GLASNIK MATEMATICKI
Vol. 56(76)(2021), 107 — 149

UNITARY DUAL OF p-ADIC GROUP SO(7) WITH
SUPPORT ON MINIMAL PARABOLIC SUBGROUP

DARIJA BRAJKOVIC ZORIC
J.J. Strossmayer University of Osijek, Croatia

ABSTRACT. In this paper, the unitary dual of p-adic group SO(7)
with support on minimal parabolic subgroup is determined. In explicit
determination of the unitary dual the external approach is used, which
represents the basic approach for finding the unitary dual, and consists of
two main steps: a complete description of the non-unitary dual and the
extraction of the classes of unitarizable representations among the obtained
irreducible subquotients. We expect that our results will provide deeper
insight into the structure of the unitary dual in the general case.

1. INTRODUCTION

The unitary dual determination problem of a reductive algebraic group
over a local non-archimedean field " is one of the most important problems
in representation theory. Denote by G set of all irreducible smooth repre-
sentations of a reductive p-adic group G, and by G subset of all unitarizable
classes. Then G is called non-unitary dual of G, and G unitary dual of G.
Thus, the unitary dual determination problem is the problem of finding the
subset G of G. Unitary dual of general linear group of arbitrary rank over
a local non-archimedean field was found by Tadi¢ in [18]. In that work the
external approach is used to this end, in which the first step is to give a com-
plete description of the non-unitary dual using Langlands classification. The
second step is to find classes of unitarizable representations among irreducible
subquotients.

Since then, for some groups of rank two unitary duals were found, e.g.
the group Sp(4, F) in [17], the group G in [15], the group U(2,2) in [8], the
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Hermitian quaternionic group of split rank 2 in [6], and the group SO(5, F') in
[9]. However, not much is known regarding the solution of the unitarizability
problem for classical groups in the general case. As the natural next step
leading towards its solution, one that would provide deeper insight into the
wanted structure, studying induced representations of classical groups of rank
three is imposed. Thusly, apart from enabling the study of induced represen-
tations of groups of small rank, one could also get a better insight into the
structure of the unitary dual in the general case.

Reducibility of parabolically induced representations falls amongst more
prominent problems in representation theory. One critical utilisation of re-
ducibility is at the determination of the unitary dual of classical p-adic groups.
From newer works of Arthur, Mceglin and Waldspurger it is now known that,
in the local field of characteristic zero, cuspidal reducibility points come from
%Z, and the proof, for the fields of characteristic 0, can be found in [13,
Théoreme 3.1.1.], while for the fields of positive characteristic in [4, Theorem
7.8.] in the case of classical groups.

Today, classifications of tempered representations and irreducible square
integrable representations from [14] and [21] can be used in describing the
non-unitary dual, along with the known Jacquet modules methods from [3]
and [19], intertwining operator methods and R-groups from [5].

In the way established in [16] and further developed in [11], using Tadié’s
structural formula from [19], as a consequence of the Bernstein and Zelevin-
sky Geometric lemma, for calculating Jacquet modules, and using Langlands
classification, we obtain the complete description of irreducible subquotients
in every examined case of induced representations of p-adic group SO(7).

In order to get the complete description of the unitary dual of the p-adic
group SO(7) with the support on the minimal parabolic subgroup, we identify
unitarizable classes. That was achieved using primarily Tadié¢’s result about
the unitarizability of representations of classical p-adic groups of corank three
from [22], as well as unitary duals of p-adic general linear groups from [18]
and unitary dual of p-adic group SO(5) from [9].

This paper is organized as follows. In Section 2 we recall the notations
and the well-known facts and properties. In Section 3 technical results that
will be frequently used are given. In Sections 4, 5, 6 and 7 all unitarizable
subquotients are given and the proofs are provided for the most complicated
cases. The results are divided according to the number of quadratic characters
that occur in the induced representation of the group SO(7, F'), and are also
further distinguished by the number of isomorphic characters. In the case of
three quadratic characters an additional separation dependant on the number
of % that occur in the exponents is made.
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2. PRELIMINARIES

Let F be a local non-archimedean field of characteristic 0. Odd special
orthogonal group SO(2n+1, F') is the group of all (2n+1) x (2n+ 1) matrices
g with elements from F' whose determinant is equal to 1 and which satisfy
T9g = Iany1, where Io, 11 is the identity matrix in GL(2n 4+ 1, F) and g
denotes the transpose matrix of matrix g with respect to the second diagonal.
The set of unitary characters of F'* is denoted by F'*.

Fix minimal parabolic subgroup P, of the SO(2n+ 1, F') which consists
of all upper triangular matrices in the group SO(2n + 1, F). Let P denote
a standard parabolic subgroup of the SO(2n + 1, F), i.e. a parabolic sub-
group which contains the minimal parabolic subgroup. Maximal split torus
A consists of all diagonal matrices in the group.

Let @ = (n1,n2,...,nk) be an ordered partition of m, where 0 < m < n.
Then

(n1,n2,...,nk,2(n —m) + 1,nk,...,n9,n1)

is an ordered partition of 2n+1. It is easy to show that there exists a bijection
amongst the set of all ordered partitions of all m for which 0 < m < n and
the set of all proper standard parabolic subgroups of the SO(2n + 1, F). The
parabolic subgroup P, has Levi decomposition P, = M,N,. Especially,
notice that M, is naturally isomorphic to

GL(n1,F) x GL(ng, F) x -+ x GL(ng, F) x SO(2(n —m) + 1, F).

Moreover, for m < n is M) = GL(m, F) x SO(2(n —m) + 1, F).

For a connected reductive group G defined over F', Grothendieck group
of the category of all smooth finite length representations of G(F) is denoted
by R(G(F)).

Let m; be the representation of the group GL(n;, F), for 1 < i < k,
and let o be the representation of the group SO(2(n — m) + 1, F). Then
T QM ® -+ ® Tk ® o is the representation of the Levi factor M, of the
parabolic subgroup P, of the SO(2n+ 1, F). We can trivially extend it along
N, to the representation of P,. The obtained representation is also denoted
by the 1 @ T3 ® -+ ® T, ® 0. Then

(2n+1,F)(

so
T X Mg X -+ X T X o = Indp TIRM® @M Q0)

is a parabolically induced representation of the group SO(2n + 1, F') by rep-
resentation m ® M2 ® - -+ ® m, ® ¢ from the group P, which gives us a group
homomorphism R(M,) — R(SO(2n + 1, F)).

Let us state several well-known facts regarding parabolically induced rep-
resentations of odd special orthogonal groups. Let 7w be a smooth represen-
tation of the group GL(ni, F'), m2 be a smooth representation of the group
GL(n2,F) and o be a smooth representation of the group SO(2n + 1, F).
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Then from the induction in stages follows that
m X (M2 X o) 2 (7 X m2) X 0.

Further, if smooth representations m of GL(m, F) and o of SO(2n+1, F) are
of finite length, then parabolically induced representations w x o and 7 X o
have the same composition series. Also,

X o.

o~

=N

TXO

Denote by
R=EP Ry and § = P R(SO(2n + 1, F)),
n>=>0

n>=>0

where R, = R(GL(n,F)). For representations m of GL(m,F) and o of
SO(2n+1, F) we have association (7, o) +— mx 0, that is defined with the par-
abolic induction. Then, in a natural way, one gets the mapping x: Rx S — S
and S is then R-module. Further, x can bilinearly extend to R ® S. Now
for irreducible representation o of the group SO(2n + 1, F) we can consider
s8.(s(ry(0)) € Rp @ R(SO(2(n — k) + 1, F)), where s;(0) denotes (nor-
malized) Jacquet module of the representation o with respect to standard
parabolic subgroup whose Levi factor is My, for & < n. Define

n

pH(o) = ss.(sw(0) ER®S.
k=0

Mapping p* extends to additive mapping p*: S = R ® S. Especially, it can
be shown that mapping R(SO(2n+1, F)) — R(M(y)) is Grothendieck groups
homomorphism.

We use the subrepresentation version of the Langlands classification in
this paper. Namely, non-tempered representation = € Irr(SO(2n + 1, F))
can be written as the unique irreducible (Langlands) subrepresentation of the
induced representation of the form

51X52X'~~X5k><17',

where d1,0d2,...,0;, are irreducible essentially square integrable representa-
tions such that

e(01) <e(d2) <--- <e(dr) <0,
and 7 € Irr(SO(2n’ + 1, F)) is a tempered representation. Thus, we can write

T2 L(6 X 02 X -+ X 0 X T).

We say that the irreducible representation o of SO(2n + 1, F') is strongly
positive or strongly positive discrete series if for every embedding

0= V"1 X V2 py X - X VPR X Oeyep,
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where p; € Irr(GL(n;, F)), for i = 1,2,...,k, is a cuspidal unitarizable repre-
sentation and ocysp € Irr(SO(2n' + 1, F')) a cuspidal representation, we have
a; > 0, for all .

Now we provide the definition of the Aubert dual and the main properties
from [1] and [2]. Let G be a connected reductive p-adic group over local
non-archimedean field F. Fix maximal split torus A,,;, of G and minimal
parabolic subgroup Py, which contains A,,;,. Further, let W = W(G/Amin)
be a Weyl group of G with respect to Amin. Denote by X the set of roots of G
with respect to fixed minimal parabolic subgroup and let A denote the basis
of 3, which is determined with the choice of the minimal parabolic subgroup
Pin. Let Pg be standard parabolic subgroup of G which corresponds to O,
where © is the subset of A. Also, let Mg be standard Levi subgroup of G
which corresponds to ©.

Like earlier, Ind% (o) denotes normalized parabolically induced represen-
tation of G, which is induced by o, where P is a parabolic subgroup of G with
Levi factor M, and o representation of M. Also, normalized Jacquet module
of o with respect to the standard parabolic subgroup that has a Levi factor
equal to M is denoted by r{;(c), where o is an admissible representation of
G of finite length.

THEOREM 2.1. Define the operator on the Grothendieck group of admis-
sible representations of finite length of G with

DG = Z (—1)|@‘Ind%i[e OT%TV/[(_).
OCA

Operator D¢g has the following properties:
(1) Dg is an involution, that is DZ, = id.
(2) The image of an irreducible representation is irreducible up to sign.
(3) For a standard Levi subgroup M = Mg we have

T% o DG = Ad(w) [e] Dwfl(M) [e] Tgfl(M)5

where w is the longest element of the set {w € W: w=1(0) > 0}.
(4) For standard Levi subgroup M = Mg we have

D¢ o ]ndﬁ = ]ndﬁ oDyy.

Now we can define the Aubert dual. If o is an irreducible representa-
tion of the group SO(2n + 1, F), then by ¢ we denote the representation
+Dgo(2n+1,F)(0), where we take the sign + or — such that o is a positive ele-
ment in the Grothendieck group of admissible representations of finite length
of SO(2n + 1, F) and 7 is called the Aubert dual of o.

A very interesting conjecture about the Aubert involution states that
the Aubert involution preserves unitarity. Hanzer has proved in [7] that the
Aubert involution preserves unitarity in the case of strongly positive repre-
sentations.
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In what follows, the unique irreducible subrepresentation of the Ve (Xlpx,
where ¢ € FX is a quadratic character and % is the unique nonnegative
reducibility point, will be denoted by Stc.

3. TECHNICAL RESULTS

In this section a few technical results that will be frequently used are
given. A description of irreducible subquotients of particular type is given
with the next lemma.

LEMMA 3.1. The induced representation
(3.1) v x1 X 1%y X 1M x3 X 1px,

where x1, X2, X3 € FX and 0 < a1 < as < ag of the group SO(7, F) contains
an irreducible non-tempered subquotient of the form L(§1 X -+ X § x T) with
d; being a representation of GL(2,F) for some i if and only if there exist
i,7 € {1,2,3}, where i # j, such that a;j =a; +1 and x; = x; ora; =1 —aq;
with a; > 3 and x; = xj_l. Then, forl € {1,2,3}, also l # i and | # j, an
irreducible subquotient of (3.1) has one of the following forms:
(i) L xg ' > o= sxg v M XT ) ) 1ex), if ar 2 a5 — 5.
(i1) L(é([l/‘“ﬂ'x;l,u_“ﬁlx;l]) X vy ) k), if ap < aj — 3.
(iii) L(é([y—“jxjfl,y—ajJrlx;l]) X x1 X 1px), if a; = 0.

PROOF. Let us first suppose that (3.1) contains an irreducible constituent
of the form L(d; X --- X d; x 7) such that d; is a representation of GL(2, F)
for some i. Then we can conclude that £ < 2 and 7 € {1,2}. If i = 1, then
w (V¥ x1 X v92x9 X v*x3 X 1px ) contains an irreducible constituent of the
form §; ® §, and the structural formula implies §; < Vi‘“xlil x ptas X;tl,
for 1 < 4,5 < 3,4 # j. This implies that a; = a; +1 and x; = x; or
a; =1 —a; with a; > % and y; = X]fl. If © = 2, using the structural formula
again, we deduce that 7 2 1px and there are 1 < 4,5 < 3, i # 7, such that
wr(v%x; X v*x;) > 02 @ 1px. Again, we obtain that a; = a;, +1 and x; = x;
oraj=1—a; witha; > 1 and y; = xj_l. If k = 2 and 7 = 2, note that we are
in the case (i). If k =2 and ¢ = 1, note that we are in the case (i7). Finally,
if k =1, we are in the case (i4i).

Let us now prove the converse. For | € {1,2,3}, also I # i and
I # 37, let first af # 0. If @y > a; — %, let 61 = l/_alel and §p &
5([V‘“J’Xj_l,u_“f+lxj_1]), where a; = a; + 1 and x; & xjora; = 1—a;
with a; > % and y; = xj_l, for mutually unequal ,75,1 € {1,2,3}. Also, let
T 2 1px and then we have

L(81 x 82 x 7) = v~ %x; ' x 5([V“”Xj_l, paitt

—aj+1

X; 1) 3 1

< l/_alel X v x;l X V“”x}l X 1px,
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which is in the Grothendieck group R(SO(7, F)) equal to (3.1).

Ifa; < a;—3,let 6 = (5([1/_“1)(;1, V_aj+1)(;1]) and 0 = v~ %y, !, where
aj = a;+1and x; = xj ora; =1—a; with a; > % and y; = Xj_l, for mutually
unequal ¢, 5,1 € {1,2,3}. Let 7 2 1px and we have

L(61 X 63 X 7) — (5([1/_“1')(;1,1/_“1“)(;1]) x vyt X Lpx

< VfajJrlx;l X Vfajx;l X Vfalel X 1px,

which is in the Grothendieck group R(SO(7, F)) equal to (3.1).
If now a; = 0, let §; = 5([1/*‘17')(;1,1/*‘17'*1)(;1]), where a; = a; + 1 and
Xi 2 x; or a;j = 1 — a; with a; > % and y; = Xj_l, for mutually unequal
i,7€{1,2,3}, and 7 = x; ¥ 1px, for I € {1,2,3}, also Il # ¢ and [ # j. Then
we have
L(d1 1) <= 8([™xg v NG X x4 L
SvTETY T x T X o ) e,
which is in the Grothendieck group R(SO(7, F)) equal to (3.1). O

The following lemma gives the description of the irreducible subquotient
of the induced representation of the group SO(7,F) which is of the form
L(51 X 52 X 53 ><17').

LEMMA 3.2. Let x1,X2,X3 € f; and 0 < a1 < as < as. The induced
representation

(3.2) vy X v%xe X 1% x3 X 1px
has the unique irreducible subgquotient of the form L(01 X da X 03 X T).

PROOF. By the uniqueness of cuspidal support {41, d2, d3} is contragredi-
ent permutation of {v*y1, %2y, v*ys} and 7 = 1px. Now the claim follows
from conditions on {41, d2,d3} as Langlands data from above. O

4. IRREDUCIBLE UNITARIZABLE SUBQUOTIENTS IN THE CASE OF THREE
QUADRATIC CHARACTERS

In this section we will give the description of all irreducible unitarizable
subquotients of the induced representation of the group SO(7, F’) in which all
three characters are quadratic.

4.1. The case when exactly one % appears in the exponent. All irreducible
subquotients of the induced representation whose cuspidal support contains

exactly one character of the form v*( such that ¢ € FXisa quadratic charac-
ter and a = % are given with the next lemma that is proved using Langlands
classification, the Jacquet module method, the classification of tempered rep-

resentations and also Lemma 3.1 and Lemma 3.2.
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LEMMA 4.1. Let (; € FX such that 2 = 1px and let a; > 0, for all
i € {1,2,3}, also let there exist exactly one i € {1,2,3} such that a; = %
Without loss of generality, we can take az = % and let 0 < ay < ag. Then:

(a) If (as,Cs) # (3,¢3), for s € {1,2}, and (a1,$1) # (az — 1,(2), then
all irreducible subquotients of the v®1(; X v*2(y X V%C;), X 1px are as
follows:

(i) L(r=%2( x v™%(; X 1/7%@ X 1px), zf% <ap, orif 0 <a; <
% < ag, then L(r™2(y x v™2(3 X v~y X 1px), or if ap > 0
and ay < %, then L(v™2Cs X 1792, X v~ () X 1px ).

(ZZ) L(Vﬁa2<2 X V7%<3 X <1 X 1F><)7 ’Lf ar = 0 and as > %,
a1 =0and 0 <as < %, then L(V*%Cg, X VU720 X (1 X 1px), or
L(V7%C3 X (1 X (o™ 1F><), ifal =a9 =0.

(iii) L(v=2Cs x 6([v™"2Ca, v 2% ()) % 1px), if az = 1 — ay with
as > % and (1 = (.

() L(v=%2¢ x v=" (1 % Ste,), if a1 > 0, or L(r~2(y x {1 X Ste,),
ifa; =0 and az > 0, or (1 X (2 X Stey, if a1 = az = 0.

(v) LO([v="2(, v™2T1(5]) % Ste,), if a2 = 1 — a1 with az > 5 and
G =G

(b) If (a57<5) 7£ (%7<3)7 fOT s € {1a2}7 and (@1,<1) = (aQ - 17<2)7 then
all irreducible subquotients of the v®' (1 X v*2(y X V%C;), X 1px are as
follows:

(i) L(rv=%( x v™%(; X 1/7%@ X 1px), zf% <ap, orif 0 <a; <
% < ag, then L(v™2( X v™2(3 X v~y X 1px), or if ap = 0,
then L(v=C x 1723 X (1 ¥ 1px).

(ii) LOO([v=%2Co, v 2T G]) X v 2¢s X Lpx ), ifag > 1, or ifag =1,
then L(v=2¢s x 8([v~ Ca, Ga]) ¥ 1px ).

(ZZZ) L(Vﬁa2<1 X V7a1<1 X St<3), Zf ay > 0, or L(V71<1 X <1 X St<3), ’Lf
a; = 0.
(iv) L(é([y—azc27y—a2+1<2]) X StCs)'

(C) If (as,<s) = (%a<3)7 fmn some s € {172}’ and (@1,<1) # (a2 - 1a<2>)
then all irreducible subquotients of the v®' (1 X V*2(y X I/%Cg X 1px are
as follows:

(i) L(v="2( x v™9¢; X 1723 X 1px), if £ <ai, orif 0 < ay <
%, then L(V_%Cg X U725 X vTU(] X 1px), or if a1 = 0, then
L(v=3(s x 7303 x (1 % 1px).

(i) L(v=%¢; x 8([v" 3¢, v 2¢3)) % 1px), if aj > 1 and a) = 2,
Jor {3,0y = {1,2}, or L(6([v™2Cs,v™2Ga]) x v™*1C1 % 1), if
0<ar <1, or L(8([v=2(s,v72¢3)) X G % 1px), if a1 = 0.

or if
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(iii) L(r=%Cy x v™9¢) X Ste,), if a1 > 0, or L(v~ 33 x {1 % Ste,),
lf ay = 0.

(v) L(v=%¢; x Ug;,)), ifa; >0 and a; = 3, for {i,j} = {1,2}, or
(1 ™ ngl,), if a; = 0, where ngl,) is a strongly positive represen-
tation which is the unique irreducible subrepresentation of the
5([V%C3, V%C;g]) X 1lpx.

(d) If (a1,¢1) = (3,¢3) and (a2,¢2) = (2,(s), then all irreducible subquo-
tients of the v**(1 X v*2(y X I/%Cg X 1px are as follows:
(i) L(v™3Cs x v 3¢ x v 53 % 1px).

(ii) L(v=3¢s x 0([v™ 3 Cs, v 2C3]) ¥ 1px).

(iii) L(6([v2Cs, v 3Cs]) X v 2Cs % 1p ).

(iv) L(3([v~3Cs, v 3¢s]) % 1px).

(v) L(r=3C3 x v~ 3(3 % Ste, ).

(0i) L6~ v 3G]) % Ste,).

(vii) L(v=3¢s ngl,)), where ogé) is a strongly positive representation
which is the unique irreducible subrepresentation of the repre-
sentation 8([v2 s, v3(s]) X 1px.

(viii) The strongly positive representation Ugi) which is the unique ir-
reducible subrepresentation of the 8([v2 (s, v3(s]) X 1px.

Proor. We have the induced representation
(41) Va1<1 X I/a2<2 X I/%Cg X 1F><,

where (; € F* is such that (22 1px, forallie {1,2,3},and 0 < a; < as.

If L(61 X 83 X «++ X 8 X 7) < v X v92(y X I/%Cg X 1px, we conclude
that k& < 3. All irreducible subquotients of the induced representation (4.1)
for k£ = 3 we get using the Lemma 3.2.

Further, if k = 2 and L(§1 X 02 x 7) < v (1 X v%2(5 x I/%Cg X 1px, where
d; is an irreducible representation of the group GL(n;, F), for i = 1,2, we
have either ny =1l and ngs =2orny =2and ny =1or ny =ng = 1.

If n;y =1 and no = 2, then there are a few possibilities we get because of
the premise of the lemma and the definition of non-tempered representations.
First, we can have &, = v~ 2(3 and &2 = 6([v=%2(y, v™%2T1(]), if ¢ 2 ¢ and
as =a1+1oray =1—a; with as > % However, using the Lemma 3.1 we
conclude that as < 1. Hence, since a; > 0, the case when as = a7 + 1 is
possible only when a1 = 0 and as = 1, and the case when as = 1 — a; when
% < ag < 1. Now we conclude that 7 2 1xx and it is easy to conclude that
the irreducible subquotient of the induced representation (4.1) of the wanted
form is equal to the L(v~2Cs X 0([v™ %2y, v 1)) % 1px ), if ¢4 22 (s, also
apr = 0and as = 1 or ap = 1 — a7 with % < as < 1. Second, we can have

01 =2 v~%(; and 6y = 5([v~2(s, v~ 2(s]), in the case when a; #0 and a; = 3,
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also ¢; = (3, for mutually unequal j,I € {1,2}. Using the Lemma 3.1 we
conclude that a; > 1. Hence, it follows that 7 = 1px and the irreducible
subquotient of the induced representation (4.1) of the wanted form is equal to
the L(v=%¢; x 6([v~3Cs, v~ 2Cs]) X 1px), if a; > 1 and a; = 3, also ¢ = (3,
for mutually unequal j,1 € {1, 2}.

If ny = 2 and ne = 1, then again we have a few possibilities because of
the premise of the lemma and the definition of non-tempered representations.
First, we can have 6; = §([v~% (2, v~ %2T1(y]) and dy = V_%Cg, if (3 = ¢ and
as =a1+1oras =1—a; with ag > % Using the Lemma 3.1 we conclude that
as > 1. Thus, since a; > 0, the case when as = a1 + 1 is possible only when
a1 > 0, but the case when as = 1 — a7 is not possible. Now we conclude that
T2 1px. Therefore, we get that the L(5([v~ %y, v ¢]) X v 2 X 1px),
if ag = a1 + 1 with as > 1 and (3 = (s, is the irreducible subquotient of
the induced representation (4.1) of the wanted form. Second, we can have
0 = 5([V_%<3,V_%C3]) and o X v~%(;, if a) = % and a; # 0, also §; = (3.
Furthermore, from the Lemma 3.1 and the premise of the lemma it follows
that a; < 1,s0 j =1 and [ = 2. Now we can conclude that 7 = 1px. Then
the irreducible subquotient of the induced representation (4.1) of the wanted
form is equal to the L(8([v=2Cs, v~ 2(3])) X v~ %¢; ¥ 1px), if 0 < a; < 1 and
as = %, also <2 = Cg.

If ny = ne = 1, that is §; and d5 are irreducible representations of the
group GL(1,F), then they are of the form v~%(, and 7 is an irreducible
tempered representation of the group SO(3, F). Using the classification of
tempered representations we conclude that 7 is either the unique irreducible
subrepresentation of the V%<3 X 1px or 7 2 (3 X 1px, for a; = 0, because
a1 < az. Now in the first case we get that the L(r~%(y x v~ (3 x St¢,), for
ay,as # 0, is the irreducible subquotient of the induced representation (4.1)
of the wanted form. Further, in the second case we get that the irreducible
subquotient of the induced representation (4.1) of the wanted form, if a; = 0,
is equal either to the L(r~%2(s x V_%Cg X (1 X 1px), for ag > %, or to the
L(r=3¢ x v7%2¢ x (1 % 1px), for 0 < az < 3.

If k=1and L(61 x7) < v™( X 192 X I/%C3 X 1px, where 61 is an
irreducible representation of the general linear group GL(ny, F'), we have 1 <
ny S 3.

If ny = 3, then, because of the premise of the lemma and the definition
of non-tempered representations, §; = (5([1/_%@, I/_%Cg]), for a; = %, as = %
and (; =2 (o = (3. Then 7 = 1px and we conclude that the irreducible
subquotient of the induced representation (4.1) of the wanted form is equal
to the L(é([l/_%g),,l/_%gg]) X 1px), if a; = %, as = g and (1 = (5 = (3.

If ny = 2, then ¢; is an irreducible representation of the group GL(2, F),
and is then of the form §([v=(,v~%*1(]), while 7 is an irreducible tempered
representation of the group SO(3,F). Using the classification of tempered



UNITARY DUAL OF p-ADIC GROUP SO(7) 117

representations we conclude that 7 is either the unique irreducible subrep-
resentation of V%C;), XN 1px or 7 2 (4 ¥ 1px, for a; = 0, because a1 < as.
Now, using the Lemma 3.1, we conclude that the irreducible subquotient of
the induced representation (4.1) of the wanted form is either equal to the
L(§([v=%2 ¢, v~ 9211 (5]) x Stey), if ¢ = ¢ and ag = a1 +1 or aa = 1 —aq with
az > %, or it is equal to the L(6([v3Cs, v 2Cs]) x ¢ % 1px), if a; = 0 and
as = %, also (2 = (3.

Further, if ny = 1, then d; is an irreducible representation of the group
GL(1, F), and is then of the form »~%(, while 7 is then an irreducible tempered
representation of SO(5, F') so we conclude, using the classification of tempered
representations, that 7 is one of the following representations:

(1) The unique irreducible subrepresentation of the &([v2 (s, v2(s]) X 15,
if a; = % and (; = (3, for some i € {1,2}.

(2) TE( X X1lpx,ifa; =a2 =0.

(3) 7= (1 % Stey, if a1 = 0, because a1 < as.

In case (1) we get that the irreducible subquotient of the induced repre-

sentation (4.1) of the wanted form is equal to the L(r~%¢; x oéé)), ifa; =2

2
and a; # 0, also ¢; = (3, for mutually unequal i,j € {1,2}, where os(}l,) is
a strongly positive representation which is the unique irreducible subrepre-
sentation of the §([v2(s,v2(3]) X 1px. Further, in case (2) we get that the
irreducible subquotient of the induced representation (4.1) of the wanted form
is equal to the L(v=2(3 x (1 X (o ¥ 1px), if a1 = ay = 0. Finally, in case (3)
we get that the L(vr~%2(s x (1 % St¢, ), if a1 = 0 and ag # 0, is the irreducible
subquotient of the induced representation (4.1) of the wanted form.

It remains to find all irreducible subquotients when 7 is an irreducible
tempered representation of the group SO(7,F). Using the classification of
tempered representations we conclude that we have the following irreducible
subquotients of the induced representation (4.1):

(1) The strongly positive representation aéﬁ) which is the unique irre-

ducible subrepresentation of the d([v2(s,v2(s]) X 1px, if a1 = 3 and
as = g, also Cl = <2 = Cg.

(2) G1x aéIl,), ifa; =0 and ay = %, also (o = (3, because a1 < ag, where
oéé) is a strongly positive representation which is the unique irreducible
subrepresentation of the §([v2 (s, v2(s]) ¥ 1px.

(3) Cl X CQ X St(37 if a; = ag = 0.

With that the proof of the lemma is finished. O

Now, all irreducible unitarizable subquotients of the induced represen-
tation of the group SO(7, F) in which three mutually isomorphic quadratic
characters appear and exactly one exponent equals % are given with the fol-
lowing theorem.
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THEOREM 4.2. Let (; € FX such that C? 2 1px, for alli € {1,2,3}, and
1

let (1 = (2 = (3. Further, let a1 and az unequal to 5 such that 0 < a1 < az
and let ag = % Then all irreducible unitarizable subquotients of the induced
representation v (1 X v*2(y X v*3(3 X 1px are as follows:
(i) Lv™2C x v™3¢ x v ¢ X 1px), if 0 < a1 < &
L(V_%Cl X 7201 X () X 1px), ifar =0 and ag = %

(ii) L(r=2C x v 2( X 1™ X 1px), if 0 < ap < f1andas =a;+1 or
0<aq <% and as =1 —ay.

(i) L(V_%Cl X 1/_%@1 X V_%Cl X 1px), if ap = % and ay = %

(iv) L(V_%Cl X V7920 X v 0 X lpx), if 0 < ar < az < %, orifa; =0
and 0 < as < %, then L(I/_%Cl Xv72( X (X 1px), orifa; = ax =0,
then L(v=2¢; x ¢4 X (1 X 1px).

(v) L(r=2(y xv="1 (3 xSte, ), if 0 < a1 < az < 3, or L(v=2¢; x {1 % Ste, ),
ifar =0 and 0 < az < %, or (1 X (1 X Ste,, if a1 = az = 0.

(vi) L(v="¢ % ngl,)), if0<a; <% anday =3,
and ag = %, where ogé) is a strongly positive representation which is
the unique irreducible subrepresentation of the 6([v= ¢y, v2¢1]) X 1px.

(vii) L(6([v=2¢1, v 2% 1)) x Ste, ), if a1 < 5 and ag = a1+ 1 oray < %
and ay =1—aj. )

(viii) The strongly positive representation as?g

and ay = %, or

or (1 X 0%), ifar =0

which is the unique irreducible

subrepresentation of the §([V2(y,v3 (1)) ¥ 1px, if ay = 3 and ay = 3.
ProoF. All irreducible unitarizable subquotients of the induced repre-

sentation
(42) I/a1<1 X I/a2<1 X V%Cl X 1F><

are found using the Lemma 4.1, [22, Theorem 8.13.], and the appropriate
results from [10] and [12]. One can also follow the proof of [22, Theorem
8.13.] for getting all unitarizable subquotients in this case. From [22, Theorem

8.13.] we see at once that the strongly positive representation as(g) which
is the unique irreducible subrepresentation of the §([v=¢y,v2¢1]) X 1px, if

a; = % and as = %, is the irreducible unitarizable subquotient of the induced

representation (4.2). Further, using [10, Theorem 3.5.], we conclude that
aéf? ~ Lv 3G X v2( X vT2C X 1px), if ap = 3 and ap = 2, is the
irreducible unitarizable subquotient of the induced representation (4.2).
Also, using [22, Theorem 8.13.] we can conclude that the subquotient
1

5, and

Ly~ % Ugé)), if because of the premise of the theorem 0 < a; <

if ag = %, as well as the subquotient (3 % aé},), if a7 = 0 and ag = %, are

the irreducible unitarizable subquotients of the induced representation (4.2).

Thereby the representation as(g,) is a strongly positive representation which is
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the unique irreducible subrepresentation of the § ([V% (1, Vs ¢1]) 1 px. Further,
because of

L™ ¢ xoll))y = v "¢ xol)
S X §([r2 L v2C]) ¥ 1px
— I/ialcl X Vgcl X Vécl X 1F><
= I/%Cl X V%CI X V_a1<1 X 1FX

= V%CI X I/%Cl X Va1<1 X 1F><7

using the Frobenius reciprocity we conclude that the Jacquet module of the
L(v="1¢( % as(ll,)) with respect to the corresponding parabolic subgroup con-
tains 12 ¢ @v2 ¢ Qv (G @1 px. Now, using [10, Lemma 2.2.] we can conclude

"

that the Jacquet module of the L(r—21¢; % as(ll,)) with respect to the corre-
sponding parabolic subgroup contains v~ 2 G®v™ 3 GV (1®1px. Further,
from [14, 3.1. Lemma] follows that

Lo o)) v 30 x v 20 x v ¢ % 1px.

Now we conclude that L(y—%1(; x as(ll))) > L 30 x v 20 X v X ),
if0<a; < % and ag = %, is the wanted irreducible unitarizable subquotient
of the induced representation (4.2). Also, because of

Cl X Us(ll)) — Cl X 5([V%<1,V%C1]) X 1px
;)Cl X V%<1 X I/%Cl X 1F><

%V%Cl X Vécl ><<1 X 1F><,

follows that

G 3 1
Cl X O'S(é) — V7§<1 X I/igcl X Cl X 1F><.

Thus, ¢ % 0% & L(r=3¢ x v 3¢ x ¢ % 1px), if ar = 0 and ag = 2, is the
sought after irreducible unitarizable subquotient of the induced representation
(4.2).

Now if we use [22, Theorem 8.13.] we can easily conclude that the sub-
quotient L(6([v=2¢y, v~ 1(]) x Ste, ), if a1 < 3 andaz =ay +1ora; < §
and as = 1 — aq, is the irreducible unitarizable subquotient of the induced
representation (4.2). Further, according to [16, Theorem 2.3.], the induced
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representation & ([~ ¢y, v~ 22+ 1(;]) x St¢, is irreducible, so we have
L((r2¢1, v~ 1G1]) % Stey) = 6(v GG ) = Ste,
= §([v*2 71, v Q) % St
— 920 x v927 x V%Q X 1px
& %200 X pE( X 2T X Lk
and it follows that
L(6([v=2Cy, v-2F1G1]) % Ste,) < v72¢, X ™3¢y X v 1 1.

So, L(8([v=a2C1, v—2+1¢1]) % Ste,) = L(r—92¢ X =3¢y x v=0(y % 1w ), if

0 < a; <%anda2:a1+1or0<a1 <%anda2:1—a1,isthewanted

irreducible unitarizable subquotient of the induced representation (4.2).
Given the assumption of the theorem, all of the remaining irreducible

unitarizable subquotients of the induced representation (4.2) we get using the
second part of [22, Theorem 8.13.]. This finishes the proof. O

The next theorem gives the description of all irreducible unitarizable sub-
quotients of the induced representation of the group SO(7, F') in which exactly
two quadratic characters that are mutually isomorphic appear and exactly one
% appears in the exponent.

THEOREM 4.3. Let (; € FX such that 2 2 1px, for alli€ {1,2,3}, and
let ¢ = e 2 G for {4, k, 1} = {1,2,3}. Further, let a1 and as unequal to
% such that 0 < a1 < as and let ag = % Then all irreducible unitarizable
subquotients of the induced representation v (1 X v*2(a X V*3(3 X 1px are as

follows:

i) L(v=3 gxu_% o X VUM X lpx), if0 < a1 < % and as = 2, also
F 2 2
(o2 Cs, or L(v™ 3 X v 2C X & X 1px), if a1 = 0 and ay = 3, also
G2 = G-
(1) L(v™2(s Xx v 20O x v % X 1px), if 0 < a1 < as < %, orifa; =0

and 0 < a21< %, then L(V7%<3 XVT920 X X1px), orifa; =az =0,
then L(V75<3 X Cl X CQ bl 1F><)
(i11) L(v="(aXxv™ (1 XSt¢,), if0 < a1 <ag < %, or L(v=2(y x (1 % Stey),
ifar =0 and 0 < ag < %, or (1 X (2 ¥ Ste,, if ap = ax = 0.
(iv) L(v="¢ % ogzlg)), if0<a; <3 anday =3, also (o = (3, or (1 % a;},),
if ag = 0 and ag = %, also (a2 = (3, where Jgi,) is a strongly positive
representation which is the unique irreducible subrepresentation of the

§([v2Ca, 3 Ca]) X 1px.

PROOF. The question of unitarity, according to [22, Corollary 9.4.], is now
actually the question of the same problem in groups SO(5, F) and SO(3, F)
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whose unitary duals are known. For finding all irreducible unitarizable sub-
quotients one should use [22, Proposition 7.2.], [22, Section 7.1.], as well as
the appropriate results from [10] and Lemma 4.1. O

At the end, the theorem that provides the description of all irreducible
unitarizable subquotients of the induced representation of the group SO(7, F')
in which all three quadratic characters are mutually nonisomorphic and ex-
actly one % appears in the exponent is given.

THEOREM 4.4. Let (; € FX such that (2 2 1px, for alli€ {1,2,3}, and
let ¢ 2 ¢ fori # j and i,j € {1,2,3}. Further, let a1 and az unequal to
% such that 0 < a1 < as and let ag = % Then all irreducible unitarizable
subquotients of the induced representation v®*(y X v*2(s X 1*3(3 X 1px are as
follows:

(i) L(V_%C3 X U720 X v X lpx), if 0 < a1 <az < 3, orifag =0
and 0 < ag < %, then L(I/_%Cg XvT20 X (X 1px), orifa; = ax =0,
then L(v=2Cs x (1 X (2 X 1px).

(1) L(v="2(a X v~ "¢ X Ste, ), if 0 < a1 < ag < %, or L(v=%2(y x (1 X Ste,),

ifar =0 and0<a2<%, or (1 X G2 ¥ Ste,, if ar = az = 0.

PROOF. Due to [22, Corollary 9.4.], the question of unitarity is equal to
the analogous problem in the group SO(3, F'). Thus, using [22, Section 7.1.]
we conclude that all irreducible subquotients of the given induced represen-
tation in which the exponents a; and as are greater than or equal to 0, but
less than %, because of the premise of the theorem, are unitarizable. O

4.2. The case when exactly two % appear in the exponents. First, the fol-
lowing lemma gives all irreducible subquotients of the induced representation
whose cuspidal support contains exactly two characters of the form I/%C and
v2¢’ such that ¢, ¢ € FX are quadratic characters.

LEMMA 4.5. Let (; € FX such that 2 = 1px and let a; > 0, for all
1 € {1,2,3}, also let there exist exactly two i,j € {1,2,3}, i # j, such that
i

a; = aj = 5. Without loss of generality, we can take az = az = % Then:

(a) If v*1(y x v (s is irreducible, for all s € {2,3}, all irreducible subquo-
tients of the v*1(y X I/%CQ X I/%Cg X 1px are as follows:
(i) Lv=" ¢ x v™3¢ X v™2(3 X 1px), if a1 > %, orif 0 < a; <
T th?n L(V’%ICQ X UT2Cs X v X 1px), or if ay = 0, then
Lv™2¢ xv™2¢3 x (1 % 1px).
(i) L(v="" (1 x v 3¢ xSte,), if a1 > 5, or L 2 xv " X Ste; ),
if 0 <ay <3, for {j,1} ={2,3}.



122 D. BRAJKOVIC ZORIC

(iii) Ly~ (y xogé)), ifa; >0 and (o Z (3, or (1 xog,lg), ifa; =0 and
(2 2 (3, where ngl,) is a strongly positive representation which is
the unique irreducible subrepresentation of the V%CQ xuégg X1lpx.

(iv) L(v=2(; x ¢ % Ste,), if ay = 0, for {i,5} = {2,3}.

(v) L(v=" ¢ x 71) and L(v=" ¢ % 72), if a1 > 0 and (2 = (3, or
G x1 oand (1 X 19, if ap = 0 and (o = (3, where 71 and T2 are
mutually nonisomorphic irreducible tempered subrepresentations
of the 8([v=2Ca, v2 (o)) X 1px.

(b) If v*1 ¢y x v (s reduces, for some s € {2,3}, then ay = 3 and ( = (,,
and all irreducible subquotients of the v* (7 X V%CQ X V%C;g X 1px are
as follows:

(i) L(v™ 3¢ x v 3G x v~ 53 % 1px).

(i) LOO(v= 3¢, v 2G)) x v™2¢ % Lpx), if there exist j,1 such that
Cj = Cl and {],l} = {2,3}

(iii) L(v=2C x v=2¢ % Ste,), for {4,1} = {2,3}.

(iv) LO(v=3¢1,v3G]) % 1px), if G2 = G, or L3¢ % 0%)), if
Co 2 (3, where ngl,) is a strongly positive representation which is
the unique irreducible subrepresentation of the V%CQ XV%Cg X1 px.

(v) L6([v=2¢1, v 2¢]) Ste; ), if there exist i, j such that ¢; = ¢y
and {i,j} = {2,3}.

(vi) L(v=2(; ogi)), if there exist i,j such that {; = (1 and that
{i,7} = {2,3}, where Jgf,) is a strongly positive representation
which is the unique irreducible subrepresentation of the repre-
sentation 6([2Cr,v2¢]) X 1px.

(vii) L(V_%Cl X T1) and L(V_%Cl X Ta), if (2 = (3, where 71 and 1o are
mutually nonisomorphic irreducible tempered subrepresentations
of the 6([v"2Ca, 12 (o)) X 1px.

(viii) The strongly positive representation which is the unique irre-
ducible subrepresentation of the V%Q X Ugf,), if ap = % and
G = EG, for{i,5} ={2,3}, where Ugi) is a strongly positive
representation which is the unique irreducible subrepresentation
of the §([vz ¢, v2¢1]) X 1px.

(iz) Mutually nonisomorphic irreducible tempered subrepresentations,
o1 and o9, of the §([v"2¢1,v2 (1)) X 1px, which are discrete se-
ries, if (2 = (3.

PROOF. We have the induced representation
(4.3) VU X vECo X vEC X Ly,

where (; € F* is such that (? =2 1px, for all i € {1,2,3}, also a; > 0 and
alyé%. IfL(51X52X"'X5k>4T)Sl/alclXV%CQXV%<3>41F><,therS3.
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All irreducible subquotients of the induced representation (4.3) when k = 3,
we get using the Lemma 3.2 and the rest of them one gets using the approach
used in the proof of the Lemma 4.1; one uses the Langlands classification, the
Jacquet module method, the classification of tempered representations and
also Lemma 3.1. O

In what follows, we provide all irreducible unitarizable subquotients of
the induced representation of the group SO(7, F) in which three mutually
isomorphic quadratic characters appear and exactly two exponents are equal
to l.

THEOREM 4.6. Let (; € FX such that = 1F>< for all i € {1,2,3}, and
let (1 =2 (o =2 (3. Further, let a1 > 0 and aq ;é 5, also let az = a3 = 5.
Then all irreducible unitarizable subquotients of the induced representation
VM X v*2 0 X v*3(3 X 1px are as follows:
(i) Lv= 3¢ x v™ 2 x v™2( % 1px), if ay = S, orif 0 <ay <3, then
Lv= 2 X v 20 X v™ ¢ X 1px), or L(r™2¢ x v™2¢; X (1 X 1px),
lf ay = 0.

(i) L(v=3¢ % f%cl X Ste,), if a1 = 2, or L(v™3¢ x v G % Ste,), if
0<a; <2 5 07" L(I/*%Cl X (1 X Stey), if ap = 0.

(iii) L(r=2¢; asp ), if a1 = 2, where Jgf,) is a strongly positive rep-
resentation which is the unique irreducible subrepresentation of the
8([v2G,viG]) X 1px.

() Lv=™"¢G x 1), if 0 < a1 < 5, or Lw™ ¢ 1 72), if 0 < ag < 3
and ay # %, where 71 and 1o are mutually nonisomorphic irreducible
tempered subrepresentations of the 5([V’%Cl, V%Q]) X 1px , where To is

not a subrepresentation of the V%Cl X Ste, .
3 1 .
(v) LO([v™2C,v2G]) X 1px), ifar = §
X _3 _1 .
(0i) LO(v 4G ar]) % Ste,), if ar = 2
(vit) Two mutually nonisomorphic irreducible subrepresentations, o1 and
o3, of the 5([1/7%@,1/%(1]) X 1px, which are discrete series, if a; = %
(viti) 1 X 11 and (1 X T2, if ax = 0, where 71 and T2 are mutually non-
isomorphic irreducible tempered subrepresentations of the representa-
tion 6([v=2 (1,02 (1)) X 1px, where o is not a subrepresentation of the
V%CI X Ste, .

Proor. All irreducible subquotients of the induced representation
(4.4) VO X w30 X VEC K Lpx

are determined in the Lemma 4.5. One now needs to extract the unitarizable
ones. We primarily use [22, Theorem 8.13.]. Let us mention that one can also
follow the proof of [22, Theorem 8.13.] for getting all unitarizable subquotients
in this case.
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We conclude that L(V_%Cl X as(f))), ifa; = %, where os(g) is a strongly pos-
itive representation which is the unique irreducible subrepresentation of the
§([v2¢1,v2¢1]) X 1px, is the irreducible unitarizable subquotient of the in-
duced representation (4.4). Also, [22, Theorem 8.13.] gives us the irreducible
unitarizable subquotient of the induced representation (4.4) which is equal to
the subquotient L(([v~2¢1, v~ 2¢1]) X Ste,), if a; = 3.

Further, we conclude that irreducible unitarizable subquotients of the in-
duced representation (4.4) are as follows: L(v=1(; x 72), if 0 < a; < 3 and
ay # %, also (1 X 719, if a3 = 0. Thereby 75 is the unique irreducible tempered
subrepresentation of the 5([u’%cl, uécl]) X 1px, that is not a subrepresenta-
tion of the 12 () x St .

Now, we conclude that the two mutually nonisomorphic irreducible sub-
representations, oy and o, of the 8([v~2(1,v2¢1]) % 1px, which are discrete
series, if a1 = %, are the irreducible unitarizable subquotients of the induced
representation (4.4). Also, the L(§([v~2¢1,v2¢]) X 1px), if ay = 3, is the
irreducible unitarizable subquotient of the induced representation (4.4).

Finally, we can conclude that we have the following irreducible unitariz-

able subquotients of the induced representation (4.4):

(1) L(v~ 2 x v 20 X v X 1px), if 0 < a; < 1.

(2) L(r=2( x v~ "¢ % Stey), if 0 < ay < 3.

(3) L(v~2¢ xv™2( X ¢ % 1px), if ay = 0.

(4) L(r=2¢1 x ¢4 % Ste,), if ay = 0.

(5) L(v™® (1 x 1) and L(r™%( X 12), if 0 < a1 < %, where 7 and 7
are mutually nonisomorphic irreducible tempered subrepresentations
of the 6([v~2¢1,v2(]) X 1px.

(6) ¢1 @7 and (1 X 7o, if a3 = 0, where 7y and 7 are mutually noniso-

morphic irreducible tempered subrepresentations of the representation

5([r™2G1,v3Gi]) 4 L.
We still need to determine the following Aubert duals:

(i) Aubert duals of all irreducible subquotients of the induced represen-
tation v2(; oég), which are, according to [16, Theorem 5.1.], the
L(v=2( agf,)), where aég) is a strongly positive representation which
is the unique irreducible subrepresentation of the 5([1/% (1, Vs G X 1px,
and discrete series o1, which is the unique common irreducible subrep-
resentation of the induced representation V%<1 X Ub(;) and the induced
representation 8([v=2 ¢, v2¢1]) X 1px.

(ii) Aubert duals of all irreducible subquotients of the induced represen-
tation &([v2¢y,v2¢1]) % Ste,, which are L(6([v=2¢, v~ 2¢]) x Ste,),
L6([v2¢,v2¢)) X 1px), L(r—2¢; x 05(12))), where 05(12)) is a strongly
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positive representation which is the unique irreducible subrepresenta-
tion of the 8([v2¢y,v3¢1]) % 1px, and discrete series o1, which is the
unique common irreducible subrepresentation of the induced represen-
tations v2(; X oég) and 0([v=2¢1,v2 (1)) X 1px.

(iii) Aubert duals of all irreducible subquotients of the induced representa-
tion v*1 (1 X T, where 7o is an irreducible tempered subrepresentation
of the 8([v=2¢1,v2(1]) x Lpx, that is not a subrepresentation of the
u%gl X St¢,. They are L(v= %' (1 x 72), if 0 < a1 < % and a; # %, as
well as (1 X 12, if a; = 0; in the case when a; = %, the discrete se-
ries oo — V%Q X T9, while the Aubert duals of the remaining possible
subquotients are determined in the other cases.

(iv) Aubert duals of all irreducible subquotients of §([v=2¢1,v2¢1]) % 1px,
which are the discrete series o1, 09 < 8([v™2(1, v2¢1]) X 1px, as well
as the L(6([v™2¢1,v2(]) x 1px).

Using [16, Theorem 2.1.] we conclude that
S(v™2¢,v3G) % Lpx = o1 + 02+ LO([v 3¢, v3G]) % 1px),

in the appropriate Grothendieck group.
Firstly, we determine the Aubert duals o7 and 5. From the classification
of tempered representations of the group SO(7, F) we know that

g; — V%<1 X Ti,
for ¢+ = 1,2, where it is, in the appropriate Grothendieck group,
_1 1
T D T2 = 5([V 2<1,V2C1]) X 1px.

By [16, Theorem 5.1.] there is a unique i € {1, 2} such that 7; < v2¢; x Ste,
and we see that i = 1 because of (iii). Then z* (1) contains 12 ¢y X 12, @1 px
and since such an irreducible constituent appears with multiplicity one in
P (T @ T2) we get p*(ma) # vi¢y x v2( ® 1p«. Now, we have

(o) FvEC x (W3¢, v3G]) ® Lpx.

Using [12, Theorem 5.2.], we conclude that the o5 = L(rv~3¢; x v~ 2(;
Ste, ), if a1 = %, is the sought after irreducible unitarizable subquotient of the
induced representation (4.4). From (ii) we know that

o1 — V%<1 A 05(12))
S vl x 6V, veGl)) X s,
and because of that and irreducibility we get that

H*(Ul) Z V%CI X 5([V%<1,V%<1]) ® 1F>< .
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~

Using [12, Theorem 5.2.], we can now conclude that the Aubert dual o7 =
Lv= 3G xv 2( xv 2 X 1px), if ap = 3, is the wanted irreducible unita-
rizable subquotient of the induced representation (4.4).

We still need to determine the Aubert dual L(5([v=2¢1,v2¢1]) % 1px).
Since

L[ 3¢, v3C)) } 1px) = 03¢ X v 3¢ X v 2 (1 % 1px,

it follows that

L —

L6(r=3¢,v3¢]) 3 1px) < v 3¢ X 030 X v3(; % 1px.

Now, by calculating u*(é([ufécl,l/%gl]) X 1px) we get that v3¢i ® 7 and
I/%Cl ® 1o are the only irreducible constituents of the form u%g‘l ® 7 which
p*(8([v=2¢1,v3¢1]) % 1px) contains, that appear with the multiplicity one.
Since

w(oi) > V%C1 ® Ti,
it follows that

WL 3G, vEG]) 2 1px)) 2viG @

Using [10, Lemma 2.2.], we can conclude that

—

WL 3G, v3G) x 1px)) 2 v 3G @

Besides, considering that

wrO(vEGLvEG)) 2 k) EvT G @,

we conclude that

—

PHLO(r 3G, vEG)) 0 1)) i e,

Further, the Aubert dual of the representation L(8([v~% (1, v2(1]) % 1px ) can
be presented as the unique irreducible subrepresentation of the representation
01 X 02 X -+ X 0 X T, where §; = §([v~%(y,v¥i(]), for ¢ = 1,2,...,k (it is
possible that k& = 0), such that e(d;) < e(d;41) < 0, for i = 1,2,...,k — 1,
and 7 is the appropriate tempered representation. Now we can conclude that
yi = —%, for some i € {1,2,...,k}, and that y; # —%, foralli e {1,2,...,k}.
From that follows that 1 < k£ < 2.

If k£ = 2, using the definition of non-tempered representations and Lemma
3.1, we can conclude that 6; = 5([u’%<1, V*%Q]) and g = V*%Q, as well as
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that 7 & 1px. Accordingly, we have
LS([v=3C,v3C)) @ 1px) = 8([v ™2 Cv 2 ¢]) X v 3¢ % 1px
> 5 x ([ 3¢, v (]) 4 L

1 1 3
v 2 XV 201 XV 20 X 1px

1%

V_%Cl X V_%Cl X I/%Cl X 1px

1%

Vgcl X V_%Cl X V_%Cl X 1F><,

and we have got a contradiction.

If £ = 1, then, using the definition of non-tempered representations, we
conclude that & € {v=2¢1,8([v~ 3¢, v~ 2¢1])}. In case that & = v~ 2(;, we
conclude that then 7 = 05(12)) is a strongly positive representation which is the
unique irreducible subrepresentation of the 5([V% (1, vs (1]) x1px, and we have

L(r-3 ¢ 3 a)) % 1) w31 3 0@

sp
— V7%C1 X 5([V%<1,V%C1]) X 1F><

— V_%Cl X I/%Cl X V%CI X 1px
= Vgcl X V_%Cl X I/%Cl X 1F><,

therefore we have got a contradiction again. Thus, we can conclude that
6, = 8([v~2¢1,v2¢1]) and then that 7 2 St¢,. Hence, we have

LG(r=4¢, v3a)) % Lpe) = 8([v= ¢, v 3 Ga]) e Ste,

Now we can conclude that the Aubert dual

(45) L2 va) » 1pe) & LG E ¢ v i) = Ste, ),

if a; = %, is the wanted irreducible unitarizable subquotient of the induced

representation (4.4).
Also, using the Theorem 2.1, we conclude that the Aubert dual

L(([v=3 G, 3G]) % Ste,) 2 LO(v™ 3¢, v3¢]) % 1px),
if a1 = %, is the sought after irreducible unitarizable subquotient of the in-
duced representation (4.4).

Further, from the description of discrete series we can conclude that the
induced representation V%Q X T9, where 74 is the unique irreducible subrepre-
sentation of the 6([v~2¢y,v2(1]) X 15, that is not a subrepresentation of the
V%Q X St¢, , contains L(u_%cl X 72) and the discrete series o9 — V%Q X To.
The only remaining representation that the given induced representation can
contain is L(([v™ 3¢y, v2¢]) X 1px), whowbert dual we know. So, it re-

mains to determine the Aubert dual L(v~2¢; x 75). From the Theorem 2.1,
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we have

By calculating the appropriate Jacquet modules we get that p* (V%Q X T2)
contains I/%<1 ® 7o and that it is the only irreducible constituent of the form
V%Q ® m, that is of multiplicity one. Further, since o9 < V%Q X Ty, it follows
that p*(02) > v2( ® 7o Thus, p*(L(v~2¢, x 72)) does not contain an irre-
ducible constituent of the form V%Q ® 7, which, analogous as/lﬁore, implies

that % (L(v~=2¢, % 7)) does not contain v~ 2¢;@7’. So, L(r~2(1 % 73) can be
presented as the unique irreducible subrepresentation of the §1 X do X - - - X §j X T,
where §; = 6([v="1 (1, V¥ (1]), for i = 1,2,...,k, such that e(d;) < e(di+1) <0,
fori=1,2,...,k—1, and 7 is the appropriate tempered representation. Fur-
ther, we can conclude that y; # —%, foralli € {1,2,...,k}, and that y; = —%,
for some ¢ € {1,2,...,k}. From that follows that 1 < k < 2.

If £ = 2, then, using the definition of non-tempered representations and
Lemma 3.1, we can conclude that §; = 5([V_%<1,I/_%C1]) and Jy = 1/_%(1,
also that 7 = 1px. Thus, we have

o —

L35G % 1) <= (v 2¢L, v 2G]) x v 3¢ X Lpx
=y 30 X 8([v 3G, v 2]) 3 L
— V_%Cl X I/_%Cl X I/_%Cl A 1FX7
and it follows that
L(I/_%Cl X Tg) — V%CI X V%CI X V%<1 X 1px.
Now, since the representation V%<1 X V%<1 is irreducible, it follows that
/J,*(L(I/_%Cl X Tg)) > Vécl X V%CI ®I/%C1 X 1px.
However,
;L*(L(Vigcl X T)) # V%Q X V%Q ® V%Q X 1px
since
% 1 1
p(r2) Z2vEG xv2¢ @ lpx,
which we know from the classification of tempered representations of the group
SO(5, F).
Hence, ¥ = 1. Using the definition of non-tempered representations,
analogous as before, we conclude that

(5177') S {(5([V7%<17 Vﬁ%cl])v StCl)v (Viéclv 0:512)))}7
(2)

where ogp,’ is a strongly positive representation which is the unique irreducible
subrepresentation of the §([v2¢y,v2¢1]) % 1px.
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Then in the first case we have

Lwv=3¢ % 7)) < 8([v 3¢, v 3¢]) % Ste,
and we can conclude that L(v~ 3¢ 3 75) = L(6([v™2¢1, v 2¢1]) % Ste, ). How-
ever, because of (4.5) and the Theorem 2.1, we conclude that it is not the
wanted irreducible unitarizable subquotient of the induced representation
(4.4). In the second case we have

—

L(V7%<1 X Tg) — V_%Cl X 05(;2))7

and we can conclude that the sought after irreducible unitarizable subquotient

of the induced representation (4.4) is L(v=3(; x 72) = L(v=2(; os(g)), if

a; = %, where aéﬁ) is a strongly positive representation which is the unique

irreducible subrepresentation of the 5([V%<1, V%Q]) X 1px. Also, using the
Theorem 2.1, we conclude that the irreducible unitarizable subquotient of the

induced representation (4.4) is the L(v~2(; % agf,)) >~ (v 2( %1), ifa; = 3,

where the representation 75 is the unique irreducible subrepresentation of the
5([v~2¢1,v2¢1]) X 1px, that is not a subrepresentation of the v2¢; x Ste, .

At the end, it remains to determine L(v=®1(; X 1) = v=%(; X 1o, if
0 < a < % and a; # %, and (4 X 7o, if a; = 0, where 75 is the unique

irreducible subrepresentation of the §([v~2 (1, v2(1]) ¥ 1, that is not a sub-
representation of the V%Q X Ste, .
Because of the Theorem 2.1 and irreducibility we have
VUG X Ty 2 VMG % L(vT G % Ste,)
I/ialcl X L(V7%<1 X Stgl)

— I/ialgl X V7%<1 X StC1

1%

= V_%Cl X V_a1<1 X Stcl.
Now we can conclude that the wanted irreducible unitarizable subquotient of
the induced representation (4.4) is ¥=91¢; x 75 2 L(v~2¢; X v™9(; % Ste, ),
if0 < a < %, while 75 is the unique irreducible subrepresentation of the
representation 8([v~2 ¢y, v2¢;]) X 1, that is not a subrepresentation of the
I/%Cl X Ste, .

Finally, because of the Theorem 2.1 we have
G2 Gox L(v 3¢ Stg,)
— (1 X V7%C1 X Stgl

> T8¢ x (1 % Sty
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so we conclude that the sought after irreducible unitarizable subquotient of
the induced representation (4.4) is ¢; X 72 = L(v~2(; x {1 % Stg, ), if a; = 0,
and with that we are finished with the proof of the theorem. O

All irreducible unitarizable subquotients of the induced representation
of the group SO(7,F) in which exactly two quadratic characters that are
mutually isomorphic appear and exactly two % appear in the exponents are
given with the next theorem.

THEOREM 4.7. Let (; € FX such that (? 2 1px, for alli € {1,2,3}, and
let ¢ = G 2 G for {j, k,1} = {1,2,3}. Further, let a; > 0 and a1 # 3, also
let ag = a3z = % Then all irreducible unitarizable subquotients of the induced
representation v (1 X v*2(y X 1?3 (3 X 1px are as follows:

(i) L(v= 3¢ xv™3¢; % 1/7%(]- X 1px), if a1 = 3 and if there exist i,j such

that ¢; =2 ¢ and {i,j} = {2,3}.

(ii) L(v™2C X v™2Cs X 1™ X 1px), if 0 < ay < %, or if a1 = 0, then
L(v™3C x v 303 x (1 % Lpx).

(iti) L(v=2¢) X v™2¢; X Ste,), if a1 = 3 and if there exist i,j such that
¢ =G oand (G 2 G, also {4,j} = {2,3}.

(iv) Lw™2( x v=4¢; % Ste;), if 0 < a1 < %, for {41} = {2,3}, or
L(v=3¢; x (1 % Ste,), if ay = 0, for {i,j} = {2,3}.

(v) L(v="¢ % ogé)), if0<a < % and (o 2 (3, or (1 X ngl,), ifa; =0
and (o 2 (3, where og,) 18 a strongly positive representation which is
the unique irreducible subrepresentation of the V%CQ X V%C;), X 1px.

(vi) L(V’%Cj X agf,)), if ay = 3 and if there exist i,j such that (; = {1 and
{i,7} = {2,3}, where Jgf,) is a strongly positive representation which is
the unique irreducible subrepresentation of the (5([1/%@, u%g‘l]) X 1px.

(vit) The strongly positive representation T which is the unique irreducible
subrepresentation of the V%Ci X Ugf,), if a1 = % and if there exist i,j
such that ¢ =2 (1 and ¢ 2 G, also {i,j} = {2,3}, where 0212,) is a
strongly positive representation which is the unique irreducible subrep-
resentation of the 8([v2 (1, v2¢1]) % 1px.

(viii) L(v~="¢ X 11) and L(v™" ¢ ¥ 1), if 0 < a1 < % and (3 = (3, or
(1 x71 oand (1 X 19, if a1 = 0 and (3 = (3, where 71 and T are
mutually nonisomorphic irreducible tempered subrepresentations of the

S([v-2Ce,v2(a)) X 1px.

PROOF. The unitarity question, because of [22, Corollary 9.4.], reduces
to the analogous problem in groups SO(5, F') and SO(3, F'), whose unitary
duals are known. Using Lemma 4.5, [22, Section 7.1.] and [22, Proposition
7.2.], with the appropriate results from [10], all the irreducible unitarizable
subquotients in this case can be found. O
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Finally, the description of all irreducible unitarizable subquotients of the
induced representation of the group SO(7, F') in which all quadratic characters
are mutually nonisomorphic and exactly two % appear in the exponents is
given.

THEOREM 4.8. Let (; € FX such that C? 2 1px, for alli€ {1,2,3}, and
let (; £ (G fori# j and i,j € {1,2,3}. Further, let a1 > 0 and a1 # %, also
let ag = a3z = % Then all irreducible unitarizable subquotients of the induced
representation v (1 X v*2(y X 1?3 (3 X 1px are as follows:

(i) L(v™2C x v™2(3 X 1™ ¢ X 1px), if 0 < ay < 1, 0rifa; =0, then

L(v™3¢ x v 303 x (1 ¥ Lpx).

(i) Lv=3¢ x v=4¢ % Ste,), if 0 < a1 < %, for {4,1} = {2,3}, or
L(v=2¢; x G % Stg,), if ar = 0, for {i,j} = {2,3}.

(iii) L(v="1(; x ngl,)), if0<a; <3, or(1x oly), if ay =0, where ngl,) isa
strongly positive representation which is the unique irreductble subrep-
resentation of the V%CQ X I/%Cg, X 1px.

PROOF. The unitarity question, because of [22, Corollary 9.4.], in this
case reduces to the analogous problem in the group SO(3, F). Hence, using
[22, Section 7.1.] we conclude that all irreducible subquotients of the given
induced representation in which the exponent a; is greater than or equal to
0, but less than %, because of the theorems’ premise, are unitarizable. O

4.3. The case when all three exponents are equal to % In this subsec-
tion all irreducible unitarizable subquotients of the induced representation of
the group SO(7, F) in which all three exponents are equal to % are given.
Like before, the results are separated depending on the number of mutually
isomorphic quadratic characters and details of proofs are left for the reader.

At the beginning, in the next lemma, all irreducible subquotients in this
case are given.

LEMMA 4.9. Let (; € FX such that 2 = 1px and let a; = %, for all
1 € {1,2,3}. Then all irreducible subquotients of the induced representation
I/%Cl X V%CQ X V%Cg X 1px are as follows:

(i) L(r=2(1 x 172G x v 2(3 % 1px).

(it) L(v=2¢ x v™2¢; % Ste,), for {i, 5,1} = {1,2,3}.

(iii) L(v=2¢ % agé)), if ¢ 2 G, for {i,4,1} = {1,2,3}, where Ugé) is a
strongly positive representation which is the unique irreducible subrep-
resentation of the V%Cj X U%Q X 1px.

(i) L(v=3¢ % 1) and L(v=2¢ x 1), if ¢ = G, for {i,5,1} = {1,2,3},
where 71 and o are mutually nonisomorphic irreducible tempered sub-
representations of the 5([V’%Cj, I/%Cj]) X 1px.
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(v) The strongly positive representation ogg) which is the unique irreducible

subrepresentation of the v2 (1 X v2(o X v2(3 X Lpx, if (1 2 (o, (1 2 Cs
and (o 2 (3.
(vi) 8([v=2¢1,v2C)) x Ste,, if G G 2 Gy
(vii) Two mutually nonisomorphic irreducible tempered subrepresentations
gf the f([V_éCja’/éCj]) % Ste,, if ¢ = ¢ and G % G, for {i 4,1} =
1,2,3}.

PROOF. If L(01 X 03 X -+ X 6 ¥ 7) < v2(1 X v2(a X v2(3 X 1 px, where
G € F* is such that (2= 1px, foralli € {1,2,3}, then k < 3.

For k£ = 3, the irreducible subquotient of the induced representation
I/%Cl X V%CQ X I/%Cg X 1px we get using the Lemma 3.2 and it’s equal to
L(v=2( x v72(y x v"2(3 X 1px). The remaining irreducible subquotients
of the given induced representation one gets using the approach used in the
proof of the Lemma 4.1. O

First the case when all three quadratic characters that appear are mutu-
ally isomorphic is considered.

THEOREM 4.10. Let (; € FX such that 2 ~1px and a; = %, for all i €
{1,2,3}, also let (1 = (o = (3. Then all irreducible unitarizable subquotients
of the induced representation v* (1 X v*2(y X 1v*3(3 X 1px are as follows:

(i) L(v=2¢ x v™2¢ X v 2¢; X 1px).

(ii) L(r=2¢ x v™ 3¢ % Ste,).

(iii) L(v=2¢yxm) and L(v=2( x13), where 71 and 7 are mutually noniso-
morphic irreducible tempered subrepresentations of the representation
S([v=2¢,v2¢)) ¥ 1px.

(iv) 6([v~2¢1,v2(]) x Ste, .

PRrROOF. For finding all irreducible unitarizable subquotients of the given
induced representation one uses Lemma 4.9, [22, Theorem 8.13.], [10] and [12]
with the approach similar to the one used in the previous sections. O

After that, all irreducible unitarizable subquotients of the induced rep-
resentation of the group SO(7, F') in which exactly two quadratic characters
are mutually isomorphic are given with the next theorem.

THEOREM 4.11. Let (; € FX such that 22 1px and let a; = %, for all
i€{1,2,3}, also let {; = (x 2 ¢ for {j, k, 1} ={1,2,3}. Then all irreducible
unitarizable subquotients of the v®1(y X v*2(s X v*3(3 X 1px are as follows:

(i) L(v™3G x 172G X v™2C3 X 1px).

(ii) L(v=2¢ x v=2¢; % Stg,), for {i,5,1} = {1,2,3}.
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(iii) L(v=3C x o)), if ¢ 2 G, for {i, 4,1} = {1,2,3}, where o) is a
strongly positive representation which is the unique irreducible subrep-
resentation of the V%Cj X V%Q X 1px.

(iv) L(v=2¢ x 1) and L(v=2¢ % 1), if & = G, for {i, 5,1} = {1,2,3},
where 71 and To are mutually nonisomorphic irreducible tempered sub-
representations of the 5([V’%Cj, I/%Cj]) X 1px.

(v) Two mutually nonisomorphic irreducible tempered subrepresentations
of the representation 5([1/7%@-, V%Cj]) X Ste,, if (G = ¢ and (5 2 G, for
{i,7,1} ={1,2,3}.

Proor. With [22, Corollary 9.4.] and the premise of the theorem it is
easy to see that one gets all irreducible unitarizable subquotients of the given
induced representation using the third part of [22, Proposition 7.2.] and [22,
Section 7.1.] with the Lemma 4.9. O

At the end, all irreducible unitarizable subquotients of the induced repre-
sentation of the group SO(7, F) in which all quadratic characters are mutually
nonisomorphic are determined in the following theorem.

THEOREM 4.12. Let (; € FX such that 2~ 1px and let a; = %, for all
i€{1,2,3}, also let ; £ ¢ fori#j andi,j € {1,2,3}. Then all irreducible
unitarizable subquotients of the v*1 (1 X v*2(a X v*3(3 X 1px are as follows:

(i) L(v™2G x v™2C X v 2(3 X 1px).

(ii) L(v=2¢ x v™2¢; % Stg,), for {i,5,1} = {1,2,3}.

(iii) L(v=2¢; Mogé)), for{i, 4,1} ={1,2,3}, where Ugi,) is a strongly positive
representation which is the unique irreducible subrepresentation of the
I/%Cj X V%Q X lpx.

(iv) The strongly positive representation ogg) which is the unique irreducible
subrepresentation of the V%Q X I/%CQ X I/%Cg, X 1px.

Proor. All irreducible unitarizable subquotients of the given induced
representation are determined using the Lemma 4.9, [22, Corollary 9.4.] and
[22, Section 7.1.]. O

4.4. The case when all exponents are unequal to % In the case when all
three characters are quadratic it remains to determine all irreducible unitariz-
able subquotients of the induced representation of the group SO(7, F') when
all the exponents are unequal to % Details of proofs are left for the reader.

First all irreducible subquotients in this case using the Langlands classi-
fication, the Jacquet module method, and the classification of tempered rep-
resentations have been found. Also, one needs to use Lemma 3.1 and Lemma

3.2.

LEMMA 4.13. Let ¢; € FX such that 2 2 1px and let a; # %, for all
1€ {1,2,3}, also let 0 < a1 < as < ag. Then:
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(a) If (as,Cs) # (ar — 1,¢p), for all s,t € {1,2,3}, then all irreducible
subquotients of the induced representation v* (1 X v*2(y X v*3(3 X 1 px
are as follows:

(i) L(v™% (3 x v %20 X v~ X 1px), ifa1 >0, or if ay = 0 and
ag > 0, then L(v™*3(3 x v™%( X (1 X 1px), orif ag = a3 =0
and az > 0, then L(r=% (3 X (1 X {2 X 1px), or (3 X2 X (3 X 1px,
ifal = a2 = as =0.

(i) L(v=%¢( X 5([1/7"J'Cj,u_“j+1cj]) X 1px), if a; > aj — % and
a; =1—a; with a; > %, also ¢ = ¢, for {i, 4,1} = {1,2,3}, or
L(6([v=% ¢, v %)) x ™% ) 1px), if 0 < a; < aj — % and
a; =1 —a; with aj > %, also §; = ¢, for {i,7,1} ={1,2,3}.

(iii) L(6([v™% ¢, v G]) x § X 1px), if ap = 0 and a3 = 1 — a;
with ag > 3, also (3 =2 (;, for {j,1} = {1,2}.

(b) If (as,Cs) = (ag — 1,§;), for some s,t € {1,2,3}, but no such s,t,u
exist that {s,t,u} = {1,2,3}, (as,¢(s) = (ar—1,¢) and (ar, () = (ay —
1,¢u), then all irreducible subquotients of the induced representation
v X v x v*3(3 X 1px are as follows:

(i) L(v™% (3 x v™ %20 X v~ X 1px), ifag >0, or if ay = 0 and
as >0, then L(v™*3(3 x 1% X (1 X 1px), or if a1 = as =0,
then L(V71<3 X Cl X CQ X 1F><).

(it) L(v=%¢ x §([v=% ¢, v %)) x 1px), if @i > a; — % and
aj =a;+1 orifaizaj—% and a; =1 — a; with a; > %,

G = Q, for {i, 5.1} = {1,2,3}.

(i) L(6([v=9 ¢, v G]) x v ) 1px), if 0 < a; < a; — 5 and
a; = a1+ 1, for {i,7,1} ={1,2,3}.

(iv) L(§([v=9 (3, v 2¢)) x 1px), if a3 =2 — a; and ag = a; + 1,
for {i,5} ={1,2}, with as > 1 and {1 = (o.

(v) L(5([v=9% (s, v T1()) x ¢ % 1px), if a; = 0 and a3 = a; + 1,
for {5, 1} ={1,2}.

(vi) 6([v=1¢1,v¢)) X 1px, if a1 =0 and az = ag = 1, also (2 = (5.

(c) If (a1,C1) = (a2 — 1,¢2) and (a2, (2) = (ag — 1,(3), then all irreducible
subquotients of the induced representation v* (1 X v*2(y X v*3(3 X 1 px
are as follows:

(i) Liv=%( xv= %20 xv™ % X lpx), ifay >0, or if ay =0, then
L(V72<1 X V71<1 X Cl X 1F><)

(ii) L(v=%¢ x 6([v=% ¢, v=4T1]) x 1px), if a; > a; — 4 and
aj =a;+1, for {i,j,1} = {1,2,3}, or L(§([v=% ¢, v=%T1(]) x
v=%( X 1px), if0<a; <aj— % and aj = a;+1, for {i,j,1} =
{1,2,3}.

(iii) L(6([v=3 (3, v~ 93T2(3]) x 1px).

(iv) L(é([l/_Qgg,l/_lgg]) X (3 X 1FX)7 if ap = 0.

also
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Proor. We have the induced representation
(46) ot Cl X I/aQCQ X I/a3<3 X 1F><,

where 0 < a; < as < as, also a; # % and (; € FX is such that 2 = 1px,
for all 4 € {1,2,3}. If L(d; X d2 X -+ X 0 X 7T) is an irreducible subquotient
of the induced representation (4.6), then k& < 3. Now one gets all irreducible
subquotients of the induced representation (4.6) using the approach used in
the proof of the Lemma 4.1. O

Using the previous result, all irreducible unitarizable subquotients of the
induced representation of the group SO(7, F') in the case when all three qua-
dratic characters that appear are mutually isomorphic are determined in the
next theorem.

THEOREM 4.14. Let (; € FX such that (? 2 1px, for all i € {1,2,3},
and let (1 = (o = (3. Further, let 0 < a1 < as < a3z and a; # %, for
all i € {1,2,3}. Then all irreducible unitarizable subquotients of the induced
representation v (1 X v*2(y X 1?3 (3 X 1px are as follows:

(i) L(rv™%( x v x v "¢ X 1px), if 0 < a1 < a2 < ag < %, or
L %@ xv7%2{ x ( X 1px), ifag =0 and 0 < as < a3 < %,
or L(v™®¢ x (1 X (G X 1lpx), ifar = aa =0 and 0 < a3z < or
1 X G X G X1px,ifa; =az=a3=0.

(1)) L(v=%( x v %20 x v~ "( X 1lpx), ifaz =a1 + 1 and a3 = —az + 2,
also 0 < ap < %
(iii) L(v=1¢ x v x ¢ X 1px), ifay =0 and ag = a3 = 1.
(iv) L(6([v=93¢,v™9%2(]) x 1px), ifaz = a1 + 1 and a3 = —az + 2, also
0<ai<3.
(v) §([v=1¢1,v(]) X 1px, if a1 =0 and az = az = 1.

1
27

Proor. For finding all the wanted irreducible unitarizable subquotients
of the given induced representation one uses Lemma 4.13 and [22, Theorem
8.13.] with the appropriate results from [10] and [12]. O

After that, all irreducible unitarizable subquotients of the induced rep-
resentation of the group SO(7,F) in the case when exactly two quadratic
characters are mutually isomorphic and in the case when all three quadratic
characters are mutually nonisomorphic are given with the following theorem.

THEOREM 4.15. Let (; € FX such that CZ 2 1px, forallie {1,2,3} and
let ¢ = e 2 G for {5, k, 1} = {1,2,3} orlet ¢; 2 ¢ fori # j and i,j €
{1,2,3}. Further, let 0 < a1 < as < a3, and let a; # %, for all i € {1,2,3}.
Then all irreducible unitarizable subquotients of the v (1 X v*? (o X v*3 (3 X 1 px
are as follows:

(Z) L(V_U’?’C;g X VvT%20 X vT9(1 X 1F><), if0<a; <as<az< %

(ZZ) L(Vﬁa3<3 X I/ia2<2 X Cl X 1F><)7 ifal =0and0<as <ag< %
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(iti)) L(r=(3 x (1 x (2 ¥ 1px), if a1 =az =0 and 0 < a3 < 3.
(iv) C1 X (2 X (3% 1px, ifa; =az =a3z =0.

PRroOF. All irreducible subquotients of the given induced representation
are given in the Lemma 4.13 and unitarizable ones can now be found using
[22, Corollary 9.4.], and after that using the third part of [22, Proposition
7.2.] and [22, Section 7.1.]. O

5. IRREDUCIBLE UNITARIZABLE SUBQUOTIENTS IN THE CASE OF TWO
QUADRATIC CHARACTERS

The description of all irreducible unitarizable subquotients of the induced
representation of the group SO(7, F') in which exactly two quadratic charac-
ters appear is given in this section.

Since in the case when the exponent that appears with the character that
is not quadratic is greater than 0 we will not have unitarizable subquotients
of the given induced representation, which we conclude using the unitary dual
of general linear group from [18], we are only considering the case when that
exponent is equal to 0.

In the following lemma the description of all irreducible subquotients of
the induced representation in this case is given.

LEMMA 5.1. Let x,(2,(3 € FX such that (G232 1px and X2 Z 1px,
also let a1 =0 and 0 < ag < ag. Then:

(a) If v*2(s x v (5 is irreducible, then all irreducible subquotients of the
induced representation x X v*2(a X v*3(3 X 1px are as follows:
(i) L(v=% (3 x v7%( X x X 1px), if ag > 0, or if aa = 0 and
as >0, then L(r=*3(3 X (o X x X 1px), or x X (2 X {3 X 1px, if
g = az = 0.
(it) L(§([v=2Cs, v 1(G]) X x % 1px), if ag = 1 — ag with ag > §
and a2 = (3.
(iii) L(v=%(; x x % Ste,), if a; > 0 and a; = 3, for {i,j} = {2,3}.
(iv) x % aﬁ},), if as = ag = % and (2 2 (3, where Ugé) is a strongly
positive representation which is the unique irreducible subrepre-
sentation of the I/%CQ X I/%C3 X 1px.
(v) xX71 and x X T2, if az = a3z = % and (5 = (3, where 7 and T2 are
mutually nonisomorphic irreducible tempered subrepresentations

of the 8([v=2Co, 12 (o)) X 1px.
(vi) X % (2 X Ste,, if az =0 and a3 = 3.

(b) Ifv*2(oxv*s (3 reduces, then az—az = 1 and (2 = (3, and all irreducible
subquotients of the induced representation x X v*2(s X v*3(3 X 1px are
as follows:

(i) L(v™% (s x 17920y X x X 1px), if aa > 0, or if az = 0, then
L(v=1¢ X G2 X x X 1px).
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(1) L(S([v=%Cs, v~ G]) x x 3 1px).

(iii) L(v=3Ca x x % Ste,), if az = L.

(iv) x X aﬁf,), if as = %, where aﬁf} s a strongly positive represen-
tation which is the unique irreducible subrepresentation of the
5([V3Ca, 3 (o)) X 1px .

PROOF. If L(§1 X d2 X «++ X 0 X 7) < x X v%2(s X v93(3 X 1px, where

0; 2 ([v"ips, v¥ip;]) and —x;+y; <0, fori=1,2,... k, then it can be easily
shown that §; 2 v~ x 1, foralli € {1,2,...,k}. Now we conclude that k < 3
and using the approach used in the proof of the Lemma 4.1 one now finds all
irreducible subquotients of the induced representation x X v*2(o X v*3(3 X 1px.
O

First all irreducible unitarizable subquotients of the induced representa-
tion of the group SO(7, F) in which both quadratic characters are mutually
isomorphic are given in the following theorem.

THEOREM 5.2. Let x,(2,(3 € FX such that GG 21px and X 2 1px,
also let (o = (3. Further, let a1 = 0 and 0 < az < as. Then all irreducible
unitarizable subquotients of the induced representation x X v*?(a X v*3(3 X 1 px
are as follows:

(i) L(v="2( x v~ "2 x x ¥ 1px), if 0 < az < azg < &, or if az = 0 and

0 <as <3, then L(r™%(y x (o X x ¥ 1px), or x X (2 X (2 X 1px, if
a2 = a3z = 0.
(ii) L= 3¢ X v™ 3¢y X x X 1px), if ag = 2 and az = 3.
(iti)) L(r=2( x x ¥ Ste,), if 0 < az < 5 and a3 = &, or x x (2 % Ste,, if
as =0 andagz%.
1 3 (2)

(iv) x % Ugi), if a = 5 and a3 = 5, where o5y is a strongly positive

representation which is the unique irreducible subrepresentation of the
5([V%<2, I/%Cg]) X 1F>< .

(v) xxT1 and X X T2, if as = a3 = %, where T, and T2 are mutually noniso-
morphic irreducible tempered subrepresentations of the representation
O([2 G2, w2 Gal) > Lo

PROOF. Since all irreducible subquotients of the induced representation
(5.1) X X V% X 193 (s X 1px

are given with the Lemma 5.1 it is left to find the unitarizable ones among
them. Because of [20, Theorem 4.2], we can conclude that the unitarity
problem reduces to the unitarity problem of representations of the general
linear group and of representations of the odd special orthogonal group of
lower rank.

Now, since a; = 0, all irreducible unitarizable subquotients of the induced
representation (5.1) we get using [22, Proposition 7.2.] and [10].



138 D. BRAJKOVIC ZORIC

Using [22, Proposition 7.2.] we can conclude that x x Us(g), if ag = 1 and
as = %, where as(f,) is a strongly positive representation which is the unique
irreducible subrepresentation of the 8([2(, v3(5]) X 1px, is the irreducible
unitarizable subquotient of the induced representation (5.1). Further, using
[10], we can easily conclude that L(v~2(y x 17 2(s X x % 1px), if ay = 3
and ag = %, is the irreducible unitarizable subquotient of the induced rep-
resentation (5.1). The rest of the unitarizable subquotients of the induced
representation (5.1) one gets directly using the third part of [22, Proposition

7.2.. 0

In the next theorem, all irreducible unitarizable subquotients of the in-
duced representation of the group SO(7, F) in which quadratic characters are
mutually nonisomorphic are given.

THEOREM 5.3. Let x, (2,(3 € FX such that G2E21px and x? 2 1px,
also let (o 2 (3. Further, let a1 = 0 and 0 < ay < as. Then all irreducible
unitarizable subquotients of the induced representation x X v*2(s X v*3(3 X 1 px
are as follows:

(i) L(v=%(3 x v %2 x x ¥ 1px), if 0 < ag < a3 < &, or if az = 0 and
0<asz< %, then L(r=%(3 X (2 X x X 1px), or x X (2 X (3 X 1px, if
az =az =0.

(11) L(r="(a x x X Stey), if 0 < ag < % and as = %, or x X (2 X Stey, if
az =0 andag,:%.

(i) x X a;},), ifas = ag = %, where aﬁi,’ 18 a strongly positive representation
which is the unique irreducible subrepresentation of the representation
V%CQ X V%CB’ X lpx.

PRrROOF. Using [20, Theorem 4.2], unitary dual of general linear group
from [18] and [22, Section 7.1.], alongside with the Lemma 5.1, one can in a
similar way as in the previous theorem get all irreducible unitarizable sub-
quotients of the induced representation x x v*2(s X v*3(3 X 1px. o

6. IRREDUCIBLE UNITARIZABLE SUBQUOTIENTS IN THE CASE OF ONE
QUADRATIC CHARACTER

In this section we find all irreducible unitarizable subquotients of the
induced representation of the group SO(7, F') in which exactly one character
is quadratic. First all irreducible subquotients of the induced representation
of the group SO(7, F) in which exactly one quadratic character appears are
given with the following lemma.

LEMMA 6.1. Let C,x2,x3 € FX such that 2 =2 1px, X3 % 1lpx and
X3 2 1px, also let a; > 0, for all i € {1,2,3}, where 0 < az < a3. Then:
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(a) If vo2xa X V98 x5 is irreducible, then all irreducible subquotients of the
induced representation v**( X v*2xy X V% x3 X 1px are as follows:

(i) L(v=™¢ x v %x3t x v %2x5 1 X 1px), if a1 > a3 and az > 0,
or L(V’“3X;1 X v-M( X 1/7“2)(271 X1px), if 0 < as < ay < as,
or L(v~=%x3 " x V_‘“x; X v X 1px), if 0 < a1 < asg.

(i1) L(v=®x3' x v7%2x;' x ( ¥ 1px), if a1 = 0 and ag > 0, or
L(v=*x5 1X<XX2><11F><), if ap = aa = 0 and ag > 0, or
¢ X x2 X x3 X 1px, zfaZ =0, for all i € {1,2,3}.

(i49) L(r=4¢ x v~ %3t X x2 ¥ 1px), if a1 > a3 >0 and ag = 0, or
L(r=%x3' x v™( X x2 X 1px), if 0 < a1 < az and az =0, or
L "¢ X x2a X x3 X 1px), ifa; >0 and az = a3 = 0.

L= ¢ x 5(vx; v g !)) < 1px), if a1 > a3 — 3 and

a3 = 1 — ay with ag > %, also xo = Xgl, or if 0 < a1 <

as —% and as = 1 — ay with az > %, also xo = Xgl, then
L(3([r=exg v~ g 1) x v ¢ x 1),

(v) Lv= x5 xv~%2x5  xSte), ifar = 5 andaz > 0, or ifa; = 3,
az =0 and az > 0, then L(v=%x3 " x x2 % St¢), or x2 x X3 x Ste,
if ap :% and as = az = 0.

(vi) L(5([V7G3X371, vt ) %Ste), ifar = & and az = 1—as with
az > 1 5, also x2 = Xgl, or L(6([v _“3)(;1,V_“3+1X;1])x<><llpx),
if a; _O and a3 = 1 — ay with az > % 3 alsoxg%“xgl

(vit) Lv=* ¢ x o([v~ 2Xi7V2Xi]) X 1px), zfa1 >0 and ax = a3 = %,
also x; = Xgl, for {z,]} ={2,3}, 07’<><5([1/7%Xi,1/%x1-]) X 1px,
ifar =0 and az = a3 = %, also Xz— ;1,f07" {i,5} =12,3}.

(viii) 6([v™2xi, v2xi]) % Ste, if ap = 2, for all 1 € {1,2,3}, and if

Xi x5 for {i, 5} = {2,3}.
(b) If v*2xq X V‘J‘3X3 reduces, then as — az = 1, also x2 = x3 and all
irreducible subquotients of the V1 ( XV xo X v*3x3X1px are as follows:

(i) Lir™¢ x v™Bx, t x v792x5 ! % 1px), if a1 > a3 and ag > 0,
or L(v=®xyt x v= ¢ x v™%2 x5, X 1px), if 0 < az < a1 < as,
or L(v™ 21><V"‘2X2_1><V"“<><11Fx), if 0 < a1 < ag.

(i) L(V’a3xgl x v=2x; !t x ¢ X 1px), if ag = 0 and az > 0, or

(V XCXX2><11FX), ifalzagzo.
(#31) L(v~ ‘“Q >< v ixg !t X x2 X 1px), if ar > 1 and ag = 0, or
L 'xg' x v79¢ X x2 % 1px), Zf0<a1<1anda2:0.
(w) L(v™ “1§ x §([p—as 31 voaatlys N % 1px), if ar > asz — %, or
L(o([v™ X3 3 a3+1X71]) Xy 1F><); if0<ar<az—3.
(v) L(v=y5* ><1/_“2 ><ISt<) ifar =% and az > 0, or if ay =

and ag = 0, then L( Xo ' X X2 X Stc).
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(vi) L(6([v=%x5 ", v~ et x5 1) x Ste), if a1 = %, or if a; =0, then
L(a([voxg v g t]) x ¢ x Lpx).

PROOF. If L(d1 X 02 X -+» X 0 X T) < v™( X v®2x2 X v®3Bx3 X 1px,
where ¢, x1, X2 € FX are such that 22 1px, X3 2 1px and X3 2% 1p«x, also
a; > 0, for all © € {1,2,3}, where 0 < a2 < ag, then k¥ < 3. For k = 3,
all irreducible subquotients of the given induced representation we get using
the Lemma 3.2. And the rest of the irreducible subquotients of the induced

representation v*1( x v*2yo X v*3x3 X 1px one gets using the approach used
in the proof of the Lemma 4.1. O

In continuation we consider two cases. The case when characters that are
not quadratic are mutually isomorphic, which is given with the next theo-
rem, and the case when characters that are not quadratic are not mutually
isomorphic.

THEOREM 6.2. Let (,x2,X3 € FX such that 22 1px, X3 % 1px and
X2 % 1px, also let xo = x3. Further, let a; > 0, for all i € {1,2,3}, where
0 < as < ag. Then all irreducible unitarizable subquotients of the induced
representation v ( X v*2xa X v*®3x3 X 1px are as follows:

(i) L(r="¢ X x2 X x2 X 1px), if 0 < a1 < 3 and az = a3 = 0.
(1) ¢ X x2 X x2 X 1px, ifa; =0, for all i € {1,2,3}.

(i11) x2 X X2 X St¢, if a1 = % and as = az = 0.
Proor. All irreducible subquotients of the induced representation
(6.1) VIRC X v xg X 1% xa X 1px

are given with the Lemma 6.1, and we need to determine which ones among
them are the unitarizable ones.

Since we have a quadratic character and two characters that are not
quadratic, using [20, Theorem 4.2], we conclude that the unitarity prob-
lem reduces to the unitarity problem of representations of the general linear
group GL(2, F') and representations of the special orthogonal group SO(3, F).
Therefore, we have m = 6 x 7/, where 6 is an irreducible subquotient of the
v*2y9 X v*y9, and 7’ is an irreducible subquotient of the v**( x 1px.

Following the notations from [22, Section 2.16.], since two characters that
are not quadratic are mutually isomorphic we see that m = 1 and § = xs.
Now we can conclude, using the unitary dual of the general linear group from
[18], that § = x2 X X2, for az = az = 0, is the only irreducible unitarizable
representation of the group GL(2, F') we have.

Further, using [22, Section 7.1.], we conclude that a; < % Hence, it is
either 7' 2 L(v="( X 1px), for 0 < a; < %, or it is 7’ = Ste, if a1 = %,
' =21, for a; =0.

One now easily gets all irreducible unitarizable subquotients of the in-
duced representation (6.1). O

and
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It is left to consider the case when characters that are not quadratic are
not mutually isomorphic.

THEOREM 6.3. Let (,x2,Xx3 € FX such that 22 1px, X3 2 1px and
X3 % 1px, also let xo % x3. Further, let a; > 0, for all i € {1,2,3}, where
0 < as < ag. Then all irreducible unitarizable subquotients of the induced
representation v ( X v xa X v*®3x3 X 1px are as follows:

(i) L(v=%(¢ x v=%2y; X V"”X;l X1px), if 0 < as < % and ag < a; < %,
also as = az and x; = Xj_l, for {i,j} = {2,3}, or if 0 < a1 <
az < 3 and ay = ag,, also x; = Xj_l for {i,j} = {2,3}, then it is
L(v=22y; X v —azyt X v al( X 1px).

(ii) L(v™ 3¢ xv 2y X v~ 2)(1- Y 1px), ifar = ap = az = 3 and x; = Xj_l
for{i,j} ={2, 3} or L(V’%Xixyf%xi_l XvT M 1px), if 0 <ap < %
and az = a3 = 3, also Xi = Xj_l, for{i,j} ={2,3}.

(iii) L(v=2yx; x v~ 2xi X (X 1px), if ax = 0 and ag = ag = %, also
Xi =G for {i, 5} = {2,3}, or L(r=2x; x v2x; " x ¢ % 1Fx), if
a1 =0 and 0 < az < %, also az = a3 and x; = Xgl, for{i,j} ={2,3}.

(iv) L(v “1C><x2><x3>41Fx), if 0 < ap < % and as = a3 = 0, or
CxxgxxgxllFx if a; =0, for all i € {1,2,3}.

(v) L(v™ 2X1><7/ 2x1 MStC) ifa; = 2,f07"alll€{123} and xi = x; 1,
for {i,5} = {2,3}, or L(r~%x; x v=%x; ! % St¢), if a1 = =3 and
0 < a2 < %, also as = az and x; = Xj_l, for {i,j} = {2,3}, or
X2 X X3 X St¢, if a1 :% and as = az = 0.

(i) Lr="¢ x 8([v™ 2 x5, v2x]) ¥ 1px), if 0 < a1 §1% cmcf az = az = 3,
also Xi = X;17 fOT {17.7} = {273}7 or C X 6([V_§Xi7V§Xi]) X 1F><7 /Lf
a1 =0 and ay = az = 3, also x; = xj_l, for {i,j} ={2,3}.

(vii) 5([V_%).(i,l/%xi]) X Ste, if ap = 5, for all 1 € {1,2,3}, and x; = Xj_l,
for {i,j} ={2,3}.

Proor. All irreducible subquotients of the induced representation
(6.2) VU X vy X V™ ys X 1 px

are given with the Lemma 6.1. Thus, it is necessary to determine which ones
among them are unitarizable.

Using [20, Theorem 4.2], because we have one quadratic character and two
characters that are not quadratic, we conclude that the unitarity problem now
reduces to the unitarity problem of representations of the general linear group
and representations of the special orthogonal group SO(3, F'). Thus, we have
7 = 6 x 7/, where 6 is an irreducible subquotient of the v*2x5 X v*3x3, and
7’ is an irreducible subquotient of the v**( X 1px.
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Further, using [22, Section 7.1.], we conclude that a; < % Thus, we can
see that it is either 7/ & L(v="1( x 1px), for 0 < a1 < %, or it is 7’ = St,
fora1:%,andw'%gxl,foralzo.

Foremost, if we take a look at the set

1
{VO‘U XV %0 € Biigia, 0 < a< 5},

where Biigiq denotes the set of all Speh representations, we can conclude that
& p%2y,; X vy, is an irreducible unitarizable representation of the group
GL(2,F),if 0 < az < 1 and ay = a3, also x; = Xj_l, for {i,j} ={2,3}.

Now we can find all irreducible subquotients of the induced representation
(6.2) which are unitarizable. Using the irreducibility criterion from [20] and
[22, Corollary 9.4.], we can now easily conclude that the representation § x 7' &
V2 X% x; X L(r™% ¢ x 1 px) is irreducible and unitarizable. Suppose that
a1 > as. Then we have

vy XUy X LT X 1px) = v®2yx X v 2y X v X 1px

Il

v X U2y X U2y X 1 px

1%

VTR X vy X P2y X L px

I

—az . —

v X vy X v X11>41F><,

and the representation v=*1( X v7?x; X v™%y; " X lpx has the unique ir-
reducible subrepresentation, so we can now conclude that the subquotient
Oxn’ 2 Ly~ "¢ Xxv *2yx; % uf‘l?x;l X1px),if 0 <as < % and az < a; < %,
also ag = a3 and x; = Xj_l, for {i,7} = {2, 3}, is unitarizable. Now analogous
in the case when a; < as, since

—as —a —1

VU X vy XV X7:_1>41F>< =Ty XU Rx T X v X L px,

we can conclude that the 6 x ' = L(v~=%2y; x v™%x; ! x v~ x 1px ), if 0 <

a1 < as < % and as = ag, also y; = xj_l, for {4,j} = {2,3}, is unitarizable.

Further, using the irreducibility criterion from [20] and [22, Corollary 9.4.],
!~

we can conclude that the representation 6 x 7' = v*2x; X v™y; x St is
irreducible and unitarizable. Then

(=2

vO2x; X vy X Ste = vT %2 x X vy, X Ste

& pT %2y, X Vﬂmxi_l X Ste,
and the representation v=%2y; X v~ Ly St¢ has the unique irreducible
subrepresentation, so we conclude that 8 x 7’ = L(v~%2y; X V’a2xi_l X Ste),
if a; = % and 0 < as < %, also as = az and y; = Xjfl, for {i,5} = {2,3},
is unitarizable. Furthermore, using the irreducibility criterion from [20] and
[22, Corollary 9.4.], we conclude that the 6 x 7/ = v®2y; X v7%2x; X ( X 1px
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is irreducible and unitarizable. Then

V2x XUy X (X lpx X v¥2y X v %y X 1 px
2 XV 2y X ¥y X 1px

—az fl

Xi
v %y, X Vﬂmxifl X (X 1px,

2(xv 2y XV X 1px

(a2

and the representation v~ *2y; X v~ 2 Xi_l x ¢ X 1px has the unique irreducible

subrepresentation, so we conclude that @ x7’ 2 L(v~ % x; x v~ %2 Xi_l XX 1 px),
ifag =0and 0 < as < %, also as = a3z and x; = x;l, for {i,j} = {2,3}, is
unitarizable.

If we now take a look at the set Biigiq, since we have two characters that
are not quadratic and one quadratic character, we conclude that 1 < m < 2,
where m is as in [22, Section 2.16.].

In case that m = 1, then § = y, for i € {2,3}, or 6 = &([v~ 2 x4, v2 x4)),
if a = a3 = % and x; = xj_l, for {i,j} = {2,3}. Using the unitary dual of
general linear group, we now conclude that for m = 1 it is either 6§ = x5 X x3,
if ag = a3 =0, or it is O = (5([1/_%)(1», V%Xi]), if ag = a3 = % and y; & Xj_l, for
{i,7} = {2,3}. In case that m = 2, then the representation 6 is isomorphic to
the unique irreducible subrepresentation of the v3 Xi X vt Xi, if ae = az = %
and y; & Xj_l, for {i,j} = {2,3}.

And now, if we take a look at the irreducible subquotients of the induced
representation (6.2), we can easily, using [20, Theorem 4.2], determine the
remaining unitarizable subquotients.

Let us now find all unitarizable subquotients of the given induced rep-
resentation for m = 1, when 6 = x5 X Y3, sequentially for all possible 7’.
Namely, since

L™ X xa x x3 X 1px) = v "¢ X x2 X x3 X 1px
=~ X2 X X3 X V_th X 1F><
= x2 X x3 X L™ % 1px),

we conclude that the § x 7/ = L= "¢ x x2 X x3 X 1px), if 0 < a1 < %
and ay = ag = 0, is unitarizable. Further, we can at once conclude that the
0 x ' = xo X x3 % St¢, if a1 = % and ag = az = 0, is unitarizable. Finally,

since
CXx2 X x3X 1px & xa X x3 X (X 1lpx 20 xn,

we conclude that (X xa X x3x1px,if a; =0, for all 4 € {1, 2, 3}, is unitarizable.
Further, all unitarizable subquotients of the given induced representation
for m = 1, in the case when 0 = 5([u’%xl-, V%XiD, sequentially for all possible
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7', we find in the continuation. Namely, since

L™ ¢ x 8([v™ 3 x5, v3xi]) X Lpx ) < 07 X 8([V™ x5, vE X)) X Lo

IR

([V_%Xi,l/Q Xi]) X VTN X 1px

)
5([V_%Xi,l/%xi]) X Lv™"¢ x 1px),

1

it follows that the @ x 7/ 22 L(v=¢ x §([v 2 x4, v3xi]) ¥ 1px), if 0 < ag < &
and ag = a3z = %, also y; & Xj_l, for {i,j} = {2, 3}, is unitarizable. Especially,
observe that the representation &([v~2 x4, 2 x;]) ¥ 1 px is irreducible and tem-
pered. Also, we conclude at once that the 6 x 7/ 2 §([v~2 x4, vZ xi]) X Ste, if
a; = %, for all I € {1,2,3}, and y; = x;l, for {i,j} = {2, 3}, is unitarizable.
At the end, since

¢ x 5([V_%xi,uéxi]) X 1px = 5([V_%Xi,l/%xi]) XCH1lpx 20 %7,

we conclude that the ¢ x 5([V_%Xi,l/%xi]) X 1px,if a1 =0 and ax = a3 = %,
also x; & Xj_l, for {i,7} = {2, 3}, is unitarizable.

Finally, it remains to determine all unitarizable subquotients of the given
induced representation when @ is isomorphic to the unique irreducible sub-
representation of the representation V’%Xi X I/%Xi. Using the irreducibility
criterion from [20] and [22, Corollary 9.4.], we can conclude that the repre-
sentation 6 x ' = 0 x L(v~( x 1px) is irreducible and unitarizable. Let
a < % Since

_1 1 _
Oxa’ — v 2y, xvIx; X v X 1px
_1 _ 1

2y 2Xi XV alCXVQXiX]:[FX

1 _ 1
2pTey XU XY 2Xi1>41Fx

1%

_1 1 _ _
vy XV 2Xil><1/a1C>41Fx,

—

and the u_%xi X V_%x; X V7% ( x 1px has the unique irreducible subrep-
resentation, it follows that the 6 x 7/ 2 L(v~2y; x V*%Xi_l X V™1 X 1px),
if0 < a; < % and as = az = %, also y; = Xj_l, for {i,j} = {2,3}, is
unitarizable. Also, by analogy we conclude that if a1 = as = a3 = % and
Xi & x;l, for {i,7} = {2,3}, the unitarizable subquotient is equal to the
Oxr' =L 2(xv 2y X V_%X;1 X 1px ). Further, using the irreducibility
criterion from [20] and [22, Corollary 9.4.], we conclude that the representation
0 x 7' = 0 % St¢ is irreducible and unitarizable. Now, since

0 x St¢ — VTIX X vy N St

(a2

V7%Xi X 1/7%)(;1 X Ste,
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1

and the representation vz Xi X u_%x; x St¢ has the unique irreducible

subrepresentation, it follows that 6 x 7’ = L(V’%XZ— X V7%XZ1 X Ste), if
a; = %, for all I € {1,2,3}, and y; & x;l, for {i,j} = {2, 3}, is unitarizable.
At the end, we can conclude, using the irreducibility criterion from [20] and
[22, Corollary 9.4.], that the representation 8 x 7’ = 0 x { X 1px is irreducible

and unitarizable. Since
1 1
OX(X1lpx =>v 2y; Xv2x; X (X 1px
1 1
EyTEIxg XV 2y Ly ¢ % 1px,

and the representation vz Xi X vz x;l X ¢ X 1px has the unique irreducible
subrepresentation, it follows that 6 x 7/ = (V*%Xi X V’%X;1 X (X 1px), if
a1 =0 and as = a3 = %, also y; = Xj_l, for {i,7} = {2, 3}, is unitarizable.

As we have found all unitarizable subquotients of the given induced rep-
resentation, the proof of the theorem is finished. O

7. IRREDUCIBLE UNITARIZABLE SUBQUOTIENTS IN THE CASE WHEN NONE
OF THE CHARACTERS ARE QUADRATIC

The remaining irreducible unitarizable subquotients of the induced repre-
sentation of the group SO(7, F') are determined in this section, and they are
the ones we get in the case when none of the characters that appear in the
induced representation are quadratic.

Since for finding irreducible unitarizable subquotients of the induced rep-
resentation in this case we first have to find irreducible ones, let us begin with
the following lemma that gives their description.

LEMMA 7.1. Let x; € FX such that xi Zx; ', for alli € {1,2,3}, and
let 0 <ay <as <as. Then:

(a) If (as,xs) # (ar — 1,x¢), for all s,t € {1,2,3}, then all irreducible
subquotients of the induced representation v® x1 X v*2xa X v*3x3 X 1px
are as follows:

(i) Liv=%x3" x v=%x;' x v=%x7! % 1px), if a1 > 0, or if
a1 =0 and az > 0, then L(v=% x5 x v™%x5; ' x x1 X 1px), or
L(V‘“ngl X X1 X X2 X 1px), if a1 = a2 = 0 and a3 > 0, or
X1 X X2 X X3 X 1px, if a1 = az = a3 = 0.

(ii) L= x; ' xo(v=x; v ) ) 1px), if a; > a;—§ and
a; = 1—a; with a; > %, also x; = Xj_l, for{i,j,1} ={1,2,3}, or
L(5([V7aij_1,l/7aj+lxj_l]) x v %x P x s, if 0 < a; < aj—%

and a; = 1 — a; with a; > %, also x1 = X;l, for {i,5,1} =
{1,2,3}.

(i) L(S([v= x5 v g ) x xix1px), ifa; = 0 and az = 1—a;

with az > %, also x; = x3 ', for {4,1} = {1,2}.
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(iv) L(V‘“lel X(S([V_%Xi,l/%xi]) X1px), ifa; #0 and a; = aj = %,
also x; = xj_l, for {i,5,1} ={1,2,3}.

(v) x1 X 8([v"2x5,v2xs]) ¥ 1px, if a1 = 0 and ay = ag = 3. also
Xi x5, for {i,j} = {2,3}.

(b) If (as,xs) = (ar — 1, x¢), for some s,t € {1,2,3}, but no such s,t,u
exist that {s,t,u} = {1,2,3}, (as, xs) = (a:—1, x¢) and (as, xt) = (@u—
1, Xu), then all irreducible subquotients of the induced representation
vy X v*2xo X v xs X 1px are as follows

(i) L(v=%x3' xv=%x; ' xv ‘llx X 1F><) ifar >0, orifa; =0
and az > 0, then L(v=% x5 x v % x5 x x1 % 1px), or if ay =
as =0, then Lv~'x3 x x1 X x2 ¥ 1px).

(ii) L(v=%x; ' x (v "‘J’Xj_l, 7"J+1X N xlpx), if a; > aj—l and
ajzal+1orzfa12aj—§andaj—l—alwithaj 1. also
Xt =G for {i, 5,1} = {1,2,3}.

(i) L(é([l/_“ij_l,l/_“f“)(j_l]) XvTUixT X 1), if0 < a; < a;—3
and a; = al +1, for {i,5,1} = {1,2,3}.

(i) L(S([v~ x5t v= 3 2\ ) x1px), if az = 2—a; and a3 = az+1
with as > 1, also Xgl %Xl orifas =2 —ag and ag = a; + 1
with az > 1, also X?: = X2

(v) L(S([v=%3x3 v tyg ])><Xl>41Fx) ifa; =0 and az = a;+1,
for 1,1} = 11,2}, or LG( 1o 1) % % L), if a1 =
az =0 and x1 X X2 = X1 X x5, for 1 € {1,2}.

(vi) L= 2x3" x 6([v"2x3,v2x3]) X 1px), if a1 = ag = 1+ and
{x1,x2} = {xs, x5 '}

(vii) 6([v " x1,vx1]) X 1px, if a1 = 0 and az = a3 = 1, also
{x2,x3} = {xi,x '}

(c) If (a1, x1) = (a2 —1, x2) and (a2, x2) = (ag—1, x3), then all irreducible
subquotients of the induced representation vt x1 X v*2x2 X v*3x3 X 1 px
are as follows

(i) L(v™ ><u “2xf1xu Tt x1px), ifap >0, orifa; =0,
then L(u X _1)(1_1 X X1 X 1F><)
(ii) L(v=%x:' x (v 7an—1 voatx T Mxlpx), ifa; > aj—% and

—al—i—l for{i,7,1} ={1,2,3}, orif 0 < a; < a;—3 anda] =
al—l—l, for {4, 4,1} = {1,2,3}, then L(6([v _“JXJ , _“J“Xj ]) x
l/_aixj_l X 1FX).
(i) L v ) % 1)
() LO([v2x5" v x5 ']) X X3 % 1px), if a1 = 0.

First, we consider the case when all three characters that are not quadratic
are mutually isomorphic.
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THEOREM 7.2. Let x; € FX such that Xi ZX; 5, for alli € {1,2,3}, and
let x1 = x2 = x3. Further, let 0 < a; < ag <as. Then x1 X x1 X X1 X lpx,
if a1 = ag = ag = 0, is the unique irreducible unitarizable subquotient of the
induced representation v x1 X v*2xg X v x3 X 1px.

PROOF. Since none of the characters are quadratic, using [20, Theorem
4.2], we conclude that the unitarity problem reduces to the unitarity problem
of representations of the general linear group GL(3, F') and we see at once,
using [18, Theorem 7.5.], what the unitarizable subquotient is. O

The description of all irreducible unitarizable subquotients of the induced
representation of the group SO(7, F') when exactly two among the characters
that are not quadratic are mutually isomorphic is given with the following
theorem.

THEOREM 7.3. Let x; € FX such that Xi ZX; %, fori € {1,2,3}, and
let x; = xx 2 xi, for {j,k, 1} = {1,2,3}. Further, let 0 < a1 < az < as.
Then all irreducible unitarizable subquotients of the induced representation
VM1 X v*2xe X VB x3 X 1px are as follows:

(i) L(v=2y; x V’%Xfl X x1 % 1px), if a1 = 0 and az = a3 = 3,

Xi 2 x5 Jor i, g} = {23}, or Lr=2xi x v=2x; ! x xa % 1px), if

a1 =0 and 0 < az < %, also az = a3 and y; = Xgl, for{i,j} ={2,3}.
(Zl) X1 X X2 ><1X3 X 11F><7 ifal = a9 = a3 = 0.

(iti) x1x6([v"2xi,v2xi]) ¥ 1px, if ar =0 and az = a3 = %, also x; = Xj_l,

Jor {i,j} ={2,3}.

(iv) §([v~txa1,vx1]) ¥ 1px, if a1 = 0 and az = a3 = 1, also {x2,x3} =

{asxa '

(v) Liv='x1 x v %7 x x1 % 1px), if a1 = 0 and az = a3 = 1, also

{xexs} = baoxa 'k

At the end, the description of all irreducible unitarizable subquotients of
the induced representation of the group SO(7, F') in which all three characters
that are not quadratic are mutually nonisomorphic is given.

also

THEOREM 7.4. Let x; € FX such that i Zx; Y, fori€{1,2,3}, and let
Xi ZXj fori#j andi,je{1,2,3}. Further, let 0 < ay < az < as. Then all
irreducible unitarizable subquotients of the v™ x1 X v*2xa X V*¥x3 X 1px are

as follows:

(i) L(V’%Xi X V’%Xi_l X x1 X 1px), if a1 = 0 and ay = ag = %,

Xi & X;l, for {i,j} = {2,3}, or L(r™%x; x 1/7“2)(;1 X x1 X 1px), if
a1 =0 and 0 < az < %, also az = a3 and x; = Xgl, for{i,j} ={2,3}.
(Zl) X1 X X2 X X3 X 1F><7 ifal = a9 = a3 = 0.
(#1) x1 xé([l/_%xi,uéxi]) X 1px, if ay =0 and ag = a3 = %, also x; = Xj_l,

for {i, 7} ={2,3}.

also
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The proofs of the previous two theorems and lemma are left to the reader.

One should use the ideas from the previous sections.

That completes the unitary dual of p-adic group SO(7) with support on

minimal parabolic subgroup.
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