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EXTREMAL BEHAVIOUR OF +1-VALUED COMPLETELY
MULTIPLICATIVE FUNCTIONS IN FUNCTION FIELDS

NIkKoLA LELAS
University of Belgrade, Serbia

ABSTRACT. We investigate the classical Pélya and Turdan conjectures
in the context of rational function fields over finite fields F;. Related to
these two conjectures we investigate the sign of truncations of Dirichlet
L-functions at point s = 1 corresponding to quadratic characters over
Fy[t], prove a variant of a theorem of Landau for arbitrary sets of monic,
irreducible polynomials over Fq4[t] and calculate the mean value of certain
variants of the Liouville function over Fg[t].

1. INTRODUCTION

Let A(n) = (=1)%™ denote the Liouville function, where Q(n) is the
number of prime factors of integer n counted with multiplicity. Pdlya ([7])
conjectured that ) _ A(n) < 0 for all x > 2 and showed that this con-
jecture implies the Riemann hypothesis. Similarly, Turdn ([11]) showed that
the Riemann hypothesis can be proven assuming a related conjecture that
D < @ > 0 for all x > 0. Haselgrove ([3]) showed that both of these
conjectures are false, despite the extensive numerical data suggesting their
validity.

The fact that the Turdn conjecture does not hold was used in [2] to exhibit
negative values of truncations to the Dirichlet L-functions at s = 1 associated

to quadratic characters. In particular, the authors prove following theorem.
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THEOREM 1.1 ([2]). There exists a positive constant ¢ such that for all
large x

1 x(n c
- (loglogx)3 x a ;Iulgc}ratlc Z = logz’
character NS

Results from [2] can also be used in relation to partial sums of the Mébius
function over multiplicative semigroups of the natural numbers N = {1, 2, ...}
generated by arbitrary sets of primes. Let & be any set of primes (finite of
infinite) and let (&?) denote the multiplicative semigroup generated by 4.
That is the set of natural numbers, all of whose prime factors lie in &. In
[10] Tao proves that elementary bound

(L.1) > Ml
ne(P)

n<z
holds for all sets of primes & and x > 0. An important remark he makes
is that the lower bound of —1 can be improved by Theorem 2 of [2] to

(1 —2log(1+ @) +4 [* logtdt) log 2+ 0(1) = —0.4553 - - -+ o(1), the value

t+1
that is optimal except for the o(1) term.
Another important result proved in [10] is the Landau’s theorem for ar-
bitrary set of primes (also see [9] for the proof of this theorem in the more
general context of number fields).

THEOREM 1.2 ([10]). Let & be any set of primes. Then

X EEEI(g)

pEP

For a given set of primes & one can also consider the generalization Ag of
the Liouville function A. It is defined by Az (n) = (—=1)%2(™) where Qz(n)
is the number of prime factors of integer n coming from &, counted with
multiplicity. Various properties of this function have been studied in [1]. In
particular, the authors calculate its mean value.

THEOREM 1.3 ([1]). Let & be an arbitrary set of primes. Then the mean
value Mo of A\ exists and

— . 1
My = [Les b T if e » < 00
0 otherwise.

In this paper we are interested in studying the mentioned problems in the
context of rational function fields over finite fields. Let ¢ be an odd prime
power and let I, [t] denote the set of polynomials in variable ¢ over finite field
F,. We use d(N) to denote the degree of polynomial N € Fy[t] and define
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the norm of N as [N| = ¢*™) if N # 0 and 0] = 0. We denote by M the
set of monic polynomials in F,[¢] and for any non-negative integer x we define
M<y ={N e M | d(N) < z}. We call monic irreducible polynomials in F[t]
prime and denote the set of all prime polynomials by P.

The Liouville function is defined as A(N) = (—=1)?™) where Q(N) stands
for the number of prime factors of N € F,[t], counted with multiplicity. Note
that, similarly as the analogous function defined over the set of integers Z, the
function Q(N) is completely additive, so A(N) is completely multiplicative?.

We now state the variants of the Pdlya and the Turdn conjectures in the
context of F,[t] as following:

CONJECTURE 1.4 (Variant of the Pdlya conjecture). For all integers x > 2
we have

> AW <o.

NEMSm

CONJECTURE 1.5 (Variant of the Turdn conjecture). For all integers x >

0 we have
> w > 0.
NEMSm | |

Several function field analogues of the Polya conjecture were studied by
Humphries in his master thesis [4]. In particular, he shows that that the
variant of the Pdlya conjecture over Fy[t], as stated above, does not hold
(see [4, Proposition 6.8]). In this paper we provide the solution of the Turdn
conjecture. Towards the solution we prove the more general result, that can
also be used to solve the Pélya conjecture.

THEOREM 1.6. Let a # 1/2 be a real number and x a non-negative integer.

Then
Z M o {11_511:1 (1 - qm(l/Qfa)) + ¢*(1/2=2) if © is even,
NeMc, [N 11:511:22 (1 - q(m+l)(1/2_a)) ; if x is odd.
Furthermore,
Z AN) _{%(1_(11/2)4-1, if x is even,
NeM<, |N|/2 - ITH(l - ql/Q), if x is odd.

Putting @ = 0 in the previous theorem gives the mentioned result of
Humphries, while after putting @ = 1 we obtain the solution of the Turan

1A function f : M — R is completely additive if f(MN) = f(M) + f(N) for all
M,N € M. If f(MN) = f(M)f(N) holds for all M, N € M, then f is called completely
multiplicative.
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conjecture. Since for all integers z > 0 the function

1—g'~ e4+1)(1/2—a
a%m(l_q( )1/ >)

is non-negative when o > 1, the more general result also follows.

COROLLARY 1.7. The variant of the Turdn conjecture holds over F[t].
More generally, if a > 1, then

~—

> Ao
[NV
for all positive integers x.

In the second part of this paper we are studying the truncations to L(1, x),
where x now stands for a quadratic character defined over F,[t] (necessary
definitions are provided in the next section). Since the Turdn conjecture holds
in this case, one can expect that such truncations are always non-negative.
That is exactly what we prove, along with the upper bound on the minumum
of truncations to L(1, ), in similarity to Theorem 1.1.

THEOREM 1.8. If x is an odd positive integer then

. xX(V)
min = =0
X a quadratic |N|
character Mo
and if x is an even positive integer then
0< min g AL NS _1/ 2,
X a quadratlc |N|

character Mco

Next we investigate the partial sums of the Mobius function over mul-
tiplicative semigroups of F[t] generated by sets of prime polynomials. The
Mébius function for N € F,[t] is defined as u(N) = (=1)* if N = cP P, ... P,
for ¢ € F and P; distinct, prime polynomials in Fy[t], and u(N) = 0 oth-
erwise. We denote by (A) the multiplicative semigroup generated by a set
(finite of infinite) of prime polynomials A over F,[t]. That is the set that con-
tains constant polynomial 1 and the monic polynomials in Fy[t] whose prime
factors all lie in A.

We first provide the elementary bound, similar to (1.1). Note that, in
complete agreement to the previous results, we get that the partial sums are
always non-negative.

PRrROPOSITION 1.9 (Elementary bound). For any set of primes A in F[t]
and non-negative integer x, we have

N
0< E —<
N| -
Ne(A)
d(N)<z
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The lower bound of 0 in the previous result is the best possible, as it
is easy to find a set of primes A and a non-negative integer x such that
Y Ne(A) @ = 0. For example, take A to be the set P of all primes and

d(N)<z Nl
2 > 1 an arbitrary integer. Then (A4) = M, leaving us with > neum %
d(N)<z
Since by the Mobius inversion formula
1, ifN=1,

> mD)= {0 if N e M\ {1}

DIN ) )

DeM

we can apply Proposition 4.1 (see Section 4 for details) to get that this sum
is equal to 0.

The second result we provide is the Landau’s theorem for an arbitrary set
of primes over F,[t].

THEOREM 1.10. Let A be any set of primes in Fy[t]. Then

pN) _ 1
(1.2) N;A) N S 11 (1 —~ W) :

PcA

Finally, we investigate the mean value of the generalized Liouville funcion
A for a given set of prime polynomials A over F,[t]. Let Q4(N) denote the
number of prime factors of N € F,[t] coming from A counting multiplicity.
The Liouville funcion for A is defined as

Aa(N) = (1),
Since 2 4(N) is completely additive, this function is completely multiplicative.
It can be alternatively defined as the completely multiplicative function such
that A4(P) = —1if prime P € Aand Aa(P)=1if P ¢ A.

The mean value of a function f: M — R is defined as
. 1
Jim = > ),
NeM,

where M,, = {N € M | d(N) = n}, provided that the limit exists.

THEOREM 1.11. Let A be any set of prime polynomials in Fy[t]. Then
the mean value of A4 exists,

1
lim — > Au(N) =
"N Newm,

[Ipea Ii}-{-i’ if Yopea |_113\ < o0,
0, otherwise.

Closely related to the calculation of the mean value of A 4, we provide a
method to calculate the exact value of » v Aa(IV) for a given finite set of
primes A. This is quite specific to the context of Fy[t] we are considering and
the analogous method over Z is unknown. The main reason for this difference
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is the fact that in the function field setting the generating Dirichlet series for
A4 can be expressed as a rational function multiplied by the zeta function
over I, [t]. One can see this expression after inserting the change of variables
u=g¢ *in (6.1) (see Section 6 for details). Since the zeta function over F,[t]
is also a rational function in variable u (see (2.1)), it is not hard to find to
the coefficient of the generating Dirichlet series for A4 with power u™ for a
fixed non-negative integer n, which containts the information about the sum
> Nem, A(V) we are interested in.

THEOREM 1.12. Let A = {Py, Pa,..., Py} be a finite set of prime poly-
nomials and n a non-negative integer. Denote L, =Y nc g Aa(N) and for
al 1<l <Ekandl<iy <ig <---<ip <k define positive integers

dilqiz,.,.iz = d(Pll) + d(P12) + -+ d(Pil)-

Order the elements of the set {d;, 4,
k} in the ascending order as

Dy <Dy <---< Dy

il|1§€§k,1§i1<i2<"'<ig§

yeen

and define the integers a; and B, 1 < j < s as

aj:#{lgﬁgk,lgil<i2<---<ig§k|di1,i2,,,,ie: j}

B = Z (—1)".

1<6<k
1<i1 <o <<y <k
iy ig,...ip=Dj

Then, depending on n we have the following linear recurrence relations for
Ly:

Ln:qna 0<n< Dy,

Ln+orLn-p, = ¢"+f1g"™P", D1 <n <Dy,

Ln + O‘anfDl +--+ ajLnij = qn + ﬂlqn7D1 + -+ ﬂjqniDj,
Dj <n< Dj+1,

Ln + aan—Dl +- 4+ asLn—Ds = qn + quniDl + -+ Bsqn7D57 Ds S n.

As an immediate consequence of the previous theorem, we can see that L,
depends only on the degrees of polynomials in A. Furthermore, the obtained
system of recurrence relations in not difficult to solve in practice. First s — 1
recurrences are easily solved, as they are valid only in the limited ranges. For
the final relation, note that Dy is always equal to d(Py) +d(Ps) +- - - +d(Py),
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allowing us to rewrite this relation as

k
1
Ln+ailyp,+ - +aslap, =q"[] <1 - W) '
i=1

| Pe|—1
[Pr|+1
equation of the corresponding homogenous equation is

f[ (Xd<Pk> + 1) =0.

=1

This recurrence has a partial solution ¢" Hle ( ) and the characteristic

From these two facts one can obtain the formula for 3y, Aa(N) in the
range Dy < n. Exact calculations in two concrete cases were carried out at
the end of Section 7.

2. BACKGROUND ON FUNCTION FIELDS

For a non-negative integer n we define
Msp={NeM|d(N)>n}.
The zeta function of F[t] is defined by

1 1\"
Z(s)= Y W:H <1_W> , R(s) > 1.

NeM PcP
The number of polynomials in M,, is ¢", so it follows

1

(2.1) Z(s) = 1_7(11757

providing the analytic continuation for Z(s) to the whole complex plane, with
a simple pole at s = 1.

The Dirichlet’s theorem on prime polynomials in arithmetic progressions
states that given two coprime polynomials A and M in F,[t], d(M) > 1, there
exist infinitely many prime polynomials P such that P = A (mod M).

If P is a prime polynomial in F,[t], then the Legendre symbol (%) is
defined as

N 1, if N is square modulo P, P { N,
(F) =< -1, if N is not square modulo P, Pt N,
0, if P|N.

The Jacobi symbol is defined by extending the Legendre symbol multiplica-
tively; if Q = P{*Py2 .. : P¢* is the prime factorisation of polynomial @ € M,
then (%) = Hle (%)e This symbol satisfies the reciprocity formula analo-
gous to the classical law of quadratic reciprocity: if M and N are two non-zero,
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relatively prime polynomials in F[¢], then

(2.2) (%) _ <%) (—1) 52 d0nd)

The quadratic character xp corresponding to a polynomial D € M is defined
as

xp(N) = (%), for all N € M.

The L-function associated to a quadratic character xp is defined by

D] a-xole)r)
PeP

L(Sa XD) =
NeM

This function is initially defined for R(s) > 1, but it can be analytically
continued to an entire function, as it is a polynomial in ¢~* (see [8, Proposition
4.3] for details).

3. PROOF OF THEOREM 1.6

The generating Dirichlet series for the Liouville function can be written
as

(3.1) > /|\J(VA|7) => ( > /\(N)> u”,

NeM n=0 \NeM,

where u = ¢~°. On the other hand, since the Liouville function is completely
multiplicative, that Dirichlet series has the Euler product expression

-1 1— L _
11 1t =11 Pr_ 2(2s) _ 1 a“
|P|* 1 Z(s) 1—qu?

1
PeP PeP [P]?s

after using (2.1) and inserting the change of variables u = ¢~*.

—L . as power series yields

1—qu?
o) oo o)
(1 _ qu) Z qnu2n — anUZn _ Z qn+lu2n+l'
n=0 n=0 n=0

Comparing this to (3.1) gives us

n/2 if i

q"'=, if n 1s even,
3.2 AMNN) =
( ) NEZ./\/l ( ) {—q(" 1)/2, if n is odd.

Expressing

We now turn to

> A (3w

NeMc, n=0 \NeM,



EXTREMAL BEHAVIOUR OF COMPLETELY MULTIPLICATIVE FUNCTIONS 87
Using (3.2), it follows that the sum over even 0 < n < x is
14 ¢l 720 4 207200 4o gle/20=20)
Similarly, the sum over odd 0 < n < x is
g\ (1 gl 20200 oy q[<z71>/21<172a>) '
If a # % we get
AN)  1-— q([z/21+1)(1~20) 1o 1 — gUE=D/2+1)(-20)

Z a = _ 1—2a -4 _ 1-2a
. 11__,1(111:22 (1 - qx(l/zf‘l)) + q*(1/2=a) if z is even
a 11_‘,;111:;; (1 — gle+b/2=a)) if z is odd.

If a =1/2 we get

S AN 1 - (- 1)/2) 1)

1/2
NEMSz |N|

and the result follows.

4. POSITIVITY OF TRUNCATIONS TO L(1,x)

We begin with an auxiliary result, after which we turn to the proof of
Theorem 1.8.

PrOPOSITION 4.1. Let f : M — R be a function and put g(N) =
> pin f(D) for all N .€ M. Then for all positive integers n we have
DeM

f(N) 1
> N > 9().

NGMSn q NeM,

ProoF. We have

YoogN)= Y Y f(D)

NeM, NEM,, D|N
DeM

> > 1

DGMSn NGMn,d(D)
ey D)
DEMSH |D|

and the result follows. |
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Previous proposition has an important immediate consequence. Suppose
that Y e g ‘ﬁ%)‘ < 00. By Proposition 4.1, for any positive integer n we
can write

1 o« i) #(D)]
72t 2 T 0| 2 T

Convergence of ) v 4 ‘fl%v‘)‘ assures that the error term vanishes as n — oo,

thus showing that the mean values of g exists,
) 1
(4.1) Jim - Z Z |D|
" Nem., DeM

This result can be seen as the F,[t]-analogue of the classical theorem of Wint-
ner. Note that the assumption of multiplicativity of g is not necessary for
(4.1). However, under that assumption, f must also be multiplicative, so we
can express the mean value of ¢ in the form of Euler product

() (S 577

PeP

More on this topic will be discussed in Section 6.

PROOF OF THEOREM 1.8. We first note that if f : M — [—1,1] is a com-
pletely multiplicative function, then g(N) = Y D‘ ~ f(D) is a non-negative

eEM
multiplicative function. Using this fact and Prop051t1on 4.1 we get that for
every quadratic character y and non-negative integer x

XWN) o .
NeMc<, |N|
By the reciprocity law (2.2), for any fixed non-negative integer  we may find

an arithmetic progression modulo [[ per P such that every prime @ lying in
d(P)<z

that progression satisfies (g) = —1. Dirichlet’s theorem on prime polynomials
in arithmetic progressions ensures that such polynomial @) exists, showing that
there exists a quadratic character ¢ such that ¢(P) = —1 = A(P) for all prime
polynomials P with d(P) < z. It follows that
> s Y 4R
N€M<z NEMSz | |

By Theorem 1.6, we have

x(NV) < Z A(N) g ®/?, if x is even,
- 0, if z is odd,

X a quadratic |N|
character NeMce
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finishing the proof. O

5. PARTIAL SUMS INVOLVING THE MOBIUS FUNCTION

We begin this section by noting that the generating Dirichlet series of the
Mobius function u can be expressed as

p(N) I N S
2 |N|5‘H<1 |P|s> Ze 1

NeMm pPeP

In particular, if follows that
(V)
(5.1) —= =0,
Neia IV
which can be seen the F[t]-analogue of the classical result of von Mangoldt

([6])-

PROOF OF PROPOSITION 1.9. Let A be the set of prime polynomials over
F,[t] not contained in A. Using the Mdbius inversion we can write

lye@ = Z w(D) = Z w(D)1peay,

D|N D|N
De(A) DeM

where 1y¢s is the indicator function of subset S of M,
] Rt ifNeS
NeST Vo, #NES.
After using Proposition 4.1 we get

(5.2) @ > %_ >

Ne(A) Ne(A)
d(N)<z d(N)=x

The right side is between 0 and ¢”, according to how many monic polynomials

of degree z are in (A). Thus, the result follows. O

PrOOF OF THEOREM 1.10. We distinguish two different cases.

i) Suppose ) pc 4 ﬁ < 00. Then, from the monotone convergence theo-
rem we get that

1 1
- 14—
2 H(+|P|—1>
Ne(A) PeA
is absolutely convegent. By the dominated covergence it further follows

that
pw(N) _ 1
X - IL (- m)

PcA
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is conditionally convergent, giving the desired result.
ii) Suppose that ), 4 |_113\ = 00. In this case we utilize the identity (5.2)
for a non-negative integer z,

P EIIEE vt

NeM,
d(N)<w d(N)—m
1-1pe g
Since Y pep % => pea \_}’I = 00, by Theorem 6.1 (see Section

6 for details) the mean value of 1, =, is 0, so the right side is o(q").

If follows that
N
S PN _ o(1),

N|
Ne(A)
d(N)<z

finishing the proof.

6. THE MEAN VALUE OF THE LIOUVILLE FUNCTION A4

The important piece of information in finding the mean value of A4 for a
fixed set of prime polynomials A,

Jm 2 3 ),
" NeM,

will be the generating Dirichlet series for A 4. Since A4 is completely multi-
plicative, for R(s) > 1 and any set A we have

A(N) @)\
> v =1l (1 |P|S>

NeM PeP
—1 —1
1 1
I () [L0-wr)
L(em) I0-m

(6.1) i »
_r (L L

I(2) ()
ety

_H|P|S+1 )

PecA
We can get some immediate information about the mean value of A 4 from
(4.1). However, in order to get the complete picture, we need the following
stronger result. It is a direct consequence of the general Haldsz type theorem
from [5, Theorem 1.4.1].
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THEOREM 6.1 (Klurman). Suppose f : M — R is a multiplicative func-
tion taking values in [—1,1].

° If > pep E ‘£|P)| converges then the mean value of [ exists and is equal

H( |P|> Z IPIJ

PeP

o If Y pep |1—|,§D(‘P)\ diverges then the mean value of f is equal to zero.

Note that 3" pep P94 =237 1, Ly and, by (6.1),

1 o~ Aa(P) ) [Pl —1
) 25 )~ U=

pPeP j=0 PeA

Thus, if Y pc 4 % < o0, from Theorem 6.1 it follows that the mean value of

A4 exists and is equal to []pc 4 m—:. Similarly, if 3 5 4 ﬁ = 00, Theorem
6.1 shows that the mean value of A4 is equal to zero. This proves Theorem
1.11.

7. EXACT VALUE OF } nca Aa(V)

Identity (6.1) can be used to obtain the exact value of >y Aa(N)
for a given finite set of primes A = {Py, Ps, ..., P} and a fixed non-negative
integer n. Rewrite (6.1) as

k

{1+ mp) X WF H( ) 70

i=1 l| Nem

and insert the change of variables u = ¢~°. The left side becomes

ﬁ(1+“ )Z > AN N)ﬁ(1+ud(Pi))1§JLnu”7

i=1 n=0NeM, i=1

where Ly, = 3" ncaq, AA(N). Using (2.1), the right side becomes

k k oo
_ 4, 8(FP%) _ _ _ ,d(P) n, n
H(l u )(1 qu) ™! }:[1(1 udP )ngoq u

=1

We thus get the equality of power series

(7.1) ﬁ (1 + ud(Pi)) i Lyu™ = ﬁ (1 - ud(Pi)) i q"u”
n=0

i=1 n=0 =1
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Comparing the corresponding coefficients in this equality will give us the
recurrence relation for L,. In order to do that we expand

k
H(l—i—u ) =1+ Z udilvizv-»itz,

i=1 1<t<k
1<i1 <2< <1<k

where
dilqiz,.,.iz = d(Pll) + d(P12) + -+ d(Pil)-

We order the elements of the set {di, iy,.i, | 1 <<k, 1<i3 <ig<---<
ir < k} in the ascending order as D7 < Dy < --- < D, and define «;,
1<j<sas

aj = #{1<U<k1<i <in < <ig <k|dig,
If follows that
k} S
H(l—i—u )=1+Zaj“D
i=1 J=1
Similarly,

(1 — ud(Pi)) =1+ iﬂjuDJ

Jj=1

B = > (-1

1<e<k
1<i1 <o < <ip <k
diyig,...i,=Dj

—.

s
Il
-

where

Returning to (7.1) we get

(7.2) ZLnu +ZZO‘J aunt i _anun+ZZqun n+D;

j=1n=0 j=1n=0
Finally, noting that 3% ; a; Lyu™*Pi = 327 1, L, p,u™ and
oo o Big untPi = Zflo:Dj B;q"Piu™ for all 1 < j < s and comparing the
coefficients on both sides of (7.2) yields Theorem 1.12.

We end this section with the examples of calculations of 3¢ v Aa(NV)
in two concrete cases.

ExaMPLE 7.1. A = {P} for some prime polynomial P
In this case s = 1, D1 = d(P), a1 =1, 1 = —1, so Theorem 1.12 gives us

L,=4q", 0<n<d(P),
Ly + Ln—d(P) = qn - qnid(P); d(P) <n.
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After solving the obtained recurrence relation we get
q", 0 <n<d(P),

Aa(N) =< 1 (=) latm]
. v (125G ) . <

EXAMPLE 7.2. A = {P,Q} for some prime polynomials P and @ of the
same degree m.

Inthiscases:2, Dlzm, D2:2m, a1:2, a2:17ﬂ1:—2, ﬂ2:1,
so Theorem 1.12 gives us

L,=4q", 0<n<m,

Ly+2L, 0 =q¢"—2¢""", m <n <2m,

Lp+2Ln 4+ Ly om =q" —2¢""™ +¢" 2™, 2m < n.
After solving the obtained recurrence relations we get

q", 0<n<m,

nmoom < n<2m,

) qt =4t

vl (0 ) [2] CDIEL 2m

q7n 1 2
where Vm = m
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