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ABSTRACT. All non-trivial point and block-primitive 1-(v, k, k) designs
D that admit the group G = PGL2(q), where g is a power of an odd prime,
as a permutation group of automorphisms are determined. These self-dual

and symmetric 1-designs are constructed by defining {% 1g € G}

to be the set of orbit lengths of the primitive action of G on the conjugates
of M.

1. INTRODUCTION

In [12] (see also [17]) a systematic program to determine symmetric and
self-dual 1-designs admitting a prescribed primitive permutation group G has
been proposed. Hitherto, many interesting examples of 1-(v,k, k) designs
have been obtained from finite primitive permutation groups, see for example
[7, 12, 13, 17, 18, 19].

The said program is based on the following result, described in [12, Propo-
sition 1], corrected in [13] and later used in [17].

RESULT 1.1. Let G be a finite primitive permutation group acting on the
set Q of size n. Let a € Q, and let A # {a} be an orbit of the stabilizer
Go of . If B={A9] g € G} and, given 6 € A, £ = {{a,0}7 | g € G},
then D = (Q, B) forms a symmetric 1-(n, |A|,|A]) design. Further, if A is a
self-paired orbit of G, then T = (Q, &) is a reqular connected graph of valency
|Al, D is self-dual, and G acts as an automorphism group on each of these
structures, primitive on vertices of the graph, and on points and blocks of the
design.
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We note that in [5] (see also [6]), Crnkovié and Mikulié¢ generalized Re-
sult 1.1 by proposing a program of construction of 1-designs from finite prim-
itive permutation groups, which are not necessarily symmetric, and whose
point- and block-stabilizers are not necessarily conjugate.

In this paper, Result 1.1 is applied to all primitive permutation represen-
tations of G = PGLa(q), the projective general linear group, for ¢ a power
of an odd prime. This paper is motivated by the results obtained in [16]
concerning the classification of all symmetric and self-dual 1-(v, k, k) designs
admitting PSLy(q) for ¢ a power of an odd prime, acting as a point- and
block-primitive group of automorphisms of the designs. Since for g = 2™ > 4,
PGL2(q) is isomorphic to PSLa(q), the designs invariant under PGLa(q) for
q a power of 2 were examined in [7] and in [19]. Thus, when combined with
the results of [7] and of [19], this paper gives a complete account on all non-
trivial, symmetric and self-dual 1-(v, k, k) designs admitting G constructed
using Result 1.1.

The designs constructed in this paper are given in the following theorem
which is proved in the subsequent sections.

THEOREM 1.2. Let D be a non-trivial symmetric and self-dual 1-(v, k, k)
design, and let G = PGLa(q), where q is a power of an odd prime, be a point-
and block-primitive automorphism group of D. Further, let M % Cp x Cq_y
be a mazimal subgroup of G. Then the following hold.

a) If M = Dy(g11y then D has parameters:
() 1-( 252 g+ 1, g+ 1), or (i) 1-( o2, 25, L)
b) If M = Dy(q—1) then D has parameters:
(1) 1-(25, 2(g — 1), 2(g — 1)), (i) 1-(L42 g — 1,4~ 1), or (i)

(g+1) q—1 g—1
1_(% =1 g )

172 02

¢) If M = Sy then D has pammetem"
(i) 1- (‘IQZ‘J,24 24), (1) 1-(55%12,12), (@) 1-(%52,8.8),
(iv) 1-( 572,6,6), or  (v) 1-(552,4,4).

d) If M =2 PGLa(p) < PGLy(q = p"), where r is an odd prime then D
has parameters:

(a 2r . _
(i) 1(% p3—p,p3—p), (id) 1- (% p*—1p —1) or
(i) 1- (% pp=1), (pjzl)).

The paper is organized as follows: in Section 2 we outline the background
and notation and give a brief overview on the group PGLy(g). In Section 3 we
describe the construction method used and give our results on all PGLa(q)-
invariant self-dual, symmetric and primitive 1-designs.
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2. PRELIMINARIES

The notation for designs is as in [2]. An incidence structure D = (P, B,7),
with point set P, block set B and incidence 7 is a t-(v, k, \) design if v = |P|,
every B € B is incident with exactly k£ points and every ¢ distinct points are
together incident with A blocks. The numbers that occur as the sizes of the
intersections of any two distinct blocks are known as intersection numbers
of the design D. The design is quasi-symmetric if any two blocks intersect
either in x or in y points, for non-negative integers x < y. A design is called
self-orthogonal if the intersection numbers have the same parity as the block
size mod p, where p is the characteristic of the underlying field. The code
Cr (D) of the design D over the finite field F' is the subspace of F* spanned
by the incidence vectors of the blocks over F. Let v® denote the incidence
vector of a block B € B, then Cp(D) = (v?|B € B).

Let GF(q) denote the Galois field with ¢ elements and X := GF(q)U{o0},
where oo is a symbol not in GF(gq). Then we can define a fractional linear
transformation 7: X — X by

ar + 8
T: — deGF
xH ’yx—’—&, a,/B,’Y7 6 (q),
such that «d — B~ is a non-zero square in GF(q) and T'(c0) = 2, T(’T‘;) = 00,

if v#0, T(oo) =00 if v =0 and T(x) € GF(q) for all z € GF(q) such
that vz 4+ 0 # 0. Then the set of all such fractional linear transformations
forms a group under composition known as the Projective General Linear
Group of degree 2 over GF(q) and denoted PGLa(g). The group PGL3(q) has
order g(q? — 1). The structure of PGL2(q) is well known and can be found in
4,9, 15].

The following results give the description of the structures of the maximal
subgroups of PGLy(q) for ¢ a power of an odd prime.

PROPOSITION 2.1 ([1, Proposition 2.1] and [15, Corollary 2.3]). Let G =
PGLa(q), with ¢ = p™ > 3 for some odd prime p. Then the mazimal subgroups
of G not containing PSLa(q) are:

(i) Cp x Cy-1, the stabilizer of a point of the projective line;
) Doy’
(iii) Da(q—1) for ¢ # 5;
(iv) Sy for g =p =43 (mod 8);
(v) PGLa(p) for ¢ = p" where r is an odd prime.

More information concerning PGL2(q) can be obtained from PSLa(q)
since PGLa(p) is a subgroup of PSLy(p?).
The elements of PGL2(q) are distinguished as follows.
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LEMMA 2.2 ([4, Theorem 1]). Let g be a non-trivial element of PGL2(q)
of order d and with f fix points. Then either d | p™+1 and f =0, d =p and
f=1ord|p*—1and f =2.

A subgroup A of a group G is a trivial intersection (TT) subgroup if for all
geG,ANAI=Aor ANA9 = {14}. The group PGL2(q) has the following
trivial intersection subgroups.

THEOREM 2.3 ([8, Chapter XII], [4, Theorem 2]). i) Let P be a Sy-
low p-subgroup of PGLa(q) of order p™. Then every non-trivial element
of P has a single fix point and P is a TI-subgroup.

it) Let H be a cyclic subgroup of PGLa(q) of order p™ — 1. Then every
non-trivial element of H fixes two points. Further, there is no element
of PGL2(q)\H that fizes these points and so H is a TI-subgroup.

iii) Let K be a cyclic subgroup of PGLa(q) of order p™+1. Then K contains
all elements that have no fix point in PGLa(q) and K is a TI-subgroup.

REMARK 2.4 ([8, Chapter XII|, [4, Theorem 2]). The group G has p™ + 1
subgroups of type P with p?>"® — 1 distinct fractional linear transformations
that fix a point, 22+ syboroups of type H with W distinct

2
fractional linear transformations that fix two points and w

2n n
of type K with % distinct fractional linear transformations that do
not fix any point.

subgroups

Let M be a maximal subgroup of G, then G acts by conjugation on
the set M of all conjugates of M in G. We use this action of G on M to
construct primitive symmetric 1-designs admitting G as a permutation group
of automorphisms. This is based on the following result.

THEOREM 2.5 ([20, Proposition 2.1]). Let G be a finite group with a max-
imal subgroup M. Then the action of G by conjugation on the set M of left
(right) cosets of M in G is primitive.

For a maximal subgroup M of a group G we adopt the definition of Ay,
given in [18], i.e.,
Ay ={|[MNMI|: ge G}.
Note that Ay # @ since |M| € Ay for all g € M.
The following lemma gives the lengths of the orbits when G acts on M.

LEMMA 2.6. Let M be a set of conjugates of a maximal subgroup M (not
normal in G) and G be a finite permutation group that acts primitively on
M. Then the lengths of the orbits of this action are given by:

M
{% :le AM} , where Ay is as defined above.

PROOF. The proof follows from [18, Lemma 3.3], since M is maximal and
not normal in G, then Ng(M) = M. O



SYMMETRIC 1-DESIGNS FROM PGL2(q), FOR ¢ AN ODD PRIME POWER 5

REMARK 2.7. It follows from Lemma 2.6 that in order to find the orbit
lengths for the action given in Result 1.1, one needs to explicitly determine
the set Aps.

3. CONSTRUCTING OF SYMMETRIC 1-DESIGNS

In the sequel, for M a maximal subgroup of PGL2(gq), where ¢ = p”, p
is an odd prime and n € N, as described in Proposition 2.1 we consider the
conjugacy class of maximal subgroups conjugate to M and determine Aj; with
a view to construct all PGLa(g)-invariant self-dual, primitive and symmetric
1-designs. We start by making the following observations on the conjugacy
classes of involutions of PGL3(q).

REMARK 3.1. We shall consider the elements of G = PGL3(q) as permu-
tations on the set X := GF(q)U{oo} and say that an element of X is of even
or odd type if as a permutation it has even or odd parity.

The group G has two conjugacy classes of involutions, one of even type
and another of odd type. In particular, it follows from [3, Section 2] that
for ¢ = 1 (mod 4) the centralizer of an involution of even type has order
2(q — 1), while the centralizer of an involution of odd type has order 2(q+ 1).
Furthermore, when ¢ = 3 (mod 4) the centralizer of an involution of even type
has order 2(q 4+ 1), and that of an involution of odd type has order 2(q — 1).
Thus, when ¢ =1 (mod 4), G has % involutions of even type, and @
involutions of odd type, and when ¢ = 3 (mod 4), G has @ involutions

a(g+1)
2

of even type, and involutions of odd type, respectively.

We note that for M = C}' x Cy—1, the set M has ¢+ 1 points on which G
acts 2-transitively. Under this action the designs constructed from M using
Result 1.1 are trivial and thus of no interest for classification purposes.

To this end we start by considering M to be a maximal subgroup iso-
morphic to the dihedral group Djy(g+1) in G. We show in Theorem 3.4 that
for all g € G\M, |M N M9| € {2,4} whenever M = Dy, 1). Subsequently,
in Theorem 3.6 we prove that |[M N M9| € {1,2,4} whenever M = Dy(,_y).
Observe that for M = Dy(441y and g € G\M it was proved in [16, Lemma 3.5]
that every x € M N M9 is an involution. So, we need only to describe the
nature of the elements that occur in the intersections M N MY of size four,
and this is done in the next result.

LEMMA 3.2. Let M = Dygi1y = (5,7 : ratl =52 = 15, sms7 =171 be
a mazimal subgroup of G. Suppose that r%5 and sr' have the same parity.
2i4q+1

Then there exists g € G\M such that M N M9 = {r%,sri,sr 2 1p ),
where 1 <i<qg=+1.

Proor. Note that Remark 3.1 implies that all involutions with the same
+
parity in G are in the same conjugacy class. Thus for r= in M , there exists
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g .
g € G\M such that (rqiTl) =srte MN M9, for 1 <i<qg=+1. Note also

that sr>" is in M and

(sr%)g = g9 (r%)g =s9(sr') =srisrt =rIr', 1<j<q+1.
This forces i — j = %, and from this we obtain that r~77 is an involution,
so that (srqiTl)g = r'3" € M N M9. Hence for g € G\M we must have
MNMI = {rﬁTl,sri,sr%tfﬂ ,1a}, where 1 <4 < g+ 1. Notice that %

is taken modulo ¢ + 1. O

Before we prove the next theorem, we need the following lemma.

LEMMA 3.3. Let k # 1,2 be such that k divides g + 1. Then the number
of elements in G of order k is equal to % where ¢ is the Euler’s phi-
function.

PROOF. The proof is similar to that given for [16, Lemma 3.8]. However,
for the reader’s benefit we sketch the arguments here. Let H be a cyclic
subgroup of G of order g41. By [8, pp. 242-243], Ng(H) = Dy(4+1). Further,
if S is a subgroup of H, then Ng(S) = Dy(q+1)- Let k # 1,2 be such that &k
divides g + 1. Then the number of elements in G of order k equals

_ _qlg=D(g+De(k)  o(k)glgF1)
[G: Na(9)]p(k) = TPET) = ; :

We are now ready to determine the set Ay starting with M = Dy(gy1).

THEOREM 3.4. Let M = Dy,1 1) be a maximal subgroup of G. Then for
allge G\M, IMNM?| € {2,4}.

ProOF. We first note that the number of distinct conjugates of M in G

is q(q;((lz:f‘lz;rl) = q(q;l). Thus the number of distinct intersections M N M9

equals @ -1= %. From [16, Theorem 3.10] we have that if
{1} # MNM?9 < M then MNM9 = Cy or MNM9I = Cy x Cy. We will show
that these are the only possibilities. The proof follows by a counting argument
on the types of involutions and the possible sizes of their intersections. To
this end we consider the following two cases:

CASE 1: Suppose ¢ +1 =0 (mod 4). By Remark 3.1, G has @ in-
q oz

volutions of even type an involutions of odd type, respectively. From
this we infer that M has %1 involutions of odd type, and %1 +1= % invo-
lutions of even type. Therefore each involution of odd type in G is contained

in
—1 1
(Q(qz )) (%) q-— 1
q(q2+1) 9
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distinct conjugates M9 of M. Similarly each involution of even type in G is

contained in
(q(qfl)) (q+3)
2 2/) q+3

a(g—1) 2
2

distinct conjugates of M. Now from Lemma 3.2 we observe that the involution

72 occurs in every intersection M N MY of size four. Notice further that

this is an involution of even type, since it has % transpositions. Since the

preceding paragraph shows that an involution of even type is in % distinct
conjugates of M in G we deduce that the number of intersections M N M9 of
size four is % -1

To determine the number of intersections M N M9 of size two we first
note that all involutions in intersections M N M9 of size four are of even

type. Since there are % intersections of size four, these must account for

2 X # involutions of even type in M (notice that the involution r*5 that
occurs in all intersections M N MY of size four is excluded). This shows that
each involution of even type in M occurs in two intersections M N M9 of size

four (since M has precisely %1 involutions of even type after excluding the

involution 7= ). Since the involutions of even type in G occur in # distinct
conjugates M9 of M we must have that the number of intersections M NM?Y of
size two consisting of involutions of even type from M equals (%3 — 3) (%1)

Therefore, the total number of intersections M N MY of size two is

(% — ) (q‘gl), and these consist of involutions of odd type together with

(%3 — 3) (#) involutions of even type. Adding the W intersections

M N M9 of size two to the % intersections M N M9 of size four we obtain

W which is the total number of distinct intersections M N M9Y.

CASE 2: Suppose g+1 =2 (mod 4). By Remark 3.1, in G there are @
involutions of odd type and @ involutions of even type respectively. Fur-
thermore, M has %1 involutions of even type, and %1 +1= #
of odd type. Thus each involution of even type in G is in

(@) (%1) q—1

q(q+1) 2
2

involutions

distinct conjugates of M, and each involution of odd type in G is in

(¢—1) +3
(q q2 ) (qT) _q+3
q(qul) -9

distinct conjugates of M.
Now, since %1 is odd, it follows that the involution 7*% has an odd
number of transpositions. Hence it is an involution of odd type. Arguing as



8 X. MBAALE AND B. G. RODRIGUES

in Case 1, we obtain that the number of intersections M N MY of size four
equals % —1.

We now determine the number of intersections M N MY of size two. Ob-
serve that by Lemma 3.2 the elements r% and sr' are of the same parity.
By the preceding discussion we infer that these involutions are of odd type.
Furthermore, the element sr2 % s an involution of even type since it is
the product of two involutions of odd type. Since there are q+1 intersections
M N MY of size four, this accounts for %1 involutions of odd type and #
involutions of even type, respectively in M. We have thus shown that each
involution of M except r*=~ occurs in exactly one intersection M NM?Y of size
four. The total number of intersections M N M9 of size two is obtained by
adding (q+3 2) x (%1) involutions of odd type to (q%l -2) (#) involu-
tions of even type. Hence, adding the total number of distinct intersections
MNM? of size four and size two respectively we obtain W as expected.
Therefore |[M N MY| € {2,4}, for all g € G\ M. O

As an immediate consequence of Lemma 2.6 and Theorem 3.4 we deduce the
following.

COROLLARY 3.5. Let M = Dy441) be a mazimal subgroup of G and M
be the set of conjugates of M in G on which G acts by conjugation. Then the
primitive action of G on M has one non-trivial orbit of length %1 and %
orbits of length q + 1.

Proor. This follows directly from Lemma 2.6 and Theorem 3.4. O

The following theorem determines the set Ay when M = Dy,_y).

THEOREM 3.6. Let M = Djy,_1) be a mazximal subgroup of G. Then
IM N M9 e{1,2,4} for all g € G\M.

PROOF. The proof that there are intersections M N MY of sizes two and
four, respectively follows using similar arguments to those given in the proof
of Theorem 3.4. So, we need only prove that there are intersections M N M9
of size one. We note first that the number of distinct conjugates of M in G is

Q(q;(?_(‘ll;rl) = q(qH) . So, the number of distinct intersections M N M9 equals

Q(‘Hl) -1= W Recall that by [16, Theorem 3.10], we have that if
{1@} # M N M9 then either M N M9 = Co or M N M9 = Cy x Cy. We
consider the following cases:

CASE 1: Suppose ¢ —1 =0 (mod 4). Arguing as in Case 1 of Theorem

3.4, we can show that there are % intersections M N M9 of size four and

2
W intersections M N MY of size two, respectively. But observe that

q—1 (¢g—=1)(q—=3) (¢—=1(qg—=2) qlg+1)
5 T 2 - 2 ST 3

-1
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So there exists g € G\M such that M N M9 = {15}.
CASE 2: Suppose ¢ — 1 = 2 (mod 4). Arguing as in Case 2 of Theorem
3.4, it can be shown that there are = intersections M N MY of size four and

2
W intersections M N M9 of size two. Since

q—1 (¢q—=1(q=3) (¢=1(qg-2) ql(g+1)
5 T 2 - 2 < 5 !

we deduce that there exists g € G\M such that M N M9 = {1¢}. O

We now deduce the following.

COROLLARY 3.7. Let M = Dy(4—1y be a maximal subgroup of G' and M
be the set of conjugates of M in G on which G acts by conjugation. Then

the primitive action of G on M has one non-trivial orbit of length %, %
orbits of length ¢ — 1 and one orbit of length 2(q¢ — 1).
PROOF. For the proof use Lemma 2.6 and Theorem 3.6. O

In the following remark, we give a geometric description of the orbits
given in Corollary 3.7.

REMARK 3.8. Since G = PGL2(g) acts naturally on the ¢ + 1 points
of X := GF(q) U {0}, one can also obtain geometrically the orbit lengths
given in Corollary 3.7. It is known that G acts primitively on unordered
pairs of points of X i.e, X2} of degree (q‘gl). Let H be the stabilizer of a
pair {0,000} as a point. While considering PSLy(2™) 2 PGLy(2™), for some
m, Darafsheh in [7, Proposition 2] showed that H = Djy_1) and the or-
bits of H on X 12} are: {0,00} of length 1, {{0,b} U {oc,c}|b,c € GF(q)*}
of length 2(q¢ — 1), {{Ab,Ac}|b,c,A € GF(q)*} of length ¢ — 1 and lastly
{{MA(@— 1)} | A€ GF(g)*} of length 41,

In the following theorem, we prove that the 1-design D obtained by taking
for block set the images under G of the orbit of length 2(¢ — 1) is quasi-
symmetric and self-orthogonal.

THEOREM 3.9. Let D be the 1-(@, 2(¢q—1),2(¢ — 1)) design obtained

by taking for blocks the images under G of the orbit of length 2(¢ — 1). Then
D is a quasi-symmetric and self-orthogonal design, with block intersection
numbers 4 and q — 1, respectively.

PRrROOF. We first note that blocks of D are determined by the pair of
points of X2} being stabilized by elements of a maximal subgroup M =
Ds(q—1)- Notice that if the pair being stabilized by M is {0, 00}, then we have
a block of length 2(¢ — 1) given by

{{0,b} U {0, c}|b,c € GF(q)*}
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i.e, a set of all pairs in X {2} with each pair having exactly one element in
{0,00}. However, if the point being stabilized by M is {a,b},a,b € GF(q)*
then its block is defined by

{a,b} :={{a,a1} U{b,aa} | a1,a2 € X\{a,b}}.

Let a,b,¢,d € X such that {a, b}, {c,d} and {a, ¢} are blocks as defined above
where a # b # ¢ # d. Then

{a,b} N{c,d} = {{a,d},{a,c},{b,d},{b,c}}.
Also,

{a, 0} n{a, c} = {{b,c} U{i,a}[i € X\{a,b,c}}
is of size 1+ (¢+1—3) = ¢ — 1. Since q is a power of an odd prime, ¢—1 =0
(mod 4) and so 2(¢ — 1) = 0 (mod 2). Hence D is self-orthogonal. O

REMARK 3.10. a) The codes obtained from the binary row span of D
are isomorphic to the binary codes of the triangular graph, and have
been examined in [14] with a view to permutation decoding. Note that
the codes are self-orthogonal and doubly-even with parameters

qlg+1
wrl) 121

2

b) The design D in Theorem 3.9 is neither a 2-design, nor a ¢-design
for t > 3. For a t-(v, k, \) design, every s-subset of points (s < ¢) is
contained in exactly A\s = %)\S“ blocks, for 0 < s <t — 1. Denote
At = A, Ao (the total number of blocks) by b, and (if ¢ > 1) to denote
A1 (the number of blocks containing a point) by r. Using the above
equality and the parameters for the design D in Theorem 3.9, we have

(2¢—2)(2¢—3) 8q¢g—12

)\2: q(q;rl)_l = q+2 .

Since for all g, A2 is not an integer, the first part of the claim follows.
The second part of the claim follows by noticing that if D is a 3-design,
then it is a 2-design.

We now determine the set Ay; for M a maximal subgroup of PGL2(q)
isomorphic to Sy.

THEOREM 3.11. Let M =S4 be a maximal subgroup of G = PGLa(q) for
g=p==+3 (mod 8). Then |M NM9I| € {1,2,3,4,6,24} for all g € G.

PRrROOF. Notice first that the number of distinct conjugates of M in G is
q(q;_l). So, the number of distinct intersections M N M9 equals Q(q;l_l) -1
To show that |[M N MY| € {1,2,3,4,6,24}, we evaluate the possible sizes of
the intersections M N M9 recalling that M N M9 < S,. We start by showing
that [MNM9| ¢ {12,8}. Suppose that |M NAM9| = 12. Then there must exist
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g € G\ M such that M N M9 = Ay. But this is a contradiction since we have
Ng(A4) 2 Sy by [11, Table on page 4 and Proposition 3.4].

Next, suppose that |[M N M9 = 8. Then M N M9 = Dg, and by [11,
Theorem 1.5] it follows that Ng(Dg) = Dig, and moreover Dig < G only
if g = p = +£1 (mod 8). Since D14 is not a subgroup of G for ¢ = p = +3
(mod 8), this implies that there is no g € G for which |M N MY| = 8.

Now, for every g € M we have |[M N M9| = 24, so we must have that
24 € Ay

If M N M9 =6, then M N M9 = S;. By [11, Theorem 1.5] we have
Ng(S3) = Dia. Since Djg is a subgroup of G if ¢ = p = £1 (mod 6), and
since all primes ¢ that satisfy ¢ = p = +3 (mod 8) are congruent +1 (mod 6),
there must exist g € G such that M N M9 = Ss.

Recall that up to isomorphism S; has only four subgroups of order 3.
This shows that there are only four distinct intersections M N MY of size six.

Suppose now that |M N M9 = 4. Then either M N M9 = Cy x Cy or
M N M9 = Cy. But [10, Theorem 1.3 (iv)] rules out the possibility that
M N M9 =V, since Ng(Vy) =2 Sy. Hence M N M9 = Cy.

Since S; has six elements of order 4 and since by Lemma 3.3, G has
q(q £ 1) elements of order 4, i.e., g(¢+ 1) if ¢ =1 (mod 4) and g(q — 1) if
g =3 (mod 4), we deduce that each element of order 4 in G is in

6((132—1(1) _qF1
glg£1) 4

distinct conjugates M9 of M. Thus there are

6 (5 —1) _3<qﬂF1_1>

2 4

intersections M N MY of size four.
Observe that S4 has eight elements of order 3, and four subgroups of order
3. Since by Lemma 3.3, G has ¢(g = 1) elements of order 3, and each element
8(7)
q(q£1)
there are 4(%1 — 1) intersections M N M9 containing an element of order 3.
From the above discussion we observe that four of these intersections have
order 6. So the number of intersections M N MY of size three is 4(% —-1)—4.
Finally, since S; has 6 involutions of odd type, and 3 involutions of even
type, we infer that each involution of odd type in G is in

3_
6(q24q) _qF1
q(qul) 9

of order 3 in (G is in

= % distinct conjugates of M we conclude that
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conjugates MY, i.e, ﬂ if g =1 (mod 4) and % if ¢ = 3 (mod 4) respec-

tively. Similarly, each 1nvolution of even type in G is in

3_
3(q24q) _q¥F1
q(qil) g

distinct conjugates of M, namely =, if ¢ = 1 (mod 4), and q+1, if g =
3 (mod 4). Thus involutions of odd type are in 6 (%1 —1) intersections
MNM?9, and involutions of even type are in 3 (‘11—1 - ) intersections M NMY.
But recall that some of these intersections with involutions have cardinality six
or four. Subtracting the intersections M NM?Y of size six and four respectively,
from the total number of intersections M N MY containing an involution we

obtain
q*x1 qgt1 q*1
[6(2 1)+3(4 1)] [3(4 1)+12]
qg+t1
= — —1)—-12
(%)

which is the number of intersections M N MY of size two.

Since

g+1 ¥1 qF1 ¢ —q

=" 1) -12 T ) (a(LE= 1) —4) 44 -1
() ( ) (5 ) et
there must exist g € G such that M N M9 = {1g}. O

Thus we have

COROLLARY 3.12. Let M = Sy be a maximal subgroup of G and M be
the set of conjugates of M in G on which G acts by conjugation. Then the
primitive action of G on M has the following non-trivial orbit lengths:

a) one orbit of length four,

b) 3 x [qil 1] orbits of length siz,

c) 3 x [(L2 — 1) — 1] orbits of length eight,

d) [3 x (E —1)] =1 orbits of length twelve,

+

o () 608 ) ) o) (g0

51 orbits of length

twenty four.
ProOOF. The proof follows by applying Lemma 2.6 and Theorem 3.11. 0O

Finally, we consider the maximal subgroup PGLa(p) of PGL2(q = p"), where
r is an odd prime.

THEOREM 3.13. Let M = PGLa(p) < PGL2(q = p"), where r is an odd
prime. Then |[M N M9 € {1,p—1,p,p+ 1,|M|} for all g € G.
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ProoOF. If g € M, then M N M9 = M. Every x € M and consequently
every € G is in one of the subgroups of types P, H or K of G described in
Theorem 2.3. Since these are all TI-subgroups in G, there exists some g € G
such that |[M N M9| € {p,p+£1}.

By Remark 2.4, the subgroup M of G has p? — 1 elements of order p and
G has p?" — 1 elements of order p. Each element of order p in G is in

e (0 1)
p2r _ 1

conjugates MY. Thus the number of intersections M N M9 of size p is

P -’ -1
p—1

r—1

=@ =Dp+1).

Direct calculations using Remark 2.4 show that M has p(p_2+1) cyclic

p(p+1)

subgroups of order p — 1. So M also has elements of the form

0 w!
cyclic group of order p — 1. Further, G has elements that generate
cyclic subgroups of order p — 1. Thus each z € G is in
P "+ (p 1) (p(p+l))
p(p—1)(p+1) 2 _p -1
pr(pr+1) Cop—1
2

T = <w 0 >, where w is a primitive root in GF(p), and = generates a

p’(p"+1)
2

conjugates of M. From Remark 2.4, we have that M has W elements
of order p — 1. Hence

(szll B 1) (W) P+ 1)

p—2 2(p—1)
of the intersections M N MY are of size p — 1.

It follows by using Remark 2.4 that M has 2 (2 > D elements that generate
pl(p"—1)
2

cyclic subgroups of order p 4+ 1 while G has elements that generate

cyclic subgroups of order p+1. Each of the elements of G that generate cyclic
subgroups of order p 4+ 1 occur in
P (P +D)(p 1) (p(p—l))

p(p—1)(p+1) 2 _p+1

pr(pgfl) op+1

conjugates of M. Once again use of Remark 2.4 shows that M has @
elements of order p 4+ 1. From this we deduce that

(% - 1) (@) _Pe-DHe' -1

P 2(p+1)
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of the intersections M N MY are such that |[M NM9| = p+ 1. Since for a fixed

M the number of intersections M N M9 is w — 1 and since
p(p—1)(p+1)

L+@“*—1Mp+1y+ﬁ0*%D@“‘—1) Pp—1)(p—1—1)

2(p—1) 2(p+1)
(P ' =1 +p*+2p* —p—1)
p*—1
p'(p"+1)(p" - 1)
pp—1D(p+1) ’
there must exist a g € G such that M N M9 = {14}. O

COROLLARY 3.14. Let M = PGLa(p) be a mazimal subgroup of G and
M be the set of conjugates of M in G on which G acts by conjugation. Then
the primitive action of G on M has the following non-trivial orbit lengths:

a) Pl orpits of length p? — 1,

p—1
r—1__

b) % orbits of length p(p + 1),

p(p7'-1) ,
c) —srTy orbils of length p(p — 1),

{PT((Plel))((Pl;)l)} _ [1+ (p7~—1,1)(p42+p3+2p2,p,1)]
q) S - orbits of length p(p? — 1).
PROOF. The proof follows by Lemma 2.6 and Theorem 3.13. O

The preceding lemmas, theorems and corollaries give the proof of Theo-
rem 1.2 stated in Section 1.

ACKNOWLEDGEMENTS.

This work is based on the research supported by the National Research
Foundation of South Africa (Grant Numbers 106071 and 120846). The au-
thors would like to thank the anonymous referee for invaluable comments and
observations which helped improve the presentation of the paper.

REFERENCES

[1] S. M. J. Amiri, Mazimum sum element orders of all proper subgroups of PGL2(q),
Bull. Iranian Math. Soc. 39 (2013), 501-505.

[2] E. F. Assmus, Jr and J. D. Key, Designs and their codes, Cambridge University Press,
Cambridge, 1992.

[3] A. Borovik and S. Yalcinkaya, Construction of some subgroups in black box groups
PGL2(g) and PSLa(g), arXiv:1403.2224v1, (2014), https://arxiv.org/abs/1403.
2224.

[4] P. J. Cameron, G. R. Omidi and B. Tayfeh-Rezaie, 3-Designs from PGL2(q), The
Electron. J. Combin. 13 (2006), #R50, 11 pp.

[5] D. Crnkovié¢ and V. Mikuli¢, Unitals, projective planes and other combinatorial struc-
tures constructed from the unitary groups Us(q), ¢ = 3,4,5,7, Ars Combin. 110
(2013), 3-13.



[14]

[15]

[16]
[17]
18]
[19]

[20]

SYMMETRIC 1-DESIGNS FROM PGL2(q), FOR ¢ AN ODD PRIME POWER 15

D. Crnkovié¢, V. Mikuli¢ and B. G. Rodrigues, Designs, strongly regular graphs and
codes constructed from some primitive groups, in: Information security, coding theory
and related combinatorics, IOS Press, Amsterdam, 2011, pages 231-252.

M. R. Darafsheh, Designs from the group PSLa(q), q even, Des. Codes Cryptogr. 39
(2006), 311-316.

L. E. Dickson, Linear groups with an exposition of the Galois field theory, Dover
Publications, Inc., New York, 1958.

J. D. Dixon and B. Mortimer, Permutation groups, Springer-Verlag New York Inc.,
1996.

T. Fritzsche, The depth of subgroups of PSLa(q) II, J. Algebra 381 (2013), 37-53.
M. Giudici, Mazimal subgroups of almost simple groups with socle PSLa(q), https:
//arxiv.org/abs/math/0703685.

J. D. Key and J. Moori, Codes, designs and graphs from the Janko groups J1 and
J2, J. Combin. Math. Combin. Comput. 40 (2002), 143-159.

J. D. Key and J. Moori, Correction to “Codes, designs and graphs from the Janko
groups Ji and J2”, J. Combin. Math. Combin. Comput. 40 (2002), 143-159, J.
Combin. Math. Combin. Comput. 64 (2008), 153.

J. D. Key, J. Moori and B. G. Rodrigues, Permutation decoding for the binary codes
from triangular graphs, European J. Combin. 25 (2004), 113-123.

O. H. King, The subgroup structure of finite classical groups in terms of geometric
configurations, in: Surveys in combinatorics 2005, Cambridge Univ. Press, Cam-
bridge, 2005, 29-56.

X. Mbaale and B. G. Rodrigues, Symmetric 1-designs from PSLa(q), for q a power
of an odd prime, submitted.

J. Moori, Finite groups, designs and codes, in: Information security, coding theory
and related combinatorics, IOS Press, Amsterdam, 2011, 202—230.

J. Moori and A. Saeidi, Some designs invariant under the Suzuki groups, Util. Math.
109 (2018), 105-114.

J. Moori and A. Saeidi, Constructing some designs invariant under PSLa(q), g even,
Commun. Algebra 46 (2018), 160-166.

R. A. Wilson, The finite simple groups, Springer-Verlag London Ltd., London, 2009.

X. Mbaale

School of Mathematics, Statistics and Computer Science
University of KwaZulu-Natal

Durban 4000, South Africa

E-mail: xavier@aims.ac.za

B. G. Rodrigues

Department of Mathematics and Applied Mathematics
University of Pretoria

Hatfield 0028, South Africa

E-mail: bernardo.rodrigues@up.ac.za

Received: 9.3.2020.



