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Abstract: The work uses modern numerical methods of mechanics of a deformable solid to analyze the stress-strain state of orthopedic structures in order to 
improve them and improve the quality of treatment of patients. Among the many numerical methods, the attention of the authors was drawn to the finite element 
method and to the numerical and analytical method of boundary elements in the author's edition. Settlement models of both metal apparatuses and parts of a 
person’s arm with a fracture are constructed. The stress – strain state in various zones of the biomechanical system was calculated. It is shown that the 
numerical-analytical method of boundary elements allows obtaining more accurate results with fewer equations in the resolution system. It is noted that in the 
case of the considered biomechanical systems, its elements undergo tension – compression, shear, torsion, and bending. To consider them, solutions are 
presented for Cauchy problems, which are included in the general system of resolving equations of the MGE. It is shown that, unlike the FEM, the MGE 
simplifies the algorithm for calculating biomechanical systems. Comparison with the FEM results shows their good agreement, which proves the reliability of 
the calculation results of both methods. 
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1 INTRODUCTION 

 
One of the ways to investigate various designs in 

medicine is a computer simulation or computer experiment 
based on numerical methods (finite difference method, 
boundary element method, finite element method, and 
others) [1, 2].  

The capabilities of the numerical method depend on task 
and applied software package. 

Numerical analysis allows you to calculate various 
design options of the studied object and take into account 
various combinations of loads. 

The relevance of the research topic, the problems with 
the treatment of patients and of the forearm bones diaphysis 
fractures (compact bone substance), is determined by the 
insufficient perfection of the devices and the appropriate 
treatment methods [3, 4]. 

 
2 ANALYSIS OF RECENT RESEARCHES AND 

PUBLICATIONS 
 
From literary sources it is known that forearm bones 

fractures account for 5 – 15% of cases from all fractures of 
limb segments. 

Ilizarov apparatus was the most widely used for the 
treatment of patients with injuries of limb segments [2]. The 
use of this apparatus gives a significant percentage of 
complications due to a decrease in the stability of the spoke 
fixation and the bulkiness of the external structure. This was 
the reason for the search by many scientists and researchers 
in the field of traumatology for alternative configurations of 
compression-distraction apparatuses (various designs of 
external supports, node connections, types of fixation).   

Research overview [5, 6] shows that rod apparatus from 
the alternative devices for transosseous fixation have obvious 
advantages. Some restrictions of their use are associated with 
existing problems in osteosynthesis techniques depending on 

the type and pattern of the diaphyseal fracture of the bones 
(in our case the forearm). 

During the work with literary sources [1-8] data gaps in 
comparative calculations of external structures for the 
treatment of forearm fractures by numerical methods became 
apparent. 
 
3 THE PURPOSE OF WORK 

 
The purpose of the work is the justification for the 

external fracture fixation design and methods for determining 
the deformation of geometric dimensions.  

Calculation of the stress-strain state of cylindrical shells 
of ВEM and FEM (ANSYS) [9-12] and comparison of their 
results (MATLAB). 

 
4 MAIN PURPOSE OF THE ARTICLE 

 
The basis of the research of this design is the purpose to 

design a fracture treatment device of the middle part of the 
forearm with damage to the diaphysis of the tubular bones by 
developing an alternative design in which the reposition of 
fragments that have come out of the correct state is achieved 
by increasing the degrees of mobility of the repair nodes. 
Thanks to this design it becomes possible to ensure the 
correct position of displaced bone fragments without gypsum 
immobilization and most importantly full mobility of the 
forearm is maintained without creating inconvenience in the 
patient due to compactness. 

The problem is solved thanks to the external support in 
the construction in the form of a beam on which rod receivers 
with screw studs are located fixing screw rods that are 
successively passed through parts of intact bones to ensure 
their rigid connection [2]. 

The data for building models were obtained based on the 
transverse scans of the bones of the human forearm carried 
out on a TOSHIBA Asteion Super 4 multislice helical 
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computer scanner. Further 3D model was created that 
adequately reflects the geometry of the bones of the forearm. 

We conducted a computer simulation of fixation 
methods in order to determine the stiffness of fixation of 
fractures of the forearm bones with an apparatus for 
transosseous osteosynthesis with their specific layout and in 
the range of possible functional loads, identifying the optimal 
arrangement of the apparatus, determination of treatment 
tactics depending on the type of fracture.  

From the point of view of mechanics, such systems are 
spatial structures from a set of thick-walled annular and 
rectangular plates with holes, classic rods, flexible rods 
(spokes) in combination with various types of joints. 

The simplified analytical methods of calculation are 
often used among the methods of mechanics in engineering 
practice and scientific research. The design scheme of the 
investigated object is simplified both by the design of the 
elements of the spatial system, the nature of the relationship 
between each other and from the point of view of 
representing external loads. The widespread use of modern 
computer technology in research projects required a revision 
of existing methods. If so far, the main attention has been 
paid to the creation of calculation methods based on a number 
of simplifying assumptions and methods of artificially 
facilitating the calculation, then at present we can only talk 
about the development of mathematical models that are 
subject to the most efficient implementation on a computer. 
We mean here by effective such models that most fully 
reflect the real geometry and behavior of the structure require 
simple software and the least amount of machine time. 

The most convenient for solving problems of mechanics 
both in medical research and in other fields of science and 
technology turned out to be the methods of the discrete theory 
of linear spaces: matrix calculus, the potential method, the 
boundary element method and of course the finite element 
method (FEM).   

To solve the FEM problem it is necessary to present the 
entire construction in the form of a set of finite elements: 
rods, triangular and quadrangular plates, tetrahedrons and 
parallelepipeds connected to each other in nodes. 

The initial stage in the finite element analysis of any 
constructions including orthopedic devices is the 
construction of a geometric and finite element model. 

The geometric model represents the shape and 
dimensions of the construction and the finite element model 
contains complete information about the location of nodes 
and finite elements as well as the relationship between 
individual nodes and elements. 

Theoretically, it is possible to carry out finite element 
analysis without using a geometric model but in this case, it 
is necessary to manually set the coordinates of all nodes and 
build the finite elements of the model, which is almost 
impossible for complex constructions. 

Using a geometric model this drawback is absent as it is 
possible to automatically obtain a finite element mesh of a 
structure based on its geometric model in modern programs 
of finite element analysis [9, 12]. Therefore, such an 
approach to modeling orthopedic systems is preferable. 

Elements of the core system of fracture treatment devices 

can be modeled using the following types of finite elements: 
•  beam and core elements 
•  plate elements 
•  volumetric elements. 

 
The geometric model must comply with the type of 

element that will be used in the finite element breakdown. If 
the discretization of the structure will be carried out by beam 
and rod elements, then the geometric model should consist of 
lines, for plate elements – from surfaces, for volume elements 
– from volume bodies. 

The paper considers models with rod and volume finite 
elements, because they ensure compliance with the geometry 
of the model of a real construction (Fig. 1). 

 

 

 

 
Figure 1 Real (a) and computer models of volumetric finite elements (b) and rod 

finite elements (c) 
 

An approximation of model from a rod finite elements 
was done the BEAM188 element from the library of elements 
of the ANSYS program. The element is intended to solve 
spatial problems. Element properties are defined by 
describing the cross-sectional characteristics, material 
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properties (modulus of elasticity and Poisson's ratio) and 
elastic base. 

This finite element has two nodes with six degrees of 
freedom and each of them: displacements in the directions of 
the x, y, z axes of the nodal coordinate system and rotation 
angles around these axes. 

To display geometric features original cross sections of 
the structural elements of the clamps were formed and a 
special function of the ANSYS – Taper Section program was 
used (we have created and recorded in the database the 37 
cross-section programs). 

The finite element partition of the model with volume 
elements is performed by the Solid45 element. The element 
is classified as follows: a volumetric (3D) element is used in 
solving problems of the mechanics of a deformable solid and 
is determined by eight nodes, each of which has three degrees 
of freedom – linear displacements in the directions of the x, 
y, z axes of the nodal coordinate system. 

In both cases the fixing conditions should be chosen so 
that they prevent the movement of the structure but do not 
affect the deformation. 

The geometric and mechanical characteristics of the 
studied devices were determined by the known mechanics 
dependencies of a deformable solid, experimental data and 
reference books. 

The elastic modulus of the human bone was accepted 
equal Eκ = 2×104 MPa, modulus of elasticity of steel Ecm = 
2.1×105 MPa, modulus of elasticity of titanium Em = 1.2×105 
MPa (Fig. 1). 

As a result of calculations for each of the options the 
parameters of the stress-strain state that were of interest to us 
for the analysis were determined: 

σequiv – equivalent stresses according to the Huber-Mises 
hypothesis (IV theory of strength) 

USUM – equivalent displacement values. 
 
4.1 Application of the Numerical-Analytical Version of the 

Boundary Element Method 
 
According to the accepted design scheme (Fig. 2) it may 

be considered that the orthopedic structure and the forearm 
bones form as a first approximation a spatial rod system. This 
system uses both hingedly connection of the rods and hard 
jamming of structural elements. These boundary conditions 
can be accurately taken into account if we apply a numerical-
analytical version of the boundary element method (BEM). 
In general, the elements of a given biomechanical system will 
experience 4 types of resistance: tension-compression, shear, 
torsion, and bending. In this case, at the boundary points (x = 
0 and x = l), kinematic and static boundary parameters arise: 
а)  Tensile compression: 
 
U(0), U(l) – movement along the axis of the rods, 
N(0), N(l) – normal forces; 
 
b)  Shift: 
 
Vc(0), Vc(l) – cross movements  
Q(0), Q(l) – cross forces. 

c)  Torsion of solid section rods: 
 
θ(0), θ(l) – twisting angles of boundary points 
Mkp(0), Mkp(l) – torques. 
 
d)  Bend: 
 
V(0), V(l) – cross movements; 
φ(0), φ(l) – turning angles of the sections at the boundary 
points 
Q(0), Q(l) – cross forces 
M(0), M(l) – bending moments. 

 

 
Figure 2 The design scheme of the object of study 

 
In the formation of the permissible equations of the 

BEM, we will use the left-handed coordinate system and the 
following sign rules: 
− Linear movements of boundary points are considered 
positive if they coincide with the positive directions of the 
axes 0х, 0у, 0z. 
− Turning angles of rotation of the sections at the boundary 
points are considered positive if they are clockwise when 
viewed from the direction of the positive axes 0х, 0у, 0z. As 
an example Fig. 3 shows the positive directions of the 
boundary parameters during bending. 

 

 
Figure 3 Positive directions of the boundary parameters during bending 

 
In the case of deformation of the core system, the nodes 

receive certain linear and angular displacements, and the 
kinematic parameters in the nodes will be related by the 
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equations of compatibility of displacements. Accordingly, 
the static parameters in the nodes will be related by 
equilibrium equations. These considerations allow us to form 
the resolving equations of the BEM of any core system. The 
solution of this system determines the stress-strain state of all 
structural elements. 

Let us imagine solutions to Cauchy problems for the 
indicated types of resistances:  

а)  Tensile compression 

( )EAU x  
= 

1 (0)xEAU  
− ∫

x

o

( ) ( )x qxξ ξ−  
dξ   (1) 

( )N x 1 (0)N ( )qx ξ

b) Shift

c ( )GAV x
k = 

1 c (0)GAx V
k − ∫

x

o

( ) ( )x qyξ ξ−  
dξ     (2) 

( )Q x  1 (0)Q ( )qy ξ

c) Torsion of solid section rods

k ( )GI xθ  = 1 k (0)xGI θ − ∫
x

o

( ) ( )x mξ ξ−  dξ   (3) 

d) Bend

( )EIV x

= 

1 x
2

2
х− 3

6
х− (0)EIV  

+ 

∫
x

o

3 ( )( )
6

qx ξξ−

ξd   (4) ( )EI xϕ  1 x−
2

2
х− (0)EIϕ 2 ( )( )

2
qx ξξ−

( )M x  1 x (0)M  ( ) ( )x qξ ξ− −  
( )Q x  1 (0)Q  ( )x ξ− −  

Using these solutions and the BEM algorithm it is 
possible to formulate the resolving BEM equation, find the 
unknown initial and final parameters of all elements of the 
biomechanical system and determine its stress-strain state. 

4.2 Solving Boundary Value Problems of Biomechanical 
Systems BEM 

If the rods of the biomechanical system are connected 
into a single structure then for such system it is possible to 
apply matrix forms of solutions to Cauchy problems (1)-(4). 
In this case, the matrix equation of the whole structure will 
take the form 

( ) ( ) (0) (0) ( )x x x= + +Y A X B B   (5) 

where: Y(x) – vector of deformation parameters in the current 
section; A(x) – quasi-diagonal matrix of fundamental 
functions of all kinds of resistances; X(0) − vector of initial 
parameters; B(x) – load matrix. 

At the boundary value of the parameters x = li (for all 
rods) there arises the possibility of an elementary 
transformation of Eq. (5) into the resolving equation of the 
BEM boundary value problem according to the scheme 

( ) ( ) (0) ( ) ( ) (0) ( ) ( )l l l l l l= + → − = −Y A X B A X Y B   (6) 

As stated above, coupling equation between the boundary 
parameters arise in the nodes of the rod system. This fact 
allows us to transfer all the finite vector options Y(l) on vector 
X(0). In this case, the quasi-diagonal matrix A(l) will be reset 
to separate columns and compensating nonzero elements are 
introduced into them as initial data; as a rule, this is (−1). 
Thus, a system of resolving equations is formed with respect 

to the initial and final parameters of the entire structure of the 
form 

( ) (0, ) ( ).l l l∗ ∗⋅ = −A X B   (7) 

Note that the load B(l) matrix is not involved in these 
transformations, which favorably distinguishes the BEM 
algorithm from the finite element method, where it is 
necessary to reduce the given load to the equivalent nodal 
load. The most complex equation formation operation (7) is 
the matrix transformation А∗(l). The following stages are 
stand out here: 
-  a quasi-diagonal matrix is formed А(l); its filling with 
blocks of boundary values of orthonormalized fundamental 
functions is performed according to the program using cycle 
operators; 
-  matrix columns are reset to zero А(l), whose numbers are 
equal to the vector zero line numbers X(0). Zero initial 
parameters of the rods are the source data and the numbers of 
zero lines of the vector X(0) are determined in the process of 
its formation. We denote the matrix nullable in separate 
columns A0(l). 
-  compensating elements are determined that allow to 
transfer all the finite parameters of the vector Y(l) to the 
vector X∗(0, l). The compensating elements can be reduced 
to an auxiliary matrix C for clarity of the algorithm. This 
matrix characterizes the design topology and is invariant with 
respect to the type of calculation, i.e. can be used without any 
changes in tasks of statics, dynamics and stability. The 
coefficient matrix of the system of Eq. (7) is obtained by 
simple summation 

0( ) ( ) .l l∗ = +A A C   (8) 
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A system of resolving Eq. (7) is compiled for the design 
scheme according to Fig. 2. The results of determination of 
the stress-strain state of the construction according to the 
BEM algorithm are presented in Tab. 1. From the data Tab. 
1 it follows that the results of the BEM and FEM methods are 
good accord with each other, which proves the reliability of 
these calculations.  
 

Table 1 The maximum values of the stress-strain state parameters 
SSS parameters   Fixator (FEM) Fixator (BEM) 

USUM (mm) Elbow joint area 0,00197 0,00186 
USUM (mm) Fracture area 0,0089 0,0075 
USUM (mm) Wrist area 0,0273 0,0218 
maxσequiv (MPa) 16,098 21,783 

 
The maximum values of the specified stress-strain state 

parameters for all calculation options are summarized in Tab. 
1. 
 
5 RESULTS 
 

The results of a numerical experiment allowed drawing 
some conclusions: 

Relative deformation of the rod apparatus:  
 

Model from FE: 4
c

0 0273 1 162 10
235

l . .
l
∆ε −= = = ×  

 

Model from BE: 4
c

0 0218 0 928 10
235

l . .
l
∆ε −= = = ×  

 
Comparison of numerical values of stresses and 

displacements obtained by finite element analysis of the 
investigated constructions with the corresponding values of 
these quantities that are obtained in the calculation by the 
boundary element method allows making a conclusion about 
the reliability of assumptions that were adopted at the stages 
of numerical simulation. This conclusion, perhaps, will be 
true with regard to the boundary conditions as well as the 
magnitude and nature of the application of external loads.  

The obtained research results can serve as the basis for 
the development of new constructions for the treatment of 
diaphyseal fractures of the forearm. 
 
6 CONCLUSIONS 

 
The analysis of treatment methods of the forearm bones 

fractures is given. It is noted that existing devices are 
imperfect and therefore it is necessary to use modern and 
powerful numerical mechanics methods of a deformable 
solid to analyze the stress – strain state of biomechanical 
systems in order to improve them. 

The analysis of numerical methods that are currently 
applied is performed. It is indicated that the most promising 
methods to solve the treatment problems and to improve 
orthopedic constructions are the finite element method and 
the numerical-analytical method of boundary elements. 

The process of modeling the biomechanical system in the 
ANSYS professional package is shown in detail. Computed 

models of one-dimensional and spatial finite elements are 
compiled. The calculations of the SSS biomechanical system. 

For applying BEM solutions of the Cauchy problems of 
tension – compression, shear, torsion, and bending were 
involved. A formation algorithm of a resolving system of 
equations is outlined. Appropriate calculations are made and 
compare son with FEM results is given where their close 
match is noted and thus the reliability of the results of both 
methods is proved.  

A comparison of the numerical quantities of stresses and 
displacements obtained in the finite element analysis of the 
constructions  with the corresponding quantities of these 
quantities obtained in the calculation using the boundary 
element method allows us to make a conclusion about the 
reliability of assumptions that were taken at the at the 
modeling stages. Perhaps, this conclusion will be true with 
regard to the boundary conditions, as well as the quantities 
and nature of the application of external loads. 
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