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Transit Assignment Modeling Approaches based on Interval Uncertainty of Urban Public
Transit Net Impedance

Qian TAN, Xiangdong ZHOU", Wusheng LIU

Abstract: The data of the regular bus in Shenzhen during October 2019 was taken as an example. The improved model for the public transportation assignment was
established based on considering the interval uncertainty theory and the basic algorithm of interval value, and the interval value acquisition method of bus impedance is
established, the Method of Successive Averages ( MSA) algorithm is used to solve the problem. Finally, the error analysis of bus passenger flow assignment before and
after the improvement of the model is carried out. It is found that the average absolute percentage error of the improved assignment model is 8.7% compared with the real
value, while the average absolute percentage error is 10.9% when the impedance is invariant value, The result of passenger flow assignment under interval impedance is
obviously better than that under certain impedance. On non-working days, when the bus passenger flow changes greatly, the bus passenger flow assignment result under

interval impedance is better.
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1 INTRODUCTION

The problem of urban traffic congestion is becoming
more and more serious. Urban public transport is an
effective way to alleviate traffic congestion. Reasonable
urban public transport network design and scheduling is an
important factor to improve the quality of public transport
service and bus trip rate, and the allocation of public
transport passenger flow is the basis of network design and
scheduling optimization.

For transit assignment model, the current research is
mostly based on the improvement of logit model. Dial [1,
2] put forward logit recursive model on the basis of original
logit model, which regarded collinear lines as physical
sections, and took the sum of departure frequency of all
original collinear lines as operation frequency of combined
lines. Chriqui and Robillard [3] analyzed bus passengers'
choice behavior characteristics for the first time, and built
the bus passenger flow assignment model according to this
characteristic. Based on the collinear model proposed by
Chiqui and Robillard [3], De Cea and Fernandez [4] put
forward the mathematical expression of bus passenger flow
assignment problem, that is, passengers' choice of travel
path is composed of a series of transfer stations, and the
new model can well deal with the problem of bus
congestion. Lam et al. [5] considered the capacity limit of
each transfer station, and used the logit based stochastic
user equilibrium model. Based on the research of
Cominetti and Correa [6], Cepeda et al. [7] proposed a bus
passenger flow assignment algorithm on the grounds of
departure frequency, which can be applied to large-scale
network, and tested on real network. Poon et al. [8]
assumed all passengers can get accurate travel information
according to their travel experience, and by considering the
generalized cost function of travel path selection, a
schedule based equilibrium assignment model which
obeyed first-in first-out principle under congested
conditions is established. Hammouch [9] extended the
model of Hammouch and Lawphongpanich [10] to
distinguish the discomfort degree of sitting and standing
passengers. Passengers of each category are grouped
according to their remaining journey length and the time
they have spent on the bus, and these probabilities are

calculated by performing dynamic network loading. Zhang
et al. [11] established a timetable based transit assignment
model, in which they used the effective travel cost as a
factor affecting the choice of passenger travel path, and
considered the opportunity constraint of processing
capacity. Codina [12] proposed a network equilibrium
passenger flow distribution model at peak hours.
Hamdouch considered the change of departure frequency
for passenger flow assignment, and developed a dynamic
transit assignment model based on schedule and departure
frequency [13, 14]. Sun and Szeto[15] proposed a logit bus
passenger flow allocation model based on fixed demand.

In the research of interval number, Martorell's methods
to deal with interval deterministic problems are mainly
based on genetic algorithm, fuzzy sets and so on. Hugo
Gilbert and Spanjaard [16] and Batarseh and Wang [17]
respectively studied interval number and interval
probability distribution. Salman Zaidi and Kroll [18]
proposed a simplified interval calculation method. W. S.
Liu combined with big data, studied the short-term
prediction method of bus stop passenger flow and the value
method of its uncertainty [19].

Generally speaking, the current research results can be
classified into two categories, namely, equilibrium
assignment model and multi-path probability assignment
model. With the emergence of big data, few scholars use
big data to assign public transport passenger flow. Many
scholars believe that the use of big data can directly obtain
the passenger flow travel path (OD) without assignment. In
fact, the bus travel path can be obtained by using mobile
signaling data, IC card data and GPS data. However, this
path is based on the existing bus line network and station
setting conditions, so, the passenger flow assignment is
also generated on the existing bus line network. If the
setting of the bus network is unreasonable, the passenger
flow distribution is unreasonable, and it is difficult to
optimize the line network according to the passenger flow
distribution scheme. In addition, in the current assignment
of public transport passenger flow, it is often considered
that the number of passengers getting on and off at each
station is a definite value. However, in fact, the number of
bus passengers flow getting on and off at each station is
often uncertain and fluctuates in a range.
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This paper combines the interval uncertainty theory
with the bus passenger flow distribution, considers the
interval uncertainty theory and the basic algorithm of the
interval number. The logit model of the bus passenger flow
assignment is constructed from the two aspects of the travel
time function and the transfer time function of the bus
passengers. The error analysis method of the bus passenger
flow assignment before and after the model improvement
is established, and morning peak, evening peak and off-
peak periods are analyzed. The average error and
maximum error of the bus line in the period of time.

2 THE DEFINITION OF THE INTERVAL UNCERTAINTY OF
BUS IMPEDANCE
2.1 Definition of Bus Impedance

Transit impedance refers to the travel time, cost,
convenience and other comprehensive indicators of
passengers on the bus line. The conventional bus
impedance model is as follows:

Ry =kT; + kW, ()

where, R; is the bus impedance of the path; C;/’-’ is the time

impedance of the route, which generally refers to the total
time required for passengers to complete a bus trip; Wj;is
the cost impedance of the route ij, which generally refers
to the cost incurred by passengers to complete a bus trip. It
is mainly related to the bus fare. ki, k» is the coefficient of
time impedance and cost impedance respectively.

In practice, because the economic cost of public
transport travel is very low, the most important factor
affecting the subjective evaluation of public transport
travel mode is the travel time. In addition, the transfer
penalty time is a kind of psychological resistance caused
by the transfer of passengers, and the waiting time actually
includes the transfer time. Therefore, this paper ignores the
ticket price impedance and transfer penalty time, and the
bus impedance only considers the in-car time and
passenger boarding time.

(1) Travel time between bus stops

The bus stop travel time is the time that the bus stops
from the stop i to the stop j of the stop.

In this paper, the time is the difference between the
time when the vehicle leaves stop i and the time when it
arrives at stop j. The time when the bus leaves i is the time
when the bus arrives at i after the fusion of GPS data and
IC card data. The time when the vehicle arrives at station j,
is the time when the last passenger who gets on the bus at
the station swipes the card.

tij.’ =15 —tp; ?2)
where, 7, is the time when the bus arrives at stop j; tg;is
the time when the bus leaves stop i.

(2) Passenger boarding time

Joaquin defined the station boarding time in 1993 as
[20]:

p Vip "’
§=h| ®)

p

where, vj, is the number of people on line p at station i; K,
is the capacity of line p (person/hour); S, 7, is the site
congestion parameters.

Then the impedance function between bus stops is as
follows:

’p
Cl=t!+p [V—”J @)
[/ Pl g

ip
2.2 Analysis of Bus Impedance Uncertainty

The bus impedance is affected by the traffic condition,
the passenger flow of the station and other factors. For the
same road section at different times, the bus running time
has obvious differences, such as peak hours, due to traffic
congestion, the bus running time between bus stops
increases, and the bus impedance increases. There are also
obvious differences in the passenger flow of stations in
different periods of a day, and in working days and non-
working days, as well as in different months. Therefore, the
running time of buses and the passenger flow at bus stops
are obviously random, which leads to the value of urban
bus impedance changing randomly over a period of time.
In the past studies, the average value of the survey is often
taken through the manual survey of sampling, which is
difficult to express the actual bus impedance.

2.3 Method of Obtaining Interval Uncertainty of Bus
Impedance

The research on the uncertainty of interval uncertainty
of bus impedance started from the research of Bellman and
Cooper in the mid-20th century [21]. In the optimization
analysis, the traditional methods often regard the key
parameters as a certain value. But in practice, the parameter
is uncertain, which often brings some errors. At present,
the main methods to deal with uncertain optimization
problems include stochastic programming, fuzzy
programming and non-probabilistic programming.

Interval number optimization method has some
prominent advantages. First of all, stochastic programming
and fuzzy programming need to determine the probability
distribution or fuzzy membership function through limited
data samples in practical application, so the solution results
are deviated from the reality value. Interval number
optimization method requires less data samples, and the
concept of interval number is more simple and intuitive,
which is easy to understand and apply.

In this paper, the interval value of bus impedance is
obtained through big data analysis. First, multiple values of
in-car time between adjacent stations are obtained. Then
the quartile interval value of these data is calculated as the
interval uncertainty value of the bus impedance. Quartile is
a conception from statistics. To obtain the quartile, we need
to arrange the data from small to large, and divide the
sorted data into four equal parts. The value at the junction
of each part is called the quartile. The first quartile Q; is
called the lower quartile, the second quartile O is the
median, and the third quartile Qs is the upper quartile.

Taking Shenzhen 325 line as an example, the line has
7 stations and 6 bus stops in Gongming central area. 2105
data are obtained in each section during the study time
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(October 11-10.31, 2019), of which 952 peak hours
operation data are distributed as follows:
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Figure 2 Time distribution of passenger in-car time between stations in peak
hours in the study area

The ordinate in Fig. 1 is the peak hour operation time
(minutes). The above six figures show the distribution of
bus operation time at station 16 to station 15, station 15 to
station 3, station 3 to station 1, station 1 to station 2, station
2 to station 4 and station 4 to station 17 respectively.

Take the quartile interval of the running time between
each station to obtain the distribution of the time interval
values of buses in peak hours in the study area, as shown
in the figure. In Fig. 2, each line represents the running time
between two stations, and the upper and lower ends of the
line represent the upper and lower limits of the running
time (minutes).

3 MODEL UNDER INTERVAL IMPEDANCE
3.1 Assumptions

The model assumptions are as follows:

(1) The OD matrix of bus stops in peak time and off-
peak periods time in the study area has been obtained.

(2) The bus passenger flow is only analyzed in this
paper, therefore, only the bus passenger flow assignment is
considered between the two traffic districts, and the
passenger flow assignment of other traffic modes is not
considered.

(3) The interference of special weather, holidays and
major events are excluded. The hypothetical condition of
this mode has considered the interference factors of traffic
congestion, that is, the driving headway is equal to the
departure headway.

3.2 Model Formulations

(1) Model under invariant impedance

SPIESS (1988) established the following bus
passenger flow assignemt model when the impedance is
invariant.

min-z = Z Z CoVar +Z Zwﬁ 5)

teDaed teD iel
Z\/at: ZVat+git,VieN,VteD (6)
acd aed;
vy < fowy,Vae 4, ieN,teD (7
vy<0,Vae A, VteD ®)

where, v is the passenger flow with terminal point ¢ on the
edge of a.

ca 18 the passenger flow impedance with the terminal
point ¢ on the edge a.

w18 the waiting time of passenger flow with terminal
t at i station.

gi.1s the demand of passenger flow with terminal 7 at
i station.

fa1s the service frequency on the edge of a.

The model is a node based assignment method, and the
assignment result is the passenger flow of different end
points on each edge.

The duality of the model is as follows:

max -z = ZZgitnit )
teDiel
nj,-i-cat-i-,uaZnit,a:(i,j)eA (10)
D fam,=liel (11)
aeAl-Jr
,20,ae 4 (12)

where, 7 is the dual variable corresponding to constraint
(6); pais the dual variable corresponding to constraint (7).

(2) Model under interval impedance

Referring to the robust deviation criterion of karasan
et al. in 2001 [22], a bus passenger flow assignment model
based on Minimax regret value is established.

Basic idea: two extreme scenarios are constructed, one
is the worst scenario, the other is the best scenario under
the scenario. The cost difference between the two scenarios
is the maximum regret value, also known as robust cost.
The problem of bus passenger flow assignement is
transformed into the problem of robust cost minimization.
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The specific methods are as follows: firstly, all or no
bus passenger flow is assigned, that is, each OD of
passenger flow is assigned to the robust shortest path in the
interval, and the upper bound of the used link impedance is
taken as the calculation standard to obtain the worst
scenario impedance of the path. Then, in this scenario, the
lower bound value of the unselected road section is taken
to get a road network with definite impedance, and the
passenger flow is redistributed to get the best scenario
impedance under this scenario. The cost difference
between the worst and the best scenario is the maximum
regret value or robust cost, and the optimization model is
constructed with the objective of minimizing the robust
cost.

Based on the robust deviation criterion and the
minimum and maximum regret value as the objective, the
bus passenger flow assignment model under the impedance
of the interval road network is constructed as follows:

min-z = Z ZEmvat+Z ZWi;_ZzgitTcit (13)

teDacA teDiel teD iel
D V=D Va+8gyViel, VieD (14)
aeAl-Jr acd;
vy < fowy,Vae 4 iel,teD (15)

a~at

T +[c_5 +(l—é‘m)c_a]+,ua 2w,

a=(i,j)e4 (o
> fubty=Liicl (17)
acdf

M, 20,ae A (18)
v, 20 (19)

where, c_at is the upper bound of passenger flow impedance
with terminal point ¢ on edge a; c, is the lower bound of

passenger flow impedance with terminal point # on edge a

5 - 1 if the passenger passes through a
“0 otherwise
3.3 Algorithm

In this paper, the method of successive averages
(MSA) is used to solve the model. MSA algorithm is an
iterative algorithm, which uses the weighted average of
multiple cycles to get the final solution assigned on each
path. Each cycle can get a group of additional bus
passenger flow. The weighted average of the flow and the
assigned flow is used as the assigned solution of the next
cycle. MSA algorithm is simple, easy to program, and has
good convergence under the premise of ensuring accuracy.
The following Fig. 3 shows the MSA algorithm flow of the
model constructed in this paper.

Determine the set of valid routes of bus

l

Calculate the impedance valie of each bus section
under zero flow

!

Combined with this paper, the passenger flow
distribution model is constructed to allocate the
passenger flow of the road section;

¥

Load the assigned passenger flow, update the
passenger flow of the station, and obtain the

impedance valie of the new bus section
}

Convergence or

End

pN s

Figure 3 MSA algorithm flow

The calculation steps are as follows:

Step 1: determining the effective path set. According
to the constraints of feasible path and effective path, the
effective path search method constructed in reference [23]
is used to obtain the effective path set of public transport
travel.

Step 2: initialization. The impedance value of each bus
section under zero flow state is calculated.

Step 3: assigning the passenger flow of the road
section;

Step 4: load the assigned passenger flow, update the
passenger flow of the station, and obtain the impedance
value of the new bus section;

Step 5: convergence test.

4 NUMERICAL EXAMPLES
4.1 Data

Gongming central area in Guangming District of
Shenzhen city is selected as the research area. The area is
surrounded by Minsheng Avenue Jimei Road Changchun
middle road Songbai road Gongming east ring Avenue,
covering an area of about 2.25 km?.

» ( : ) 211

Figure 4 Distribution map of public transportation network
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There are schools, hospitals, commercial, fusion, we take their quartile value. The bus lines and their
technological industries, residential areas and other types numbers at stations are shown in Tab. 1, the departure
of land in the area, as shown in Fig. 4. frequency of bus lines is shown in Tab. 2, and the

Select the bus IC card data and bus GPS data for seven impedance distribution between some stations is shown in
days (one week) from October 14 to 20, 2019 to obtain the Tab. 3, The distribution of peak hour OD traffic among
peak hour operation time between stations, after data nodes is shown in Tab. 4.

Table 1 Station and line number

Station number Bus line Station number Bus line
1 1,3,5,13,14, 17, 18, 20, 11 3,21, G23, G24
2 1,2,6,9, 14,17, 12 2,5,12,13, G23,
3 1,3,4,5,6,7,9,13,14, 16, 18, 19, 22, G24 13 4,9,12,13, 16, 18,21,22,
4 1,2,6,9,11,15,17, 19, 20, 14 8,12, 13,20, G24
5 2,3,4,5,6,7,9,11, 15,16, 18,22, G24 15 1,7,10, 11,13, 14, 15, 22, G23,
6 4,6,10, 16, 19, 22, G23, 16 1,2,5,7,10,11,12, 14, 15,21, 22,
7 2,3,17,20 17 1,2,6,8,9,11,12,13,15,17, 18, 19,
8 3,20, G24 18 17,21, G23,
9 3,8,12,13,18,21,G24 19 2,3,4,7,8,9,10, 16, 17, 18, 20, 22, G24
10 20,21, G23,

Table 2 Bus line departure frequency

Line number Bus line Station number which stop at this station Departure frequency
1 325 16 15 3 1 2 4 17 11
2 882 19 16 12 5 2 4 7 17 14
3 B720 19 9 7 8 11 5 3 1 12
4 B868 6 3 5 13 19 20
5 B899 16 12 5 3 1 15
6 E14 6 5 3 2 4 17 15
7 El15 19 5 3 15 16 21
8 MI193 19 14 9 17 15
9 M216 17 4 2 3 5 13 19 10
10 M218 6 15 16 19 12
11 M238 16 15 5 4 17 16
12 M243 16 12 13 14 9 17 12
13 M256 1 3 15 12 13 14 9 17 12
14 M284 16 15 3 2 1 10
15 M337 16 15 5 4 17 8
16 M410 19 13 5 3 6 10
17 M436 19 18 17 7 4 2 1 15
18 M455 1 3 5 13 19 9 17 12
19 M490 17 4 3 6 18
20 M519 19 14 10 8 7 4 1 10
21 M529 16 13 11 10 9 18 10
22 M549 19 13 3 6 15 16 15

G23 35 6 15 12 11 10 18 10
G24 132 19 14 9 8 11 5 3 10

Table 3 Impedance value between some stations, min

station station Bus line Interval value station station Bus line Interval value
16 15 1 [3.7,5.1] 15 12 13 [2.9,4.6]
15 3 1 [5.4,7.9] 12 13 13 [2.2,3.1]
3 1 1 [2.4,3.8] 13 14 13 [2.7,4.2]
1 2 1 [3.8,6.2] 14 9 13 [4.9,6.1]
2 4 1 [4.1,6.7] 9 17 13 [2.4,3.6]
4 17 1 [4.3,6.9] 16 15 14 [3.7,5.1]
19 16 2 [6.5,7.6] 15 3 14 [5.4,7.9]
16 12 2 [2.4,3.6] 3 2 14 [2.7,3.9]
12 5 2 [4.2,5.6] 2 1 14 [3.8,6.2]
5 2 2 [3.8,5.3] 16 15 15 [3.7,5.1]

Table 4 Peak hour OD flow, person/hour

node 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
1 0 2 4 18 9 14 12 9 10 11 13 12 6 8 8 29 25 6 14
2 2 0 6 7 5 14 9 5 6 4 7 14 5 4 10 12 17 7 9
3 4 6 0 7 4 6 10 9 8 9 19 14 25 9 10 28 19 13 24
4 18 7 7 0 6 11 4 2 3 11 12 14 12 9 13 10 5 12 11
5 9 5 4 6 0 5 5 4 9 11 7 7 9 17 7 22 20 15 30
6 14 14 6 11 5 0 8 7 6 7 9 12 13 10 3 7 8 11 13
7 12 9 10 4 5 8 0 3 3 6 8 9 7 11 6 13 3 8 8
8 9 5 9 2 4 7 3 0 4 2 3 7 8 12 14 17 7 11 12
9 10 6 8 3 9 6 3 4 0 5 8 15 16 5 15 17 6 6 7
10 11 4 9 11 11 7 6 2 5 0 6 10 11 5 18 15 10 5 17
11 13 7 19 12 7 9 8 3 8 6 0 7 3 6 6 18 22 14 16
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Table 4 Peak hour OD flow, person/hour - continuous

node 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
12 2 [ 14 [ 14 ] 14| 7 12 [ 9 7 15 10 ] 7 0 5 19 | 4 5 [ 28 |15 | 17
13 6 5 25 12 9 13 7 8 16 11 3 5 0 7 8 7 15 7 6
14 8 4 9 9 17 10 11 12 5 5 6 19 7 0 13 8 14 9 4
15 8 10 10 13 7 3 6 14 15 18 6 4 8 13 0 3 11 8 10
16 29 [ 12 [ 28 [ 10 [ 22 | 7 13 [ 17 17 ] 15| 18 ] 5 7 8 3 0 15 [ 7 5
17 25 [ 17 119 ] 5 [ 20| 8 3 7 6 10 [ 22 [28 15 ] 1411150 4 13
18 6 7 13 12 15 11 8 11 6 5 14 15 7 9 8 7 4 0 6
19 14 9 24 11 30 13 8 12 7 17 16 17 6 4 10 5 13 6 0
4.2 Bus Passenger Flow Assignment Results 1 &y =9,
MAPE ==Y |=—"1x100% (20)
The results of bus passenger flow assignment under OD Mzt i
and impedance are invariant values and are shown in Fig. 5.
In the figure, the flow between each bus node section is the
total flow from the section to each terminal. (21)
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Figure 5 The results of bus passenger flow assignment under OD and
impedance are invariant values

According to the bus passenger flow assignment
method in this paper, the bus passenger flow assignment
results with OD as the determined value and impedance as
the interval value are shown in Fig. 6.
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Figure 6 The results of bus passenger flow assignment under OD is determined
value and impedance are invariant value

4.3 Error Analysis
The mean absolute percentage error (MAPE) and root

mean square error (RMSE) are three typical indexes used
for evaluating the accuracy of prediction (Egs. (1) to (3)).

where, y:{yl,yz,...,yi,...yn} the sequence of the

observation values is, J={J,7,,....5,...7,} is the

sequence of the prediction values, and n is the number of
observation values. In this study, the sample size n equals
was 44.

Comparing the above passenger flow assignment
results with the actual bus passenger flow, the error is shown
in Table 5. The actual bus passenger flow value can be
obtained by the method of deriving the bus passenger travel
path after the fusion of bus IC card data and GPS data [24].
The actual value is from October 14 to 20, 2019, including
two non-working days (10.19 and 10.20).

Table 5 Comparison of the error between the determined value impedance and
the interval uncertainty impedance in the result of bus passenger flow assignment

the determined value the interval uncertainty
Date impedance impedance
RMSE MAPE | % RMSE MAPE | %
Oct 14 10.2 8.3 6.8 5.2
Oct 15 8.3 11.5 10.2 9.3
Oct 16 9.5 12.1 9.7 12.8
Oct 17 8.6 8.4 13.3 9.6
Oct 18 11.5 7.2 6.9 5.5
Oct 19 21.2 15.6 7.5 8.8
Oct 20 16.7 13.5 12.6 9.8
Average 12.3 10.9 9.5 8.7

As shown in Tab. 5, the average absolute percentage
error is 8.7% compared with the actual results by using the
bus passenger flow distribution model under the interval
impedance, and the average absolute percentage error is
10.9% when the impedance is determined, The result of
passenger flow assignment under interval impedance is
obviously better than that under invariant impedance. For
non-working days, when the bus passenger flow changes
greatly, the bus passenger flow assignment result under
interval impedance is better. Because taking into account
more impedance influence factors with the interval
impedance value, although the invariant assignment result
may not be as good as the assignment result under certain
impedance, the overall accuracy of passenger flow
assignment is higher.

5 CONCLUSIONS

(1) Combined with the interval uncertainty theory and
the basic algorithm of interval number, the OD matrix of
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bus stop boarding and alighting is an interval value, which
is more in line with the actual situation.

(2) This paper builds the bus passenger flow assignment
model of interval impedance, and designs MSA algorithm
to solve it.

(3) The bus impedance interval value of the bus line is
obtained through the data mining and processing of
Shenzhen bus IC card data and GPS data. The bus
impedance of different time periods can be obtained, and
then the bus passenger flow of different time periods can be
assigned according to the OD matrix.

(4) The error analysis compares the average error and
the maximum error, which can better reflect that the
assignment model under interval impedance has smaller
error and is more suitable for the bus passenger flow
assignment under the condition of uncertain boarding and
alighting interval.

A future study may develop a transit assignment
approach by modeling the feature of morning commute [25,
26] and taking connected and autonomous vehicle
environment into account [27-29].
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