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ABSTRACT. We introduce and characterize angular right symme-
tric and approximate angular right symmetric points of the algebra of all
bounded linear operators defined on either real or complex Hilbert spaces.

1. INTRODUCTION

This paper is a continuation of the works we have accomplished in [11, 12]
in which we consider some definitions of angle and approximate orthogonality
in normed spaces. In a real inner product space (2, (-, -)), the notion of angle
between two non-zero vectors £ and 7 is defined, very routinely. Indeed, £Zgn
for some 6 € [0, 7] if and only if cos§ = % In general real normed spaces
in which norm does not necessarily come from an inner product, various types
of definition were offered; see for example [7, 11, 16]. Especially, in [11] we
introduce a definition for angle in real normed spaces related to the well-
known Birkhoff-James orthogonality. Recall that, for elements £ and n in a
complex or real normed space (£, ].]|), & in the sense of Birkhoff-James is
orthogonal to 7, denoted by & Ly n, if

1€+l = i€l (A € K)

which K stands for either, C or R; [3, 10]. This type of orthogonality does not
satisfy the property of symmetricity which means that there exist a normed
space and vectors £ and 7 in that normed space so that £ Lpynbutn Lps €.
In fact, it is well-known that symmetricity characterizes inner product spaces
provided that the dimension of the space is greater than 2; [10].
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Given two vectors £ and 7 in a real normed space, there exists a real
number « so that & Ly (e + 1) and |o| < % In general, there may exist
a large number of such numbers. In fact, A¢, = {a : § Lps (€ + 1)} is
a nonempty closed interval. By ¢, > 0 (resp. ¢, < 0), we mean a > 0
(resp. a < 0) for all o € A .

DEFINITION 1.1 ([11]). Let &,n € £ and let

min Qlﬁﬂ?’ Qlﬁﬂ? >0
ap = max%lgm, Qléﬂ? <0.

0, 0e 2[5177
Define
-
cos(e,m) = =7

We say that {Zgn, for some 6 € [0,7], if cos(§,n) = cosh. Also {£5n
for some £ > 0 and 0 € [0, 7] whenever |cos(§,n) — cosd| < e. In the case
when ¢ = 3 this inequality introduces a type of approximate orthogonality
with respect to the Bikhoff-James orthogonality which is the same as that
introduced by Chmieliniski in [5]; see [11]. Apparently, in these definitions we
restrict ourselves to real normed spaces. However, in complex normed spaces

we consider a generalized version of the definition: namely £/¢n means £ | g

()\cos elé_l\ + ﬁ) for some A with |A| = 1. In [15] the author introduces

the notions of right symmetric and left symmetric points in a real normed
space. A vector £ in a normed space 2 (real or complex) is said to be
left symmetric if £ Lpg; n always implies n Lp; &, and is said to be right
symmetric whenever n Lpy £ always implies £ Ly n. Particular attention
is paid to these notions on the algebra of bounded linear operators; see [2,
8, 13, 17, 18, 19] and references therein. In this paper, we consider angular
left and angular right symmetric points as follows: A vector £ in a normed
space 2 is said to be angular left symmetric with respect to angle 6, if £Zyn
always implies nZp€, and is said to be angular right symmetric whenever
nZp€ always implies £Zgn. We also could consider approximate angular right
symmetric and approximate angular left symmetric points. A vector £ is called
an approximate right symmetric point if there exists ¢ € [0,1) so that n L ¢
always implies £ L% ; 7 and is called an approximate left symmetric point if
there exists € € [0,1) so that { L s n always implies n L5 ; £&. The notions of
approximate angular right and left symmetric points are defined in an obvious
way. In this paper, we characterize angular right symmetric and approximate
angular right symmetric points of the algebra of bounded operators defined
on either real or complex Hilbert spaces. We, in fact, generalize the results of
[18] and [8, 14]. We focus more closely on the issue of angular right symmetric
points. The angular left symmetricity is somewhat different in two cases of
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complex and real. The problem we have considered in this paper discusses
only operators defined on Hilbert spaces. We have to state that the problem
of symmetricity of Birkhoff-James orthogonality for both cases of left and
right for operators defined on either real or complex Hilbert spaces is fully
responded in [19]. There, it is shown that right symmetric points in B(.7#) are
isometries or coisometries multiplied by positive constants, while the only left
symmetric point in B(.#) is 0. The problem arises naturally for operators
defined on Banach spaces. For the special case of real orthogonality this
problem is investigated in [9)].

Throughout this paper, B(°) denotes the algebra of all bounded linear
operators on a (real or complex) Hilbert space # and Sz is its unit sphere
and K(.#2) is the ideal of all compact operators. Given an operator T' € B(5¢),
My is the set of norm attainment of T consisting of all unit vectors £ for
which ||T¢|| = ||T||. This set is nonempty whenever S is finite dimensional
or T € K(). Let € > 0. By B.(x) we mean the e-neighborhood of z.

2. SYMMETRICITY OF OPERATORS ON COMPLEX HILBERT SPACES

In this section, we investigate angular right symmetricity and approxima-
tion angular right symmetricity for operators which are defined on complex
Hilbert spaces. For this study the following characterization of angle in B(5¢)
is very essential. Its proof is done in light of [4, Theorem 1.1, Remark 3.1].

THEOREM 2.1. Let A, B € B(J) be non-zero and let 6 € [0,7]. Then
AZyB if and only if there exists a sequence {&,} of unit vectors so that
[A&,| — ||A]l together with (A&, BE,) — AcosO||All||B]| for some \ with
[\ = 1. In addition, if F is finite dimensional, then the sequence {&,} can
be replaced by & € .

PROOF. In the case when JZ is not finite dimensional AZyB means that
there exists a A with |[A| =1 so that

A B
AL (Acos@— + —)
o [

which by [4, Remark 3.1] is equivalent to that there exists a sequence {,} of
unit vectors so that || A&, || — ||A| together with

<A§n, A cos Gién + %&» — 0.

1Al
Thus (A&, BE,) — —Acos8||A||||B]|. In the finite dimensional case the proof
is done by invoking [4, Theorem 1.1]. O

It is concluded immediately from the theorem that 1/¢A for some operator A,

if and only if there exists A with |[A| = 1 so that Acos® € W(A) where W(A)

stands for the numerical range of an operator A and W (A) is its closure.
We need the following lemmas.
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LEMMA 2.2 ([18]). Let A € B(S) be positive and let || A|| = 1. If {&,} is
a sequence of unit vectors such that || A&, || — 1, then A&, — &, — 0.

The next two lemmas generalize [18, Lemma 2.3, Lemma 2.4]. Modifying
the associated proofs, we prove these lemmas.

LEMMA 2.3. Let 0 € (0,%] and 0 < 61 < 0, and let
[ costy sin 04 (1 0
A_<sin91 —cos@l) and B_<O m)
where m € [0,1). Then the following holds.

(i) The numerical range W(AB) is an ellipse and cosf is an interior
point.
(i1)) AZgB but not BZgA.

PROOF. (i) The matrix AB is not normal so W(AB) is an ellipse whose
foci are the eigenvalues

Am) = cos (1 —m) + /cos2 01 (1 —m)% + 4m
m) = 5 :
N(m 00591(1—m)— Vecos? 01 (1 —m)2 + 4m
5 .
Obviously, X'(m) < 0 for all m. On the other hand, it is readily seen that
dX(m ) _costy 4 —2cos? 61 (1 —m)
dm 2 2y/cos? 01 (1 — m)? + 4m

\_/

hence, A\(m) is an increasing function with respect to the parameter m so its
minimum takes place at m = 0 which is A(0) = cos ;. Hence,

cos® € [0,cos61] C [N (m), A\(m)],

for any m € [0,1). Therefore, cos@ is an interior point of W(AB).
(ii) Tts proof is exactly the same as proof of (ii) in [18, Lemma 2.3] and for
the sake of convenience we state it. Note that cosf € W(AB), thus, 1£yAB

which means
AB
11lpy ()\ cosf + )
|AB]|

for some A with |A\| = 1. Obviously, ||AB]|| = 1 which implies that 1 Lpg;
(Acosf + AB) that is
11+ p(Acos@ + AB)|| > 1, e C.

Now, we note that A is a symmetry operator that is a self-adjoint unitary,
hence,

|A+p(rcoshA+ B)| > A,  peC.
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Thus, AZyB. To show that BZyA does not hold we note that matrix B attains
its norm on unit vectors of the form & = (e!?,0). Thus, using Theorem 2.1 we
have

(A, BE) = cosfy > cos 0,
which completes the proof. O
Note that cosf; that appeared in the proof of this theorem is also an interior

point of W(AB). An extension of this lemma for the infinite dimensional case
is stated below. This lemma, in fact, generalizes [18, Lemma 2.4].

LEMMA 2.4. Let B be positive, |B|| = 1 and B # 1 and let 0 € (0, 5.
Then, there exists an operator A in B(J€) such that AZ9B but not BZyA.

PROOF. Let m = mino(B). Hence, 0 < m < 1. Pick 0 < 61 < 6 and let

1 0
0 <e < -minq1—m,dist(cos by, 0W),dist(cos§,0W), 1 — cos
2 cos 01

where W (+) is what appeared in the previous lemma and W (-) stands for its
boundary. Define function f to be

m, m<t<m-+e;
fA)=<t, mte<t<l—g
1, loe<t<l.
Set C = f(B) and let 54 = E((1 — &,1])(5F), 5 = E([m,m + €))()
and 6 = E([m +¢,1 — ¢])(H), where E(-) is the spectral measure associ-

ated to operator B. Thus, 5 = 54 @ 56 & 4, and with respect to this
decomposition we may write

B:Bl@BQ@Bg and Czl@ml@Bg

Now, pick unit vectors £ € 74 and n € 5% and define an operator A on these
three subspaces to be

H0 - AL =cosbh{ +sinbin, Al =1

Hy : An=sinh§ —cosbn, Al,L =ml

M5 Alw = Bs,
where orthogonal complement is considered with respect to the given sub-
space. Note that ||A| = 1. Here, we want to show that AZyB. Let P be the

orthogonal projection on the two dimensional subspace spanned by £ and 7.
Thus,

pap—( 80 sinf and  pop=( 1+ O
sinf; —cosb; 0 m
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with respect to the basis {£,n}. So W = W((PAP)(PCP)) is an ellipse in
the previous lemma and cos #; and cos € are both interior points of this ellipse.
Now, we note that 1 — e < ||PBP|| < 1 which implies that

(2.1) cosf < cos cos 6

BT ZT  costy,
SPBP| = 1-c =

where the last inequality is valid according to our assumption in the choice of
€. From the estimate

[((PAP)(PBP)—(PAP)(PCP)(,C)| < ||[PAP|||PBP-PCP| < ||B-C| <¢

for all ||(]] = 1, and the choice of ¢, it follows that W((PAP)(PBP)) is an
ellipse and cosf; and cosf are interior points of that. Hence, (2.1) implies
that % is an interior point of W((PAP)(PBP)). Therefore,

PAPJ_BJ( cosf PBP )

R
which implies

PAP Lpj (cosOPAP + PBP).
Thus,

1=|A|| = ||PAP]|| < ||PAP +y(cosPAP + PBP)| < ||A+ ~(cosHA + B)||

for all v € C which means AZyB.

The assertion that BZgA does not hold is done by the same method as
that of [18, Lemma 2.4] however we provide a proof. Firstly, we need the
following fact. If ¢ is a unit vector in 7] then

(2.2) (¢, AC) > cosb;.

To see this, write ¢ = A\é + ué+ where &+ is chosen to be in s with ¢ L &+
and \, 4 € C. Therefore,

(¢, AC) = <)\§ + €L, X\ (cos 1€ + sin 61 7) + ,ufJ'> = |\ cos 01 + |l
= |\%cosf; +1—[A*=1— (1 —cosf)|\? > cosb.

Now, suppose that {&,} is a sequence of unit vectors such that |BE,| — 1.
Then, by Lemma 2.2 we have that B¢, — &, — 0. We could write &, =
S22 & where &, € S for i € {1,2,3} and n € N and Y7, [|&.0]? = 1.
Then B¢, — &, — 0 implies B », — &, — 0. Now, we want to show that
1€ n]l = 0 for i = 2,3. Assume ||€2,,|| — a for some a # 0. Thus, there exists
N € N so that {m}an is bounded. Therefore,

1 o0
TV B n - n
{ Tean] Boan — 2 >},V_N
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converges to 0. Hence, || Bz|| > 1 which is impossible. It follows that &, — 0.
Similarly, we could show that &3, — 0. Therefore,

(B&n, A&p) — (E1,m, A1 n) > cos By > cosb

which implies that (B¢, A&,) 4 Acosf for any modulus one A € C. Thus,
B/ A cannot occur and we are done. O

Now, we can extend [18, Theorem 2.5] in which the author gives a characteriza-
tion of isometries and coisometries via right symmetricity of BJ-orthogonality.
We may generalize this result by giving a characterization of isometries and
coisometries through the angular right symmetricity and approximation an-
gular right symmetricity as follows. In its proof we use the result of [19,
Lemma 3.1] which states that for an operator T € B(J#), either U in the
polar decomposition T'= U|T| or V in the polar decomposition T* = V|T*|
can be chosen to be isometry.

THEOREM 2.5. Let B € B(7). The following statements are equivalent:

(i) B is a scalar multiple of an isometry or coisometry,

(11) A lpyB= B 1lpy A fm’ all A € B(:%ﬂ),

(ili) A Lpy B= B 1%, A for all A€ B(J¢) and € € [0,1),

(iv) there exist 6 € (0,%] and € € [0,1 — cosf) so that AZyB = B/GA
for all A € B(57).

PROOF. (i)=>(ii) is proved in [18, Theorem 2.5] and (ii)=-(iii) is obvious.
For (iii)=(i) choose 6y € (0,%] so that ¢ < cosfp < 1 and assume that
||B|| = 1 and U is isometry in the polar decomposition B = U|B| but |B| # 1.
Thus, according to Lemma 2.4 there exists A € B() so that A L, |B| and
|B|Zg, A for some 0 < 0; < 6y such that for 6, < 6 the relation |B|Zy, A does
not hold. Hence, A Ly |B| but |B| £5; A. Since U is an isometry, we have
that UA Ly B but B £%; UA that contradicts the assumption. Therefore,
|B| = 1. If V is an isometry in the polar decomposition B* = V|B*|, then
similarly we could show that B* is an isometry.

(i)=(iv) Assume that ||B|| = 1. If B is an isometry and AZyB then, by
Theorem 2.1, there exists a sequence of unit vectors {&,} so that ||A&,|| —
|A]| and (A&, B,) — Acosf for some modulus one A € C. But, then
(B¢, A¢,) — Acosf and || B, || = ||€,]| = 1 = || B|| because B is an isometry
which implies that B/yA according to Theorem 2.1 and obviously this implies
that BZA. In the case when B* is an isometry the proof is accomplished by
the same method because AZyB if and only if A*ZyB*.

(iv)=(i) Let B = U|B| be the polar decomposition of B, U be an isometry,
and let ||B]| = 1. Assume that B is not an isometry, that means B*B # 1,
and pick 0y € (0, §] so that cosf+¢ < cos . Therefore, according to Lemma
2.4, there exists an operator A € B(.#) with ||A|| = 1 so that AZy|B]| and
|B|Zg, A for some 6 < 6y but |B|Z£, A does not hold for any 1 < n. Therefore,
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AZg|B| but not |B|Z5A and since U is an isometry UAZyB but not BZ5U A
which contradicts (iv). Thus, |B| = 1, i.e., B is an isometry. O

The proof of the following theorem is done by a similar method.

THEOREM 2.6. Let B € B(J€) and let 0 < 0 < 01 < 3. If ALy, B =
BZg, A for all A € B(S), then B is a scalar multiple of an isometry or
coisometry.

3. SYMMETRICITY OF OPERATORS ON REAL HILBERT SPACES

At this point, we pay attention to operators which are defined on real
Hilbert spaces satisfying angular right symmetricity and approximation an-
gular right symmetricity. The method of this section is independent of what
utilized in the previous section and it refers mainly to that used in [8]. In
[8] the authors prove that for a linear operator 7' defined on a real finite
dimensional Hilbert space 5, A 1p; T = T Llp; A for all A € B(7)
if and only if My = S,» which implies that T is a unitary multiplied by a
positive constant. In fact, they show that if My # S, and ||T|| = 1, then
there exists an operator A with ||A|| = 1 so that A Lpy Bbut T || A. In
this case, an easy calculation, following their method, shows that for such
A and T and for any 6 € [0, %] we have that A Lpy (cosfA +T). To see
this, according to [8], let M1 = Sz for some subspace 7% of 7 and assume
that {&1,...,&m,...,&n} is an orthonormal basis for 2 such that {&1,...,&m}
forms an orthonormal basis for .74, and choose a unit vector wy € T(%)*.
Now, suppose that ||wg + A(cosbwg + T€m41)|| > 1 for any A > 0. In this
case, A is defined to be A¢;, = —T¢; for i € {1,...,m}, A&nt1 = wo, and
A& =0forie {m+2,....,n}. Thus, for ( = > I | ;& € Sy we have that
|AC|I? = 320, 2 4+ 2,44 < 1 which by A&,11 = wo implies that [|A| = 1.
Hence, for A > 0,

[A+ Acos0A+T)|| = [|Am+1 4+ A(cos 0AGm 11 + Tém1) |l
= [lwo + A(cos fwo + T&m1)[| = 1 = [|A]
and for A < 0 we have
[|A+ A(cos @A+ T)|| > || A& + A(cos 0 AL, + TEn)||

= || = T&n — Acos 0T, + AT ||
=|—=1—=XAcos@+ M|
= |1 = A(1 — cosb)|
> 1= 4.

ie., cos® € Aary. If [[wo + A(cos Owo + T&nq1)|| > 1 for any A <0, then A

is defined to be Ag; = T¢; for i € {1,...,m}, Alpn+1 = wp, and AE; = 0 for

1€ {m+2,...,n} and the rest is the same as above. Observing these facts,
we could improve [8, Theorem 2.7].
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THEOREM 3.1. Let S be a finite dimensional real Hilbert space and T €
B(S#). The following statements are equivalent:

(i) My = Sup,

(11) AJ_BJ T=1T 1lpy AfOT all A € B(:%ﬂ),

(ili) there exists an ¢ € [0,1) so that A Lp; T = T L1%; A for any
AeB(),

(iv) there exist a 6 € (0,%] and a 0 < ¢ < 1 —cosf so that cosf €
Q[(A L)éB(COS@)ﬁQ[(L )#@foranyAEB(%)

[l

A
LA T [ ATl

ProOOF. Implications (i)=-(ii)=-(iii) are obvious. For (iii)=-(i) assume
that My # Sz and ||T|| = 1. Thus, there exists an operator A with ||A]| =1
sothat A Lgy T but T || A that implies T Lgy; T+ Abut T lBJ XeT + A
for 0 <e < 1and —1 < A <1 which contradicts (iii). For (i)=(iv) assume
that cosf € QI(HAH I thus, there exists §y € S so that ||A& | = ||A|| and

(Ao, T&y) = AcosO| A||||T|| which implies that (T'€y, A&) = Acos 0| All||T||
and || T¢|| = ||T||, because My = Sz. Thus cos € B.(cosf) ﬁQl(HT” A

For the converse assume that Mt # S and ||T|| = 1. Therefore, there exists
an operator A with ||A]| = 1 so that A Lg; cos@A+ T and T || A. Hence,
cosf) € Aca, 1) but Be(cos) NAp 4y = 0. O

The following result is proved similarly and we omit its proof.

THEOREM 3.2. Let S be a finite dimensional real Hilbert space and T €
B(A) and let 0 € (0,5]. If T Lpy A always implies that AZyT, then My =

Sy

In the case when operators act on an infinite dimensional Hilbert space
A, it is proved in [8] that an orthogonal right symmetric operator T is 0,
whenever T' is compact. Here, we could generalize this result noticing some
facts from [8]. In [8] the authors prove that if T is a compact operator of
norm one, then there exists a norm one operator A such that A Lg; T but
T || A. It is readily checked that for § € [0, 5] for such operators 7" and A we
have that cosf € 244, 7). Thus, using the same argument as that of Theorem
3.1 or [8, Theorem 2.8], we could prove the following two theorems.

THEOREM 3.3. Let S be an infinite dimensional real Hilbert space and
T € K(H). The following statements are equivalent:

()T =0,

(11) AJ_BJ T=1T 1lpy AfOT all A € B(:%ﬂ),

(ili) there exists an ¢ € [0,1) so that A Lp; T = T L1%; A for any
AeB(),

(iv) there exist a 6 € (0,%] and a 0 < & < min{cosf,1 — cosf} so that

cosé EQl( ) = B. (cosjﬁgﬁﬂ( T ) # 0 for all A € B(SZ).

A L T

A
TAT > TTT TAT
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THEOREM 3.4. Let ¢ be an infinite dimensional real Hilbert space and
T € K(J) and let 6 € (0,5]. If T Lp; A always implies that AZyT, then
T=0.

The results we state about angular symmetricity do not say anything on
the issue of parallelism. If we want to raise symmetricity of parallelism, what
does the issue look like? More precisely:

Let T be an operator so that T'||A whenever A||T. What can we say about
T in cases of real and complex? Is T" an isometry or coisometry multiplied by
a constant? By Proposition 4.1 in [1] we see that when T'||A then there exists
a A € C with |/\|:1sothat)\€Ql( A )

TAT TTT
Also, the results we establish for the angular symmetricity in the real

case are proved under a limited condition of compactness. In [19] we do not
see any such restriction on operators for the special case of symmetricity of
orthogonality. Is it possible to generalize these results and achieve better
conclusions stating some similar results for symmetricity of angle without
such restrictions?

In [6, Definition 2.1] the authors introduce the notion of approximate
symmetry of Birkhoff-James orthogonality in real normed spaces as follows.
The Birkhoff-James orthogonality relation in a normed space 2 is called e-
symmetric for some e € [0,1), if for any 2,y € 2, x L y always implies that
y L%, « (here we consider the definition for two cases of real and complex).
Our results show that for all € € [0,1) the Birkhoff-James orthogonality in
B(47) is not e-symmetric.

Finally, we present a characterization of isometries through the notion
of norm attainment set of an operator defined between normed spaces. We
use essentially Proposition 2.1 of [14]. It asserts that for an operator T and
vector £ € Mr, T¢ L gy T'n always implies £ L gy 1. Note that, this theorem
is stated for operators defined between Banach spaces.

THEOREM 3.5. Let T: Z — % be a bounded linear operator between real
Banach spaces and let € € Mp. Then T is an isometry multiplied by a positive
constant if and only if T is injective and TEZLoTn implies that £E£Lgn for all
ne 2 and all € [0, 7).

PRrooF. First, assume that T is an isometry multiplied by a positive
number, ¢ say. Thus, ||T]| = c||n|| for any n € 2. Now, consider 6 € [0, T)
and pick 0 #n € 2 with T¢€Z¢Tn. Since T is injective, TEZyTn means that

143 Tn
T¢ Lpy (0039 + —) ,
Tl 1Tl

and for s < cos#,

 LE ﬂ)
(3.1) T¢ ’“”( A
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Therefore, by Proposition 2.1 of [14] and the assumption we have that

& Ui
I (cos@ + 7) ,
b [F I

that is,

<Lss (COS% 1 ||>

Now, note that cosf > 0 and let s be a number with s < cosf so that
Elpy(sz+ ﬁ) Since ﬁ is an isometry we have that

B (i )
AN

A Rl
T¢ Tn
e Lo (ogreg + 7o)
and this contradicts (3.1) thus, £Zgn. For the cases when cosf < 0 the proof
is similar.
For the converse assume that n € Z". Thus, there exists a unique 6 € [0, 7]
so that T¢Z¢Tn which is

that implies

T¢ Tn
3.2 TE | ) —_—
(3.2) ¢ Les ( ||T§|+|T77||)

because T is injective. Without loss of generality, we may assume that cos 6 >
0. Therefore, T¢ Ly ( HTﬁl\ + HTnH) for any s < cosf. Hence, according to
[14, Proposition 2.1], we have that

(3.3) & lpy (cost? [ERS + i) .

ITIlinll il
On the other hand, equation (3.2) getting together with the assumption imply

that £/g7, that is, € Ly (g cosf + ﬁ) but

(3.4) € Ly <s€ + %)

for s < cosf. If |Tn|| < | T|l|Inll, then so = COSGH%‘H ‘H < cos @ which by (3.3)

means § Lpy (50§ + ﬁ) that contradicts (3.4), thus, |[Tn|| = |T|llnl|. O
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