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OSIGURANJE

Ti

t

N= (N(t))t≥0

N(t) = {i≥ 1 : Ti≤ t}.

t ≥ 0 N(t) N0

0 ≤ t1 < t2 N(t1) ≤ N(t2)

N(t1, t2] := N(t2)−N(t1) (t1, t2]

N

N= (N(t))t≥0

λ > 0

N(0) = 0

N

1. PROCES UKUPNOG BROJA ŠTETA
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t

P(N(s, t+ s] = n) = P(N(t+ s)−N(s) = n) =
(λt)n

n!
e−λt, n = 0, 1, . . .

λ = 1

N N(t+ s)−N(s)
s t

s = 0

N(t) = N(t+ 0)−N(0) ∼ (λt), ∀t ≥ 0.

t

λt t

E[N(t)] = λt.

P(N(h) = 1) = λh+ o(h),

P(N(h) ≥ 2) = o(h),

h→0
o(h)
h

= 0

h o(h)
h

N = (N(t))t≥0

Wi= Ti− Ti−1 za i= 1, 2, . . .

T0= 0 Ti

i

ex
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N = (N(t))t 0

λ Wi i
≥

= 1, 2, . . .
λ

fW1,W2,...,Wn
(w1, w2, . . . , wn) = λne−λ(w1+w2+···+wn), wi≥ 0, i= 1, 2, . . . , n

f (W1, W2, . . . , Wn)
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t≥ 0 {T1> t}= {N(t) = 0}

P(W1 > t) = P(T1 > t) = P(N(t) = 0) = e−λt,

P(W1 ≤ t) = 1 − e−λt W1

λ t≥ 0 n≥ 1

{Wn> t}= {N(Tn−1+ t)−N(Tn−1) = 0}.

N Wi

N

P(Wn > t) = P(N(Tn−1 + t)−N(Tn−1) = 0) = P(N(t) = 0) = e−λt.
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Wi

λ

Ti< Ti+1 g.s. i≥ 1 1
1

Tn=W1+W2+ · · ·+Wn n≥ 1
n λ Tn∼ Γ(n, λ)

(z1, z2, . . . , zn)
S
→ (z1, z2 − z1, . . . , zn − zn−1),

(∂S( )/∂ ) = 1 (T1, T2, . . . , Tn)

0< x1< · · ·< xn

fT1,T2,...,Tn
(x1, x2, . . . , xn) = fW1,W2,...,Wn

(x1, x2− x1, . . . , xn− xn−1) = λne−λxn .

N = (N(t))t≥0

λ T1 {N(t) = 1}

(0, t] T1 | {N(t) = 1} ∼ (0, t]

0< s≤ t

P(T1 ≤ s |N(t) = 1) =
P(T1 ≤ s,N(t) = 1)

P(N(t) = 1)

=
P(N(s) = 1, N(t)−N(s) = 0)

P(N(t) = 1)

nez. i stac.
=

(λse−λs)e−λ(t−s)

λte−λt
=

s

t
.

(T1, T2, . . . , Tn) {N(t) = n}

fT1,T2,...,Tn |N(t)(t1, t2, . . . , tn |n) =
n!

tn
, 0 < t1 < t2 < · · · < tn ≤ t.
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(Wn : n ≥ 1)
(Ω, F , P)

P(Wn< 0) = 0, P(Wn= 0) < 1 n ≥
1 T= (Tn : n≥ 0)

T0= 0, Tn=W1+W2+ · · ·+Wn, n≥ 1.

N = (N(t))t≥0 N(t) = {i ≥ 1 : Ti ≤ t}, t ≥ 0

Ti Wi

{N(t) ≤ n} = {Tn+1 > t}, n ≥ 0,

TN(t) ≤ t < TN(t)+1,

{N(t) = n} = {Tn ≤ t < Tn+1}, n ≥ 0.

N= (N(t))t≥0 T= (Tn : n≥
0)

N(t) = {i≥ 1 : Ti≤ t}, t≥ 0,

T0= 0, Tn=W1+W2+ · · ·+Wn, n≥ 1,

Wi i = 1, 2, . . .
λ > 0 N

λ

Wi N(t)
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Wi N(t)
N(t)

t→∞N(t) =∞ g.s.

{N(t)> n}= {Tn+1 ≤ t} Tn+1 < ∞ g.s.

µ := EW1<∞ g.s.

t→∞

N(t)

t
=

1

µ
g.s.

n→∞

Tn

n
= µ g.s.

TN(t)

N(t)
≤

t

N(t)
<

TN(t)+1

N(t) + 1

N(t) + 1

N(t)
.

t→∞

t→∞

t

N(t)
= µ g.s.

1/
µ

µ := E(W1)≤∞

t→∞

EN(t)

t
=

1

µ
.

µ := E(W1) σ2 := (W1)<∞

t→∞

(N(t))

t
=

σ2

µ3
.
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2. PROCES UKUPNOG IZNOSA ŠTETA

t Xi t

S =

(S(t))t≥0

S(t) =

N(t)∑

i=1

Xi.

 

n=1

Z : [0,∞)→ R Z= z+ F ∗ Z

z : R→ R z(t) = 0
t < 0 F ∑ F (∞) ≤ 1
F (0−) = 0 F (0) < 1 U(t) =

∞

Fn∗(t) t ≥ 0 z + U ∗ z

Z = z + F ∗ Z.

T = (Tn : n ≥ 0) N = (N(t))t≥0
U(t) = EN(t)

F

Wi i ≥ 1
Wi

U(t) = EN(t) = E

∞∑
n=1

 {Tn≤t} =

∞∑
n=1

P(Tn ≤ t) =

∞∑
n=1

Fn∗(t).

F : R→ [0,∞)

F (t) = 0 t < 0 t→∞F (t) = F (∞)<∞ z :

R→ R z(t) = 0 t < 0

Z(t) = z(t) +

∫
t

Z(t− x)dF (x) , t ≥ 0.
0
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Xi

N= (N(t))t≥0 {Xi : i≥ 1}

Xi

S N

F F (x) = 1 − F (x)
x≥ 0 F F

x→∞

F (x)

e−λx
<∞ λ > 0.

x→∞

F (x)

e−λx
> 0 λ > 0.

X∼N(µ, σ2) Y= eX
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(α)

F (x) =
1

xα
, α > 0, x ≥ 1.

(α, k)

F (x) =

(

k

k + x

)α

, α > 0, k > 0, x > 0.

(α, k, τ)

F (x) =

(

k

k + xτ

)α

, α > 0, k > 0, τ > 0, x > 0.

L (0, ∞) L

+∞

x→∞

L(cx)

L(x)
= 1, c > 0.

+∞

L(x) = c0(x)

{

∫ x

x0

ǫ(t)

t
dt

}

, x0 > 0, x ≥ x0,

ǫ(t) → 0 t → ∞ c0(t) c0(t) → c0 c0
δ > 0

x→∞

L(x)

xδ
= 0

x→∞
xδL(x) = ∞.
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δ ∈ R

f(x) = xδL(x), x > 0,

δ

X

α ≥ 0
F (x) = P(X > x) = L(x)x−α, x > 0.

EXδ =

X

α > 0
{

+∞, δ > α,

<∞, δ < α.

+∞

X1, X2, . . . , Xn

α > 0 F

Sn=X1+X2+Xn Mn = (X1, X2, . . . , Xn)

x→∞

P(Sn > x)

nF (x)
=

x→∞

P(Sn > x)

P(Mn > x)
= 1.

o(1) h(x) x→∞h(x) = 0
n = 2 G(x) = P(X1 + X2 ≤

x) {X1+X2> x} ⊃ {X1> x} ∪ {X2> x}

G(x) ≥ 2F (x)(1− o(1)).

0 < δ < 1/2

{X1 +X2 > x} ⊂ {X1 > (1− δ)x} ∪ {X2 > (1− δ)x} ∪ {X1 > δx,X2 > δx}

G(x) ≤ 2F ((1− δ)x) + F (δx)F (δx) =
(

2F ((1− δ)x)
)

(1 + o(1)).

Sn α

L +∞
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≤ −
(

−
)

1 ≤
x→∞

G(x)

2F (x)
≤

x→∞

G(x)

2F (x)
≤ (1− δ)−α.

δ → 0 n ≥ 2 x→∞

P(Mn > x) = 1− P(X1 ≤ x,X2 ≤ x, . . . , Xn ≤ x) = 1− Fn(x)

= (1− F (x))
n−1
∑

k=0

F k(x) = nF (x)(1 + o(1)).

x→∞

P(Sn > x)

P(Mn > x)
= 1 n ≥ 2.

c > 0 0< τ < 1

F (x) = e−cxτ

, x ≥ 0.

F ∈ S

y > 0

x→∞

F (x− y)

F (x)
= 1.

ǫ > 0 eǫxF (x)→∞ x→∞

ǫ > 0 K n ≥ 2

P(Sn > x)

F (x)
≤ K(1 + ǫ)n, x ≥ 0.

P P

 

S

X

{Xi : i ≥ 1}
X
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P(X > x) P(X + y > x)
x y > 0

P(X > x+ y)

P(X > x)
=

P(X > x+ y,X > x)

P(X > x)
= P(X > x+ y |X > x)→ 1.

x

x+y

e−ǫx ǫ > 0

E

(

eǫX
)

≥ E

(

eǫX (y,∞)

)

≥ eǫyF (y), y ≥ 0.

F ∈ S E(eǫX ) =∞ ǫ > 0

S

N

S

N

S

2.2 Model obnavljanja
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S(t)

S

S(t) t≥ 0

S N

Xi∼ (1)

P(S(t) ≤ x) =

∞
∑

n=0

P(S(t) ≤ x,N(t) = n).

F (x) = P(X1 ≤ x)

P(S(t) ≤ x,N(t) = n) = P(S(t) ≤ x |N(t) = n)P(N(t) = n)

= P

(

n
∑

i=1

Xi ≤ x

)

P(N(t) = n) = Fn∗(x)P(N(t) = n).

G(x) =

∞
∑

Fn∗(x)P(N(t) = n).
n=0

S(t)
N(t)

G(x) = P(S(t)≤ x)



OSIGURANJE

F n∗

S(t)

N Wi

EW1 := µ < ∞ EX1 < ∞

t→∞

ES(t)

t
=

EX1

µ
.

(W1) < ∞ (X1) < ∞.

t→∞

(S(t))

t
=

1

µ

(

(X1) + (W1)
(EX1)

2

µ2

)

.

t≥ 0

ES(t) = t
EX1

µ
, (S(t)) = t

E(X2
1 )

µ
.

N Xi

Xi

E(S(t)) = E

[

E

(

N(t)
∑

i=1

Xi |N(t)

)]

=
∞
∑

n=0

E

[

n
∑

i=1

Xi |N(t) = n

]

P(N(t) = n)

=
∞
∑

n=0

nEX1P(N(t) = n) = EN(t)EX1.

t t → ∞

[

N(t)
∑

i=1

Xi |N(t)

]

=

N(t)
∑

i=1

(Xi |N(t)) = N(t) (X1 |N(t)) = N(t) (X1),

E

[

N(t)
∑

i=1

Xi |N(t)

]

= N(t)EX1.
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∑

(S(t))

(S(t)) = E[N(t) (X1)] + (N(t)EX1)

= EN(t) (X1) + (N(t))(EX1)
2,

(S(t)) = E[ (S(t) |N(t))] + [E(S(t) |N(t))].

t t→∞

N

EW1 := µ < ∞ EX1 < ∞

t→∞

S(t)

t
=

EX1

µ
g.s.

(W1) <∞ (X1) <∞

t→∞

P

(

S(t)− ES(t)
√

(S(t))
≤ x

)

= Φ(x), x ∈ R,

Φ

t

p(t)
t p(t)

p(t)≥ ES(t)

S(t) + c p(t) + c

S1(t) S2(t) p1(t) p2(t)
S1(t) + S2(t) p1(t) + p2(t)

c > 0 cS(t) cp(t)
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pNet(t) = E(S(t))

pEV (t) = (1 + θ)ES(t) θ > 0

θ

θ

p (t) = ES(t) + α (S(t)) α > 0

t→∞

√

R= (R(t))t≥0

R(t) = k+ p(t)− S(t),

k > 0 p(t) t S(t)
t

p(t) = ct t≥ 0 c > 0
S = (S(t))t≥0

3. TEORIJA PROPASTI

α > 0

t→∞ P(S(t) − pSD(t)

≤ x) → Φ(α) x ∈ R Φ

pNet(t)/pSD(t) → 1 t →

∞

√

pSD(t) = ES(t) + α (S(t))
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S(t) =

N(t)∑

i=1

Xi,

Xi

N

≥

N= (N(t))t≥0

N(t) = {i≥ 1 : Ti≤ t},

Ti Wi = Ti − Ti−1 

i = 1, 2, . . . T0 = 0

S = (S(t))t≥0 

Υ = {R(t) < 0 t > 0}

τ = {t > 0 : R(t) < 0}

ψ(k) = P(Υ |R(0) = k) = P(τ <∞), k > 0
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τ

∞

k > 0
Ti i ≥ 1 [Ti, Ti+1) R

(R(Ti))i 1≥

Υ =
⋃

t≥0

{R(t) < 0} =

{

t≥0
R(t) < 0

}

=

{

n≥1
R(Tn) < 0

}

=

{

n≥1

(

k + p(Tn)− S(Tn)
)

< 0

}

=

{

n≥1

(

k + cTn −
n
∑

i=1

Xi

)

< 0

}

.

N

Xi∼ (1/15) k= 50 c= 16

Yn = Xn − cWn, Zn = Y1 + Y2 + · · ·+ Yn, n ≥ 1, Z0 = 0.

Tn =W1 +W2 + · · ·+Wn n ≥ 1
{ }
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Υ =

{

n≥1

(k − Zn) < 0

}

,

ψ(k) = P

(

n≥1

(−Zn) < −k

)

= P

(

n≥1

Zn > k

)

.

Zn k

1

EW1 < ∞ EX1 < ∞ EY1 ≥ 0
k > 0 ψ(k) = 1

EY1= EX1− cEW1<∞

(Zn)n≥1

Zn

n

g.s.

→ EY1, n→∞.

EY1> 0 Zn
g
→
.s.

+∞ ψ(k) = 1
EY1= 0

ω (nk(ω)) (mk(ω)) Znk
(ω) → +∞ Zmk

(ω) → −∞

ψ(k) = 1

1 p(t)

EY1 < 0

S

ES(t) = t
EX1

µ
, µ := EW1.

p(t) = ES(t) c = EX1/µ
EY1= 0 ψ(k)

= 1

p(t) = (1 + θ)ES(t), θ > 0.

c = (1 + θ)
EX1

µ
.
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EY1 < 0

ψ(k)
S

X h0 > 0

E

(

ehX
)

<∞ h ∈ (−h0, h0) mX : (−h0, h0)→ R

mX(h) := E

(

ehX
)

X

mX
(n)(0) = E(Xn) n ≥ 1

Yi
Xi

0 < h1≤ ∞ mY1
(h) <∞

h < h1 h→h1
mY1

(h) = ∞ r > 0 mY1
(r) = 1

r

f(h) = mY1
(h) h ∈ (−h0, h0) h0> 0

f(0) = 1 f ′(0) = EY1 < 0
f f

f ′′(h) = E(Y1
2 {hY1})> 0 Y1 6= 0 f

h→h1
mY1

(h) =∞

S r > 0

k > 0

ψ(k)≤ e−rk.

ψn(k) = P(
1≤i≤n

Zi > k) = P(Zi > k i ∈ {1, 2, . . . , n}).

ψn(k)→ ψ(k) n→∞ k > 0

ψn(k) ≤ e−rk, ∀n ≥ 1, k > 0.



OSIGURANJE

≤ ∀ ≥

n k > 0

S N

λ Wi ∼ (λ)
Xi∼ (γ) A ∼

(a)

mA(h) =

∫ ∞

0

ehxae−axdx = a

∫ ∞

0

e(h−a)xdx =
a

h− a
e(h−a)x

∣

∣

∣

∞

0
=

a

a− h
, h < a.

Y1 = X1 −

cW1

mY1
(h) = mX1

(h)mcW1
(−h) =

γ

γ − h

λ

λ+ ch
, −λ

c
< h < γ.

EY1 = EX1 − cEW1 < 0

EX1

EW1

=
λ

γ
< c.

mY1
(h) = 1

γ
=
λ+ ch

λ
= 1 + h

c

λ
,γ − h

r = γ −
λ

c
> 0.

c = (1 + θ)
EX1

EW1

= (1 + θ)
λ

γ
.

r = γ −
γ

1 + θ
=

γθ

1 + θ
.

ψ(k) ≤

{

−
γθ

1 + θ
k

}

, k > 0.

S

N λ
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c = (1 + θ)
EX1

EW1

,

θ = c
EW1

EX1

− 1 > 0,

θ > 0

ϕ(k) = 1− ψ(k), k > 0.

ϕ

S EX1 < ∞

Xi ϕ(k)

ϕ(k) = ϕ(0) +
1

(1 + θ)EX1

∫ k

0

FX1
(y)ϕ(k − y)dy.

F̃X1
FX1

F̃X1
(y) =

1

EX1

∫ y

0

FX1
(z)dz, y > 0.

F̃X1
F̃X1

(y)→ 1 y →∞ X1

EX1 =
∫∞
0
FX1

(y)dy

ϕ(k) = ϕ(0) +
1

1 + θ

∫ k

0

ϕ(k − y)dF̃X1
(y).

ϕ(0) = θ(1 + θ)−1

Zn → −∞ n≥1 Zn < ∞

ϕ(k) → 1 k → ∞

1 =
k→∞

ϕ(k) = ϕ(0) +
1

1 + θ k→∞

∫ ∞

0

 {y≤k}ϕ(k − y)dF̃X1
(y)

= ϕ(0) +
1

1 + θ

∫ ∞

0

1dF̃X1
(y)

= ϕ(0) +
1

1 + θ
.

Lema 3.3.3.
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q= 1/(1 + θ) ϕ(k) = 1− ψ(k) ψ(k)

ψ(k) = q(1− F̃X1
(k)) +

∫ k

0

ψ(k − x)d(qF̃X1
(x)).

x→∞(qF̃X1
(x)) = q < 1

F (r)(x) :=

∫ x

0

eryd(qF̃X1
(y)) = q

∫ x

0

erydF̃X1
(y) =

q

EX1

∫ x

0

eryFX1
(y)dy,

r F (r)

x→∞

q

EX1

∫ ∞

0

eryFX1
(y)dy = 1.

F (r)

erk

erkψ(k) = qerk(1− F̃X1
(k)) +

∫ k

0

er(k−x)ψ(k − x)erxd(qF̃X1
(x))

= qerk(1− F̃X1
(k)) +

∫ k

0

er(k−x)ψ(k − x)dF (r)(x).

z(t) := qert(1− F̃X1
(t)) U(t) :=

∑

∞

n=1 F
(r)n∗(t)

ertψ(t) = z(t) + (U ∗ z)(t).

Xi ∼ (γ)
z(t)

z(t) = qert

[

1− γ

∫ t

0

e−γydy

]

= qert

[

1 + e−γy
∣

∣

∣

t

0

]

= qe(r−γ)t.
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∣

∣

q= 1/(1 + θ)

r =
γθ

1 + θ
= γ(1− q).

F (r)(t)

F (r)(t) = qγ

∫ t

0

e(r−γ)ydy =
qγ

r − γ

(

e(r−γ)t
− 1

)

= 1− e(r−γ)t.

F (r)

γ − r = γq

U(t)
U(t) = EN (r)(t) N (r) γq

U(t) = γqt

ertψ(t) = qe(r−γ)t +

∫ t

qe(r−γ)(t−y)γqdy = q.
0

ψ(t) = qe−rt t > 0

R(t) = k + ct − S(t)
S λ

F Xi un:= E[X1
n]

n= 1, 2, 3 R=(R(t))t≥0 R˜(t) =

ψ̃(k) = q̃e−r̃k, q̃ =
1

1 + θ̃
, r̃ = γ̃(1− q̃).

c̃ = (1 + θ̃)
λ̃

γ̃
,

q̃ =
λ̃

γ̃c̃
, r̃ = γ̃ −

λ̃

c̃
.

X̃i

R̃

k + c̃t − S̃(t) λ̃
γ̃
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R

ψ̃(k) =
λ̃

γ̃c̃

{

−

(

γ̃ −
λ̃

c̃

)

k

}

, k > 0.

(c̃, λ̃, γ̃) R R̃

E[R(t)] = E[R̃(t)]

k + ct− ES(t) = k + c̃t− ES̃(t).

ES(t) = λu1t ES̃(t) = λ̃t/γ̃

k + ct− λu1t = k + c̃t−
λ̃t

γ̃
,

c̃ = c− λu1 +
λ̃

γ̃
.

E

[

(R(t)− E[R(t)])2
]

= E

[

(R̃(t)− E[R̃(t)])2
]

,

(S(t)) = (S̃(t)).

λu2 =
2λ̃

γ̃2
.

E

[

(R(t)− E[R(t)])3
]

= E

[

(R̃(t)− E[R̃(t)])3
]

,

E

[

(S(t)− E[S(t)])3
]

= E

[

(S̃(t)− E[S̃(t)])3
]

.

E

[

(S(t)− E[S(t)])3
]

= λu3t.

λu3 =
6λ̃

γ̃3
.

γ̃ λ̃

3
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γ̃ =
3u2
u3

, λ̃ =
9λu3

2

2u2
3

.

k > 0

S λ

Xi ∼

Γ(2, 2) c= 1.2λ Xi

f(x) = 4xe−2x, x > 0,

un := E[X
1

n]

un =
Γ(2 + n)

Γ(2)2n
,

Γ

Γ(β) =

∫

∞

0

xβ−1e−xdx, β > 0.

n= 1, 2, 3 u1= 1

u2= 3/2 u3= 3 c̃ λ̃ γ̃

λ̃ =
9λu3

2

2u2
3

=
9λ× 1.53

2× 32
=
27λ

16
,

γ̃ =
3u2
u3

=
3× 1.5

3
=
3

2
,

c̃ = c− λu1 +
λ̃

γ̃
= 1.2λ− λ+

9λ

8
=
53λ

40
.

ψ̃(k) =
λ̃

γ̃c̃

{

−

(

γ̃ −
λ̃

c̃

)

k

}

=
45

53

{

−

12

53
k

}

.

ϕ(k) = 1 − ψ(k)
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ϕ′(k) =
λ

c
ϕ(k)−

λ

c

∫ k

0

ϕ(k − x)f(x)dx.

f∗ f

sϕ∗(s)− ϕ(0) =
λ

c
ϕ∗(s)−

λ

c
f∗(s)ϕ∗(s),

ϕ∗(s) =
cϕ(0)

cs− λ(1− f∗(s))
.

f∗

f∗(s) = 4

∫

∞

0

e−sxxe−2xdx =
4

(2 + s)2
.

ϕ(0)

ϕ(0) =
θ

1 + θ
= 1−

1

1 + θ
.

c = (1 + θ)
EX1

EW1

,

c = 1.2λ EX1 = 1

ϕ(0) = 1−
1

1.2
=

1

6
.

ϕ∗(s) =
0.2λ

1.2λs− λ
(

1− 4(2 + s)−2

) =
(1/6)(2 + s)2

s(s+ C1)(s+ C2)
,

C1 = 0.2268 C2 = 2.9399

ϕ∗(s) =
1

s
−

0.8518

s+ C1

+
0.0185

s+ C2

.

ϕ(k) = 1− 0.8518e−C1k + 0.0185e−C2k,

ψ(k) = 0.8518e−C1k
− 0.0185e−C2k.
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k ψ(k) ψ̃(k)

Navedeni izvori i korištena literatura
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