, because the
steepness of the fatigue-imapct seems even less deter-
minable than its onset. Elimination of a regression para-
metr means that an appropriate constant value for it is
chosen instead of obtaining an estimate by regression al-
gorithm.

The model-building process is resumed in figure 2.
Several kinematic aspects are involved:

- data consists of intermediate times,

- the model-function is a speed-curve over time,

- usual representations are speed and acceleration curves
over the course and

- regression is based on displacement over time (This has
the advantage of making use of the Raw-data without
trgnsformation).

The regression function is obtained by integrating the
model function v:

st)=(A+F)et - Ake(l-ekt) + F/l(l-el).
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Acceleration is obtained by differnetiation:
a(t) = Ak« gkt - Fl « glt,

A critical remark has to be made: for a starting runner
(t=0) holds s=v=a=0, while the model assumes maximal ac-
celeration at t=0 (see figure 2). As a consequence one has
to admit that the model is not able to describe preciesly
what is going on on the first few meters. This is not surpris-
ing because one can't reasonebly expect a description of
the building-up of acceleration on the first meters by a
model which has just the time for 0 and 10 meters as rele-
vant input. In order to describe this phase precisely dif-
fernt methods had to be applied.

2. 2. Deriving indicators for basic abilitles

With analytic speed- and acceleration functions it is
possible to overcome some of the trouble with operational
definitions of basic sprinting abilities quoted above.

- The best indicator of reaction time is of course reaction
time itself.

- The ability of acceleration is described in its two aspects:
amount and duration.

Usual indicators of duration of acceleration are the time
used to reach maximum speed (tr,) and the point on the
course for this event sy, = s(ty). Analysing empirical speed
curves reveals that speed is almost constant between 40
and 100 meters though. So, fixing the location of speed

114 + t
30 40 50

80 70 80 90 100
8 [m]

maximum is a sort of gambling. For this reason as indicator
the time 15,5 is chosen. At that time acceleration has not
yet dropped to zero but to a very small value eps, i. e.
ops= 0.1 m/s2 ¢ typg and seps = S(teps) are by definition
smaller than t;,, and s, and we expect them to be much
more precise. =

- §gii_n_!jggfgp_ge_d is indicated as usual by maximum speed:
Vi = V{tm)-

- The quotient q,, of final speed by maximum speed is
taken as indicator of sprinting endurance:

Qy =100 * (t100) / V (tm) [%]-

3 Results of a pllot study
3. 1 Robustness of suggested method

In the last chapters the sensitivity of the conventional
differences-method to errors in measurements was criti-
cized and a higher robustness of the regression-method
was postulated. A chance for testing these assumptions
are the remarkable differeneces between interval times re-
ported for the 100m-final at Rome 1987. LETZELTER
(1989) pointed out that interval times reported immidiatly
after the event deviated from those published by the offi-
cial biomechanical commision some months later. Obvi-
ously the first measurement suffers more from errors than
the last one which used high-frequency techniques.

124 ~
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Figure 3: Speed curves from interval times reported immediately after the final at Rome (dashed) and reported by the biome-
chanical commision (solid). The curved lines are the results of the regression method for each set of data.
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In figure 3 in addition to the step-functions the regres-
sion curves are drawn. One sees that they are not only re-
markably smoother but in particular that the two curves
lead almost to identical results. This is convincing indica-
tion of robustness because we know that one set of raw
data suffers a lot from errors. Even the largest deviation
betwen the two curves at the end of Ben Johnson's dash is
smaller than 0.1 m/s.

3. 2 Results on sprinting abllities

The introduced method supplies estimates for the par-
ameters mentioned above, which are only a selection of

Table 1: Descriptive statistics of 100m-finals at Rome 1987.

possible variables. With this data input, ideally based on a
large number of cases, very sophisticated analyses of
sprinting behaviour and underlying abilities are possible.
Such analysis are inappropriate though to the data base of
this pilot study: the 16 100m-finalists of Rome 1987. It's
aim is a methodological one. But even with 2 x 8 cases de-
scriptive and correlative results seem to be very interest-
ing.

The descriptive statistics of 9 Variables are given in
table 1. From the methodological point of view it is impor-
tant to note that tepg and seps are obviously better esti-
mates than t;, and sy, For men sy, has a range of 40 meters
while the range of sqps is less then 10 meters. The same

variable abbr. mf meéan st. dev. min max
total time t100 m 10.14 0.183 9.83 10.34
[s] f 11.07 0.094 10.90 11.19
reaction time t m 0.18 0.043 0.109 0.232
[s] f 0.19 0.030 0.142 0.241
initial ag m 9.94 0.558 9.15 10.98
acceleration [m/s2] f 8.85 0.377 8.33 9.50
time for tm m 8.08 1.507 6.43 10.00
acceleration [s] f 6.24 0.281 5.88 6.77
length of Sm m 78.86 17.44 59.82 100.00
acceleration [m] f 53.07 2.73 49.57 58.17
time for acc. teps m 5.21 0.288 4.65 553
to 0.1m/s2 [s] f 5.05 0.194 4.76 5.33
length of acc. Seps m 46.35 3.32 40.26 49.36
to 0.1m/s2 [m] f 40.76 1.80 38.25 43.47
maximum Vm m 11.32 0.274 10.97 11.66
speed [m/s] f 10.37 0.111 10.25 10.55
quotient for Qv m 99.28 0.67 98.41 100.00
endurance [%] f 92.04 2.06 88.91 96.39

Table 2: Intercorrelations of variables describing performance on 100m (upper half: men,
lower half: women; levels for significance: 0.71 (5%) and 0.83 (1%)).

t100 t, 0] teps Seps Vm Qv
t100 1 A1 .28 -57 -74 -.97 -11
t, .67 1 42 -34 -35 -34 -.47
ag .16 -.29 1 -.93 -.82 -.46 -.22
teps -.31 .22 -97 1 .97 73 .36
Seps -.46 12 -.93 .99 1 .88 34
Vm -.83 -27 -.62 71 .81 1 11
Qy -18 .18 -34 51 49 .16 1
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tendency can be observed for women, but, as all women
have a decrease in sprinting speed, their maximum speed
can be more preciesly determined, wheras men do not no-
ticoably reduce their speed (min q, = 98.41%).

Table 2 shows the instrcorrelations of variables for men
and women. Two aspects are of particular interest: the de-
termination of the complex criterion of performance (t1¢)
and the interrcorelations of basic abilities.

Maximum speed accounts almost alone for the total
100m-time. The correlation is higher for men (r=-0.97) than
for women (r=-0.83) because the men's sample has a
broader range (0.51s versus 0.29s for women). Figure
shows the impressive correlation.

Maximum speed itself is correlated with duration and
length of acceleration and to a smaller degree with initial
acceleration. Reaction time and sprinting endurance seem
to be of minor importance for performance in the two sam-
ples.

A very astonishing result is the marked but negative
correlation between initial amount and duration of acceler-
ation. Although these findings are consistent with one-
dimensional concept of the ability of acceleration, the two
aspects seem to be anthithetic: one can either have a
large initial acceleration or a long acceleration. An expla-
nation of this finding could be selective adaption of
strength abilities to contact time on the ground which de-
creases considerably.
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Figure 4: Scatter diagram for maximum speed ty, and total
time tyo for the finals at Rome 1987.
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4 Summry and discusslon
a) Method

The regression method proved to be superior to the dif-
ferences method. The advantages are:

- smoothinb of raw data versus amplification of errors,

- continuous curves versus non-continuous step-functi-
ons,

- values for any point on course versus values only for in-
tervals.

One reason for the excellent fit is that 100m-dashes
are run with maximum acceleration and no tactical manipu-
lation of sprinting speed occurs. Exceptions could be the
last meters of eliminating heats when qualification is sure.
But even in this case only variables quantifying sprinting
endurance would be affected. This objection implies
though that the model-function is not suitable for events
longer than 200 meters, because in those events running
speed is very much determined by tactical considera-
tions.

The applied model is obtained by deduction and de-
scribes the additive superposition of an acceleration-
process and a fatigue-process. Practical calculations im-
pose two restrictions: one fatigue-parameter must be held
constant and the model is not able to describe precisely
the building-up of speed and acceleration on the first me-
tors.

The main scientific advantage is that the method al-
lows for calculation of parameters which can be interpret-
ed as precise indicators of basic sprinting abilities.

b) Practical results

A first result is that values for maximum speed report-
ed by the differences method have to be doubted. Be-
cause of the arrangement of measurements in a chain it is
very likely that at least one interval shows values that are
too high. The error struck measurement published immedi-
ately after Johnson's victory at Rome 1987 reported a
maximum speed of 12.05 m/s, the more precise biome-
chanical commision 11.76 m/s. The regression method re-
sults in a maximum speed of 11.66 m/s.

The length and duration of positive acceleration is a
question of practical ineterest. It can now be answered by
pointing out a certain point on the course. A better indica-
tor for this aspect of the ability of acceleration is the
length and duration of positive acceleration greater than
an almost negligible threshold (suggestion: eos=0.1m/s2).

Concrete results of the pilot study on the two finals at
Rome 1987 are:
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- with the exceptions of reaction time and duration of ac-
celeration men are significantly superior to women in all
variables,

- extreme groups differ demonstrably in duration and
length of acceleration and especially in maximum speed,

- maximum speed is clearly the most important ability ac-
counting for overall performance and

- the ability of acceleration seems to show a conflict be-
tween initial acceleration and its duration.

The special impact of the introduced method is that the
gap between description and explanation, between perfor-
mance in competition and underlying abilities is closed.
The abilities can now be tested under optimal conditions:
during competition.

If further investigation confirms its excellent suitability
and technical progress makes data more available, the in-
troduced method could become a routine-procedure of fu-
ture training in sprint.

LAMES, MARTIN
Qdjel za sport, Mainz
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MATEMATICKI MODEL I1ZVEDBE | SPOSOBNOSTI U SPRINTU

Klasi¢na metoda koja mijeri vrijeme i prosje&nu brzinu u odredenim intervalima (najée$¢e 10m) ima znatne nedostatke

kad se radi o opisivanju sprinta:

- ona daje nekontinuiranu stepenastu funkciju brzine sprinta koja ne dozvoljava detaljno prougavanje, tj. maksimaina
brzina moZe se locirati samo u nekom intervalu, ali ne i u odredenoj tocki.
- vrlo je osjetljiva na pogregke, jer ne dobiju se samo razlike u mjerenju ved, zbog lanca intervala, slutajna greska za jedan

interval postaje sistematska greska za sljededi interval.

PredloZen je model brzine sprinta pomodéu kontinuirane funkcije sa parametrima koji imaju ne-linearnu regresiju.
Koristedi sistemski postupak modeliranja kombinirana su dva rastuda procesa: ubrzanje i zamor.

Prednosti ove metode su:

- kontinuirane funkcije lako se analiziraju. Pomodu diferencijacije / integracije dobije se potpuna kinemati¢ka slika ponasa-

nja u sprintu.
- osjetljivost na pogreske je smanjena

- dobiveni parametri omoguduju interpretaciju da osnovne sposobnosti odgovaraju sloZenoj sposobnosti kod sprinta. Na
ovaj nadin indikatori osnovnih sposobnosti mjere se u toku natjecanja, a ne u ckolnostima testa $to daje jedan zna&ajan

teoretski aspekt.

Analiza finala u Rimu 1987 pokazuje dobre strane ove metode, a to su detaljni podaci o strukturi kompleksne sposob-

nosti za sprint.
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MapTRE ANaMec
YHaBepcHTeT B Malape
OTAea coopTa, MaAHg

MATEMATHYECKASTI MOZEAD BRIIO/AHEHHWS BE[A HA KOPOTKHME ZUCTAHOVY U
CIIOCOBHOCTEW CIPHHTEPOB

KAACCHUOCKHE MOTOZ, IPH HOMOWE KOTOPOro HIMEPAKTCH BPEMA H CPeAHAH CKOPOCTb B ONPOASASHHEHX
opoMeXyTEaxX (Jalfe Bcoro AAMHHOM 10 M), 06AazaeT 8HAYUTOABHEMHA HeAOCTATEAMHE, €CAH pedb HAOT 00 ONHCAHHY
Oera Ha KOPOTKHe AHCTAH[HH:

- DPH NOMOUHA 3TOr0 MOTOAA MOAYYAOTCH HPENHBHCTAH CTyNeHbYATAad JYHKJHA CKOPOCTH Gera, He NOSBOAAKIIAL
OoAPOBHOTO HIYICHHES €0 XaPAaKTePHECTHK, TAK KaK ONPeIeAATCH MAKCHMAABHAA CROPOCTE IPOMOXYTKOB, HO He
HAMOETCH BOSMOX HOCTH ONPeAeAGHAA MOMOHT3, B EOTOPOM COPHHTEP €6 OCYIeCTBAAET;

- 3TOT MOTOJ NOIBOAAOT MOABAGHAS GOALIIAX OWIAGOK, TAaK KAK MOAYYATCA He TOABKO PAIANYHA B UIMEPEHHAX, a,
H8-33 [JelIH OPOMeX YTEOB, CAYJaltHHe OMIAGKHE AAA OXHOI'O MPOMEKYTKA CTAHOBATCA CHCTeMATHIOCKAMH OWIKROK AMHU
ARE CAGAYIOIZOr0o IPOMEX YTEA.

B HacToA el paboTe MpeAAaraeTca MOAeAb CKOPOCTH Gera Ha KOPOTEKHe AHCTAEJHUM HA OCHOBO HOIPepPHBHON
}YHKQHH, oOAaAARIfed MapaMeTpaMH ¢ HeAHHeHHOM perpeccHelt, IPH 9eM HCOOABIYOTCA CHCTOMATHYECKAH
Opofeaypa MO AHPOBAEESL ABYX HaPACTAIOIHX HPO[JOCCOB: YCKOPOEHA H YTOMXEHHA.

OpeAMYIZeCcTBA IPEAARArAOMHOTO METOAA CASAILHE!

- HeIPePHBHKEe JYHKIUN AEIKO DOJANTCH AHAAHSY ; IPH NOMOITK AHJ}ePeHIAAQHN / HHTETr PAlNH MMOAYYAETCA HOAHAR
KHHOTHYeCKad KapTHHA NOBeACREH CIPHHTEPA;

- 9YBCTBETOABHOCTD K OIIEOEAM YMOHBIIA6TCH;

- IOAY96HER® HapaMOTPH MOryT ONTH HEHTEPOPETHPOBAHK TAaKAM 06padoM, 9TO OCHOBHHE CLIOCOBHOCTH CIPHHTE POB
COOTBOTCTBYIOT HX EOMIAGKCHEM COOCOOHOCTAM; CAAOBATeAbHO, IOKA3aTEAH OCHOBHHX CIOCOBHOCTON HIMEPAIOTCA
B TeY¢HHe COPOBHOBAHHY, 2 H¢ B HCKYCCTBOHENX 0BCTOATEABCTBAX TECTHPOBAHUSA, YTO SBAAGTCH HHTOPECHHM C
TEOPETHYECKOHN TOYKH BpeHUH.
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