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Mathematical Method for Droplet Size Distribution of Agricultural Nozzles
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Abstract: One of the technical factors from agricultural nozzles and overall plant protection is droplet diameter, which exclusively depends on working pressure, ISO number
and nozzle type. Therefore, this paper was aimed to describe mathematical model for droplet size distribution. Through field exploitation experiment, data was used from
three ISO numbers of nozzles (hollow cone 80 015; 02 and 03), two air-assisted sprayers (axial and radial fan) and two permanent crops (vineyard and an apple orchard).
Water sensitive papers were used for evaluation of droplet diameters, and digital image analysis with Image J software was used for data processing. Mathematical model
through homogenous diffusion equation and simplified differential equation shows that droplet size distribution had exponential function of modelling. Theoretical
mathematical model was confirmed in experimental results, where coefficient of determination of exponential regression model for 80 015 nozzles was 0.93 with 5.15 of
RMSE. The same coefficient for 80 02 nozzles was 0.96 with 2.88 of RMSE and for 80 03 nozzle R? was 0.93 with 3.25 of RMSE. In addition, it is proved that droplet diameter
depends on operating pressure with very high negative correlation (80 03 nozzles: r = -0.98; 80 02 nozzles: r = -0.97; 80 015 nozzles: r = -0.95). This data will help future
researchers in their papers to facilitate and describe similar models for plat protection processes, and all agricultural producers to determine optimal operating pressure

which is immensely important in economic, biologic, technical and ecologic aspect.

Keywords: agricultural nozzles; diffusion equations, droplet size distribution; partial differential equation; plant protection

1 INTRODUCTION

Agricultural nozzles are the most important parts for
all plant protection machines and the executive element,
which manages the whole process of pesticide application
[1]. The most of nozzles (except for some manufacturers)
are marked according to ISO 10625 standard (each nozzle
is marked with a trade name, type of nozzle, spraying
angle, and nozzle flow in American gallons) [2] and they
determine: spray uniformity, coverage of sprayed area,
amount of sprayed liquid, drift potential, number of
droplets per sprayed area and droplet diameter (depending
of working pressure) [3]. With the mentioned standard,
every nozzle has defined liquid flow at particular pressure,
e.g. blue nozzle (mark 03) at 3 bar (standard) has liquid
flow of 1.2 1 min™! (to double the flow rate, the pressure
should be quadruplicate) [4]. Agricultural nozzles can be
made of plastic materials, brass, stainless steel, ceramic
(most commonly used nozzles are with plastic body and
with a ceramic insert).

One of the main technical factors of the agricultural
nozzles is droplet diameter, which is decreasing by
increasing the working pressure [5]. In addition, by
increasing the working pressure, the number of droplets in
spray is increasing [6]. With this droplet diameter
reduction, bigger number of droplets are being created in
the spray, resulting with higher area coverage [7]. This is
extremely important because in this way the effect of
applied pesticide is increased. So to conclude, a higher
number of small droplets cause greater surface coverage,
which affect greater pesticides effectiveness. Coverage of
treated area is the main goal of the whole plant protection
process, and the main task of technical spraying factors is
to increase this property, especially with management of
droplet size distribution [8].

Many authors are interested in researching this area, so
they investigate air velocity of air-assisted sprayers [9],
spraying norm [8], nozzle position and orientation [10],
nozzle types [11], spraying speed [12] and vertical liquid
distribution [13]. The authors [3, 14] study the impact of
different /SO nozzle type on optimum surface coverage and
drift intensity within permanent crops, and they are stating
that nozzles with smaller /SO number achieve better

coverage of the treated surface, but increased liquid drift,
due to smaller droplets.

The most common method to evaluate droplet size
distribution, number of droplets per cm?, drift and area
coverage is with water sensitive papers (WSP) and digital
image analysis (DIA) [1, 3-6, 8, 11, 13, 15-17]. The
method is affordable and cheap, and therefore it is most
widely used, unlike the methods with infrared lasers. The
method with lasers is more accurate, but the method with
WSP papers satisfies scientific standards. With this much
concern about the droplets size and application techniques,
and with advanced of agricultural engineering, the
emphasis is on the use of sensors to achieve even greater
accuracy of the application [14, 18-19].

Knowing all these facts, we come to a cognition how
important this area is - in economic, biologic, technical and
ecologic aspect. Therefore, it is essential to use
mathematical models for describing the mentioned figures
and technical legalities. Many authors are developing and
describing different models with diffusion and differential
equations for distribution of different properties, such as:
waterborne particle sizes [20, 21] and particle sizes of filter
granulation [22, 23]. In addition, different mathematical
models are being developed for durability of agricultural
tractors [24], surface roughness of artificial cell wall
materials [25] and fertilizer particle motion [26]. Some
authors are investigating models of sowing process with
different types of sowing machines in the function of
longitudinal, lateral and seed depth distribution [27, 28].

Diffusion processes are described by partial
differential equations with parabolic type (1). They have
the canonical form:

o’y ( oy ayj
—=G| x,t,y,——,—=— |,y = y(x,1). 1
ox? Y ox Ot y=yien )

Such equations probably occur more commonly than
any other type of partial differential equations in applied
science, because they arise as models of many physical,
chemical and biological processes. The most basic is the
heat (diffusion) equation [33], which describes the flow of
heat by conduction through a stationary, homogeneous and
isotropic material. Heat sources and sinks can be present.
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Equations are often referred to as diffusion equations
because they also model diffusive mass transfer. Such
processes occur, for example, when modelling the
distribution of a pollutant in a river along the x-axis [34].
With a unidirectional flow in the space, this equation gets
more complicated. The heat conduction comes about
through the random agitation of certain modes of
oscillation of atoms. Therefore, the diffusion equations
also appear in probability and finance, because they can be
obtained from "random-walk" or "Brownian-motion"
models [35]. The diffusion equations also arise in vector
form in electromagnetism and astronomy [36].

2 MATERIAL AND METHODS

This material and the scientific method were already
used in the mentioned papers as an authoritative research.

2.1 Sprayers and Nozzles

In this study, two mounted orchard sprayers were used:
axial fan orchard sprayer with high altitude air routers and
radial fan orchard sprayer with tangential air. Research was
done on two types of permanent crops: vineyard [4], and
apple orchard [8]. In both parts of the research, the same
technical parameters of spaying are used (nozzles, working
speed, spraying norm and the working pressure were
adjusted according to the particular treatment). The study
used three models of hollow cone nozzles with same
characteristics but different marks: 80015C (green), 8002C
(yellow) and 8003C (blue). All selected nozzles are marked
according to ISO 10625:2005 standard. Dimensions of
nozzles are shown in Fig. 1.
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Figure 1 Dimensions of hollow cone nozzles
2.2 Calculation of Research Parameters

Working speed of sprayers was set in the range of
optimal agrotechnical speeds at 6 and 8 km/h. Spraying
norm was adjusted accordingly to the volume of permanent
crop, used nozzle and working speed (apple orchard: 250,
325 and 400 I/ha; vineyard: 250, 300 and 350 l/ha). After
determination of crop volume and spraying norm, the next
step of sprayer calibration was to calculate required nozzle
flow and pressure. Nozzle flow was calculated from
equation:

N,.-v.-b
— I )y )y , 2
On 600 (2)

where is: Om - nozzle flow, /min; N; - spraying norm, l/ha;
b, - row width, m; n - number of nozzle in exploitation.
Final step of calibration is to calculate required pressure
with equation:

9 )4
=l A 3
O, D ®

where is: Q) - liquid flow at pressure pi, l/min; Q, - liquid
flow at pressure p», I/min; p; - pressure at Q; - liquid flow,
bar; p; - pressure at O- - liquid flow, bar.

2.3 Water Sensitive Papers (WSP)

The row width was 3.5 m in an apple orchard and 2.8
m in a vineyard and 10 nozzles were installed on both
sprayers. Airflow and velocity were set accordingly to the
volume of permanent crops. WSP are yellow rectangular
strips (75 x 25 mm) and on surface, they have a thin layer
of bromophenol, which in contact with water turns blue.
Therefore, the droplets that fall on a WSP were used for
determination of average droplet diameter (Fig. 2).
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2.4 Digital Image Analysis (DIA)

After field research, the WSP samples were collected
and each one was analysed by using the digital image
analysis (DIA). The basic elements of the DIA system used
in this research were a lightening chamber with 8 halogen
lamps arranged in a circle that forms top lighting, and
lower lighting with energy saving bulb, which is located
below the surface of sandblasted glass on which the sample
is placed. Inside of lightening chamber, there is a digital
camera, located in the upper part of the chamber within 60
cm from the sample.

Before the analysis, the entire system needs to go
through the calibration process [29, 30]. After taking the
samples, images are stored in TIFF format. On images,
automatic computer command (macro) was applied in
Adobe Photoshop® software, with the purpose of
segmentation and separation of the sample surface. The
next step is image processing with ImageJ software [1, 31,
32].

2.5 Previous Research

In chapter experimental results, data is retrieved from
[3, 4, 8], and reorganized to show average droplet diameter
through three models of nozzles, according to working
pressure as treatment requires (e.g. in treatment Y/8/350
average droplet diameter is shown for both of the sprayers
and permanent crops). Data is retrieved from PhD thesis
[3], and used methodology in this paper was also used in
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[4, 8]. This method of data display is required to
demonstrate and confirm mathematical model for droplet
size distribution shown in the next chapter.

3 MATHEMATICAL MODEL

The general form of a homogenous diffusion equation
with one space variable x and the time variable ¢ and the
unknown distribution y(x, ¢) possesses the form:

9 54 w_
2 [K(x) 6x}+L(x) oo, 4

Since the general solution of the diffusion equation
could not be calculated yet, the solution must be derived
for each K(x) and L(x) extra.

a+bx+cx?
(b+2cx)2

a+bx+cx? } e )

1
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It describes the droplet size distributions of
agricultural nozzles. The unknown function y(x, f) is the
volume percent proportion, x is the droplet diameter and ¢
>0 is the time. a, b and c are fitting constants. The problem
is to find the solution of this differential equation. First, it
is shown that (5) really is a diffusion equation. If we
express y; in (4) explicitly and compare the coefficients of
this equation to those of (5), we obtain the two
determination equations:

' 2
£: 1 _2ca+bx+cx ’ ,:i’ ©)
L 2(b+2cx) (b+ 20x)3 dx
And
K  a+bx+cx?
—= (7
L (b + ZCx)
Dividing Eq. (6) by (7) gives:
K' b+2cx 2¢
== ®)

K 2(a+bx+cx2)_b+2cx'

Integrating this conditional equation of K, we obtain:

Va +bx +cx?
K(X)ZC1W, 9

where ¢ represents any arbitrary constant. Inserting (9) in
(7) yields the second coefficient of (4):

b+2cx

—_— (10)
Va+bx+cx?

Therefore, it was proved that the differential equation
(5) to be solved really represents a diffusion equation. ¢

L(x)=¢

can be set to = 1, or after inserting (9) and (10) in (4), c1
can be cut out from this equation.

The shape of the solution function of a differential
equation depends on the coefficients and the linearity or
nonlinearity of the equation. To get an idea of what the
solution to Eq. (5) could look like, we make the following
considerations:

3.1 Simplification of (5)

The polynomial of second order a + bx + cx? occurs
with its first and second derivative in the coefficients of (5).
This diffusion equation to be solved is simplified by using
the simplest polynomial of second order. This is cx’.
Taking a =b =0 in (5) and using ¢ < 0, Eq. (5) is simplified
to:

1

The solution of (11) is given by:

2.~1

C cxt
y(x, t)=$e , (12)

where C is arbitrary constant.

3.2 Complicating the Solution of the Simplified Differential
Eq. (11)

Since a = b = 0 was set in the simplification of (5), it
is obvious that the solution of (5) could have the form:

K a+bx+cx2)tq
y(x,t)=Ct’e (

,p#0,g#0,5s #0. (13)

The constants p, g and s must be determined. For this,
the assumed solving function (13) is substituted into the
differential equation (5). That delivers:

s(stz‘”l+qtq)(a+bx+cx2)+%tq+l+p:0, (14)

where x and ¢ are independent variables. So a comparison
of x resp. t powers can be made. Dividing (14) by # and
equating the coefficients of like powers of x yields the three
conditional equations:

as(sthrl +q)+%t+pt7q =0, (15)
bs(sﬂ“ +q) =0, (16)
cs (Stq+1 +q) =0. (17)

b =0 and/or ¢ = 0 do not preserve the diffusion Eq. (5)
and s = 0 was already excluded in (13). So the
determination Eqs. (16) and (17) imply that the third factor
in these equations vanishes. The coefficient comparison
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with respect to ¢ powers in Egs. (16) and (17) only yields a
useful solution if ¢ = —1. Therefore, s + g = 0, resp. s = 1.
Inserting these values into (15) implies p = — 1/2. Hence,
the solution (13) becomes:

This even is a particular solution of the differential Eq.

).
4 EXPERIMENTAL RESULTS

C 2 Tab. 1 shows all the results connected to treatment
a+bx+cx ; ;
y(x,t)=—exp {—} (18) (model of nozzle, working speed, spraying norm) and
Vi t required operating pressure for treatment realization (e.g.
for spraying norm of 350 I/ha and working speed of 6 km/h
The best fitting function is obtained at C =1, i.e. and by using 80 03 nozzles, required operating pressure is
2.97 bar; for 80 02 nozzles 6.38 bar; and 10.99 bar for 80
atbxtex® 015 nozzles (Egs. (1), (2)). Demonstrated results are means
y (x,t = 1) =¢ ) (19) for both of the sprayers and permanent crops.
Table 1 Results of droplet size distribution for research properties
Treatment p/ bar d/pm Treatment p / bar d/pm Treatment p/ bar d/pm
B/6/250 1.51 223.74 Y/6/250 3.25 191.84 G/6/250 5.60 181.47
B/6/300 2.18 214.62 Y/6/300 4.68 188.69 G/6/300 8.07 176.80
B/6/325 2.56 205.40 Y/6/325 5.50 178.05 G/6/325 9.47 164.61
B/8/250 2.69 201.70 Y/8/250 5.78 178.86 G/8/250 9.96 160.05
B/6/350 2.97 202.83 Y/6/350 6.38 180.98 G/6/350 10.99 167.14
B/6/400 3.88 192.68 Y/6/400 8.33 169.29 G/6/400 14.35 143.21
B/8/325 4.56 181.44 Y/8/325 9.78 160.21 G/8/325 16.84 132.56
B/8/350 5.29 182.61 Y/8/350 11.34 162.33 G/8/350 19.53 126.63
B/8/400 6.90 159.24 Y/8/400 14.81 143.80 G/8/400 25.52 120.76
R? 0.9375 R’ 0.9623 R’ 0.9352
R 0.9286 R 0.9569 R 0.9259
RMSE 3.25 RMSE 2.88 RMSE 5.15

Treatment: B (blue nozzle) - 80 03; Y (yellow nozzle) - 80 02; G (green nozzle) - 80015; 6, 8 km/h; 250, 300, 325, 350, 400 V/ha; p - operating pressure; d

- average droplet diameter

The result of quoted is average droplet diameter which
is solely dependent on operating pressure - very high
negative correlation (80 03 nozzles: r = —0.9840; 80 02
nozzles: r=—0.979; 80 015 nozzles: r=—0.9587). Average
droplet diameter in each group is decreasing with pressure
increment (80 03: from 223.74 to 159.24 um; 80 02: from
191.84 to 143.80 pm and 80 015: from 181.47 to 120.76
pum) according to exponential dynamics, which is shown in
the mathematical modelling chapter (Figs. 3, 4 and 5).
Comparing the droplet size between nozzle groups at same
operating pressures, the largest droplets generate 80 02
nozzles, and the smallest generate 80 015 nozzles (as
described by the ISO standard) [2]. This means that nozzles
with higher ISO number generate higher nozzle flow and
bigger droplet size distribution.
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Figure 3 Droplet size distribution for 80 03 nozzles

As can be seen in next Figs. 3, 4 and 5, the quality of
fitting procedure is very good and precisely for tested
property. R - square value in all three cases is higher than
0.93 (as well as adjusted R - square), while the root mean
square error (RMSE) is low enough. The shapes of these

functions indicate that droplet size distribution follows the
well-known exponential distribution function. A variety of
different fitting functions had been tested for this property,
and exponential achieved the highest accuracy. In Fig. 3 is
shown droplet size distribution for 80 03 nozzles (blue). R?
value is 0.9375 (R%q;. = 0.9286) with 3.25 of RMSE.
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Figure 4 Droplet size distribution for 80 02 nozzles
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Figure 5 Droplet size distribution for 80 015 nozzles
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In Fig. 4 is shown droplet size distribution for 80 02
nozzles (yellow). R? value is 0.9623 (R%q. = 0.9569) with
2.88 of RMSE.

In Fig. 5 is shown droplet size distribution for 80 015
nozzles (green). R? value is 0.9325 (R%q;. = 0.9259) with
5.15 of RMSE. From these three cases, very important is
that RMSE value is so low because the required accuracy
of the model is achieved and the experiment results are
very close to the classification line.

5 CONCLUSION

A very important prerequisite for a good plant
protection is optimally adjusted technical spraying factors,
with an optimal droplet size distribution, which is the most
important. The paper presents and gives solution of
diffusion/differential equation for description of droplet
size distribution in the shape of exponential function, i.e.
this paper shows quite satisfactorily results for
mathematical modelling of crop protection process.
Mentioned model, which are partial differential equations,
was experimentally verified through described materials
and methods.

Model of fitting accuracy for exponential function is
quite high with coefficients of determination greater than
0.93, while the root mean square errors are less than 5. In
addition, it was proved the droplets size dependence on the
operating pressure (coefficient of correlation from 0.95-
0.98). This data will help future researchers in their papers
to facilitate and describe similar models for plat protection
processes, which is immensely important in economic,
biologic, technical and ecologic aspect. In addition, this
research will help all agricultural producers to determine
optimal filed operating pressure to reduce drift and increase
area coverage for better effectiveness of pesticides.
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