MATHEMATICAL COMMUNICATIONS 253
Math. Commun. 26(2021), 253-270

Hermite spatial variations for the solution to the stochastic
heat equation

HECTOR ARAYA!, JOHANNA GARZON?, NICOLAS MORENO® AND
FRANCISCO PrLAzA**

U Instituto de Estadistica, Facultad de Ciencias, Universidad de Valparaiso, Avenida Gran
Bretana 1111 Playa Ancha, Valparaiso, Chile

2 Departamento de Matemdticas, Universidad Nacional de Colombia, Carrera 45

No. 26-85, Bogotd, Colombia

3 Departamento de Ciencias Matemdticas, Universidad EAFIT, Carrera 49 No. 7 Sur-50,
Medellin, Colombia

1 Instituto de Fomento Pesquero, Almte. Manuel Blanco Encalada 839, Valparaiso, Chile

Received September 11, 2020; accepted June 14, 2021

Abstract. In this paper, we study Hermite spatial variations for the solution to the
stochastic heat equation with space-time white noise. We prove that these variations satisfy
the central limit theorem and we obtain the almost sure central limit theorem.

AMS subject classifications: 60H15, 60H07, 60F05

Key words: Stochastic heat equation, central limit theorem, Hermite variations, Malliavin
calculus, space-time white noise.

1. Introduction

In probability theory, the study of stochastic partial differential equations (SPDE) is
an important topic of research. Precisely, the linear stochastic heat equation driven
by white noise is one of the most studied SPDEs. This is due to its mathematical
simplicity and its application in several areas. The solution to this stochastic partial
differential equation has been of great interest to researchers in the last years. It is
known that a mild solution exists if and only if the spatial dimension is one, it is
also Holder continuous of order 0 < ¢ < 1/4 with respect to its time coordinate and
of order 0 < § < 1/2 with respect to its space coordinate and it has a close relation
with the fractional Brownian motion and the bifractional Brownian motion, among
other interesting properties (for more details, see section 2.1 [16]).

Spatial and temporal quadratic variations of this process can be found in [17], and
in [15], respectively. In relation to parameter estimation for the heat equation with
white noise using variations, we can mention [13, 19, 2] and [3], and the references
therein. Other approaches to the problem of the limit behavior of variations could
be used (see, for example, [4, 5, 6, 19]).
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It is known that the covariance of this process is stationary with respect to the
space variable, but dependent on time. Thus, for the purpose of observing the
influence of the time variable in the behavior in space of higher variations of this
process, a new parameter « must be defined. This new parameter allows us to
consider the behavior of the variation when the time variable is either fixed or big
or small. This approach has been introduced in [8], based on the tools developed in
[12], to study the influence of the time variable on the spatial quadratic variation of
the solution to the heat equation.

The aim of this paper is to study higher order spatial variations of the solution
to the linear heat equation driven by space-time white noise. Precisely, we will focus
on the Hermite spatial variations with moving time.

For every N > 1 and for every ¢ = 0,..., N, we denote z; =
variation statistic with moving time, over the unit interval [0,
following way:

So, the Hermite

i
1], is defined in the

)

u(N¥ 1) — u(NY, ;)
Vn =) H, -
= \VE@N ) - u(Ne, 1)

where u is the solution to the linear heat equation, H, is a Hermite polynomial of
order q and a € R.

We prove that, under suitable normalization depending on «, this sequence con-
verges in law to a normal random variable. More precisely, we have

d(Fy, N(0,1)) < O%.

Here, Fiy = Vy /vy with v, = E(V32), where d could be either the Kolmogorov,
the Wasserstein, or total variation distance. Furthermore, we prove an almost sure
central limit theorem for Fy.

We organized our paper as follows. In Section 2 we give a brief introduction
to Malliavin calculus and the heat equation driven by space-time white noise. In
Section 3, we introduce Hermite variations and estimate their second moment. In
Section, 4 we study the asymptotic distribution of Hermite variations. Finally, in
Section 5, an almost sure central limit theorem is obtained.

2. Preliminaries

This section is dedicated to presenting some definitions and results that are used in
this paper, related to Malliavin calculus and the heat equation driven by space-time
white noise.

2.1. Elements of Malliavin calculus

Here, we briefly recall some elements of stochastic analysis; for an in-depth introduc-
tion we refer the reader to [11]. Consider (H,(.,.);,) a real separable Hilbert space
and (B(p),p € H) an isonormal Gaussian process on a probability space (2, F, P),
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which is a centered Gaussian family of random variables such that E (B(¢)B(¢)) =
(@,10) 4, for every ¢,4 € H. Denote by I, the gth multiple stochastic integral with
respect to B. This I, is actually an isometry between the Hilbert space H®? (a sym-
metric tensor product) equipped with the scaled norm ﬁ” - ||®q and the Wiener
chaos of order ¢, which is defined as the closed linear span of random variables
H,(B(y)), where ¢ € H, |l¢llx = 1 and H, is the Hermite polynomial of degree
q > 1 defined by:

H,(z) = (_q1!)q exp (”322) % (exp <_”“"22>> , z€R.

The isometry of multiple integrals can be written as:

WS, G nea ifp=
E(Ip<f>fq<g>)={q<f T A= M)

0 otherwise,

forp, ¢ > 1, f € H®P and g € H®Y,
It also holds that ~
1,(f) = 1,(f),

where f denotes the symmetrization of f defined by

~ 1
f(l‘l,...,l'q) = a Z f(acg(l),...,ma(q)).

0ES,

We recall that any square-integrable random variable F'; which is measurable
with respect to the o-algebra generated by B, can be expanded into an orthogonal
sum of multiple stochastic integrals:

F= Zlq(fq)é

q=>0

here the series converges in L?(f2)-sense, the kernels fq, belonging to H®, are
uniquely determined by F' and Iy(fo) = E (F).

We denote by D the Malliavin derivative operator that acts on smooth functions
of the form F = g(B(¢1),...,B(pn)), wheren > 1, g : R™ — R is a smooth function
with compact support and ¢; € H, and that is defined as follows:

DF =3 2L (Bl Blew)er

The operator D is continuous from D*? (H) into D*~ 1P (H).

We will need a general formula for calculating products of Wiener chaos integrals
of any order p, g, so, for any symmetric integrand f € H®P and g € H®Y, it is:

B0 =3 () (vt 010 )

r=0
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If H is the space L2([0,7]), then the contraction f ®, g is the element of
HEWPH+a=27) defined by:

(f Or g)(817 LR} Sp—Tvtla s 7tq—7‘)
= / F(s15e ey Spry ity ooy ) gty ooy tgmr, Uty - - U )dug - du
[0,7]"
We will use the following result that characterizes the convergence in the distri-

bution of a sequence of multiple integrals toward the Gaussian law (see [10] or [9]
for details).

Theorem 1. Let I,(f) be a multiple integral of order ¢ > 1. Assume E[I,(f)?] = o*.

Then
(;nmqu)n%,ﬂ ,

where D stands for the Malliavin derivative with respect to u and ¢ = 1/0?, when d
is the Kolmogorov distance, and ¢ = 1/o, when d is the Wasserstein distance, and
finally ¢ = 2/0?, when d is the total variation distance.

d(I,(f),N(0,6%)) < ¢ | Var

2.2. Heat equation with space-time white noise

In this subsection, we recall some known facts concerning the solution to the linear
stochastic heat equation driven by white noise in time and space (our main reference
is [16]).

The linear stochastic heat equation is given by the following expression:

1 .
up = gAu +W (3)
u(0,2) =0, for every z € R;

here A is the Laplacian on R, u; := 2% and W = {W(t,A) : t > 0,4 € B,(R)} is
space-time Gaussian white noise, that is, W is a Gaussian process with mean zero
and covariance given by

E(W(t, A)W (s, B)) = (t AS)NANB), s,t>0,

where A denotes the Lebesgue measure.
Process u(t, z) is the solution to (3) (in the mild sense) if

u(t,z) = /0 /RG(t —s,x—y)W(ds,dy), zeR, t>0, (4)

where G is the fundamental solution of the corresponding deterministic heat equa-

tion, that is,
2

Git.2) = (2mt) e (<55 ) 100

for t,x € R. Process (4) is well-defined as a square integrable random variable if
and only if the spatial dimension d is equal to 1.
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2.2.1. The spatial correlation structure

The covariance of the process u given by (4) can be obtained by (see e.g. formula
(7) in [8]):

E(u(t, z)u(s,y))

1 _ly—=? _ly—=z|? 1 V2(t—s)
= \/? (, /t + se 2/(t+s) — v/t — se 21(1,—5)) _ ﬁ‘y B $|/ 2(t—s) efzzdm
T Vo)

U (itse % s 5
=— se 9 — 1/t — se” 2=
V2T

|z —y| |z —y|
— 2|z — ylerf (\/m> +V2|x — ylerf <2(t+s)> ,

where erf denotes the error function

erf(z) = \/%/0 e dz.

In particular, when t = s,

E(u(t,z)u(t,y)) = %ﬂe— i VBl — ylert ('“"2;5/') —ly—=z|, (5

while for z = y we find, as in [15] and [16],

Bu(t, 2)u(s, z)) = J% (Vits— Vi)

Hence, u(t, x) is a normal random variable with mean zero and variance \/% .

In the sequel we will denote z; = ﬁ for every ¢ = 0,.., N and for every N > 1.
Due to [8], the following results will play an important role in the study of the
Hermite variations Viy:

Lemma 1 (see [8]). For a € R, let go(N) be defined by
9a(N) = EJu(N, zj11) — u(N*,z))|”
1. If a > =2, then
Ngo(N) —— 1/2.
N —o00
2. If a = =2, then

2

NoolN) 520 77

1 oo
1—e V4 4 — / b=/2e=bab,
( 2V J1)a

3. If a < =2, then
N7 2g4(N) ——
N—o0

s
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Lemma 2 (see [8]). Let u be given by (4), « € R and
ra(i = j) = E N 2ip1) — w(N, i) (W(N, 2j41) — u(N, 25))

where, for k € 7,
Lo & (k + 1)? (k — 1)?
rn (k) :ﬁN / [2exp <_4N2+a> — exp <_4N2+0‘ —exp | — s
K], || |k +1] |k +1]
V2|2 [ ontraz )~ ¢\ aNTrer

|k — 1| |k — 1|
- erf 5 N1Fa/2 .

Then for k=1,...N — 1, we have

(k) < Oy v (B), 7)

where

k1) (k17
Iy (k) = ((N;i + 1> ¢ ANZFo

In particular, if « > 0
1

'I"N(k') S Cm

3. Hermite variation with moving time

Now we focus on the asymptotic behavior of Hermite spatial variations for the so-
lution to the heat equation; our main tools are the estimates given by Lemma 1,
Lemma 2 and the Stein-Malliavin theory (see [9]).

Let us recall that for every N > 1 and for every ¢ = 0,..., N, we denoted
T = ﬁ So, the Hermite variation statistic over the unit interval [0, 1], is defined in
the following way:

u(N* zi41) — u(N% ;)
ZH =
VE N, za1) — u(Ne, ;)

)

for a € R.

We denote by H the canonical Hilbert space associated to the Gaussian solution
process (u(N%,x)),g- This Hilbert space is defined as the closure of the set & of
indicator functions 19 ,), > 0, with respect to the inner product:

(o1 o)y, = E(u(N*, 2)u(N", p) ).
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The above inner product has the explicit form given by (5).

From now on, we denote by I/, ¢ > 1, the multiple Wiener-integral with respect
to the Gaussian process (u(N,)),¢(o 1), S0 the increment u(N®,y) —u(N,z) can
be expressed as I{' (1), for every z < y.

Therefore, we can easily rewrite

N-1
Vi = 3 Hy (9221 (10, -

=0

with go(N) = E [u(N®, z;41) — u(N®, 2;)|*. Let us note that go(N) does not depend
on 4 (stationary in space). So

N-1

1 3 . .
Vi = Z; g (N)T2IHART ) =12 (sn),
1=
where
| Nl
== —q/21®q ®
SN = p Z@ Ja(N)™1 1[:“@#1] c H®4,

In order to apply the fourth moment theorem we need to consider the following
normalized sequence:

Iu
W LGN 2 Z B2, ®)
UN UN

Fy

Lemma 3. Let vy be given by (8). Then

1
— if a+2>0
q!

1, 1 1 .

NN Noeo EJF 2¢—14! if at+2<0
1 .
— tes if a+2=0,
q!

where

I R R )
+V2 [2k|erf (";') — |k 4 1lerf ("“;r”) — |k —1erf (““;”)Dq
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Proof. By isometry formula (1), we get

1 N—1
UJZV - aga(N)iq < ig"’“&ﬂ’ 1([8;37rj+1]>y®q
i,j=0
1 N—1
*‘ga( )—q <1[Ii,ri+1]’ 1[517j,96j+1]>?~£
q i,j=0
N-1
N 2 _
==+ |9a(N) ! Z Moswisas Layias )3
¢ 0,=0,i>j
1 2
=R\ +RY.
Clearly, for every «, we have
1 1
NRN N—o00 a
For ry given by (6),
N-1
1 (2 21 _
N = RN DIV = R ()", (9)
’ k=1

The limit behavior of R® is divided into three cases:

Case 1: a +2> 0. By Lemma 1, we know that go (V) behaves as 7&; then by
inequality (7) we have:

L@ < 2ol vyt NﬁlN k) (hy (K))?
NN = Nga() m;( — k) (hn(k))
9a+1 - 1 N-1
q' N 1N(2+0‘/2)q Z(N_k) (hN(k))q
’ k=1
1 N—1
< Cytizarma 2 (v (k)
k=1

and following the same steps in the proof of Proposition 1 in [8], we obtain
1
RN = 0.

Case 2: o+ 2 < 0. By Lemma 1, go(N) ~ %N“/z. Furthermore, by Proposi-

tion 2 in [8], the only contribution to the expression of Rﬁ) /N in (9) is given when



HERMITE SPATIAL VARIATIONS FOR THE STOCHASTIC HEAT EQUATION 261

k = 1. Therefore, by (6)

iR(Q) ~ ziquaﬂ 2 _q(N —1) x Na/2i (26*%]\7727“_ efN?Qia—l)
N N T ¢'N Nz Nz

21/2 1 1 !
5 (oot () =t (W)))

—_— .
N—o0 2‘171(]!

Case 3: a+ 2 = 0. By Lemma 1, we know that g,(N) behaves as CoN 1.
Therefore,
N-1

(V- k) (8)),

L 2@ 2 gt

iRN ~ ZCTING
10

N q! Pt

given that « = —2 and (6), we get

(k) = NG (8) + ) (k)),

- o () - () e 5]

and
ki k41 k—1
r§@3_¢2hmwfc;>—m+uwfo2|)—m—uwf<2”.
So
1 9 N-1
2 — 1 2
N G 8 )
=1
and
lim lR(Q) = c:
N—oco N N T
where

=55 5 e () e () o (45
+¢2PwaC§>—m+uwfck;”)—m—uwfok;”ﬂ)a

Let us note that the constant c3 is finite. O
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4. Central limit theorem

In this section, we will prove the convergence of the sequence Fiy toward the Gaussian
law. In fact, we can apply Theorem 1 to the sequence Fiy given by (8) since it is a
multiple integral of order ¢, obtaining the following normal convergence result.

Theorem 2. Let Fx be given by (8) with ¢ > 2. Then we have

d(Fx, N(0,1)) < c\/%.

Proof. Let us compute the Malliavin derivative of Fiy

1
o —q/2 ®q 1
DFN B (q - ]-)' UN a Z [Izvlt+1]) [@i,zita]>
SO

1

2 ®q—1 1®9-1

| DFn |3 _W 2 ga ZO 1%7 »+1])Iu 1(1 [%‘@Hl])
i,j

X <1[-7371,-T71+1]’1[Ijvffj+1]>7'l‘

Product formula (2) implies

1
1 q—

2 _ 1 ®Kq—1—r ®KRq—1—r
IDPx i =5y g 4 Y 71 rer Zofaq 2o (LRI
r= %,

<]'[Tz Tip1]s 1[$97x7+1 >TH+1’

where C471 = (qzl) and ® denotes the symmetric tensor product. Furthermore,
following [14], we can write | DFy||3, as

IDFn|3 = Si,n + S2.n, (10)
where
1 1 N—-1
S = (g—1)! Ega(N)iq Z <1[wi:$i+1]’ 1[$j’$j+1]>;1-1
i,j=0
and
1 1 q—2 N-1
— — —1\2 U ® 1—r ®Rq—1—r
SZN _nga(]\]) qZOT!(Cg ) .ZOIQQ_2_27( [xfj xz+1]®1[xj,xj+1])
r= 1,]=
r4+1

X <1[

T, Tig1]> 1[$j79”j+1]>?-£

By Theorem 1, we get

)

1/2 1/2
d(Fy, N(0,1)) < C (Varl DFx Bao.) =€ (BIS3))".



HERMITE SPATIAL VARIATIONS FOR THE STOCHASTIC HEAT EQUATION 263

Clearly, H = L*([0,1]). Now we will prove that S n converges to zero in L*(Q). In
fact, by (1),

—2 N-1
1 1 _ q - -
E(S3 v) UERIT ga(N)720 3" mlnl(CaT N2 (C? Y
! T1,72=0 11,12,51,J2=0
U ®q—1-7r1 51®g—1—r1 w ®q 1—rg ®q—1—r2
E [12q—2—27‘1(1[$i17$i1+1]®1[1}j1 ,zj1+1])12q—2—2r2( [Izz7112“}@1[%2,%2“])}
+1 +1
x <1[wi1 @iyl Lz, ’wh“}ﬂi <1[$i2 ipi1]s Hag, x112+1]>;-?
N—1

1
L TALIR) WL DR

i1,%2,J1,j2=0

®q—1—1r 51Q9—1—1r ®Rq—1—r = 1®q—1—r1
x (1 1 ,
[wiyswip 1] = 7 wg @i 01] Tmig g1 T T [0 5541] /gy @2(0-r—0)
r+1 r+1

x <1[Ii1ami1+1}7 1[$J‘17Ij1+1}>7—£ <1[Ii2ami2+1}’ 1[$J‘27Ij2+1}>7{
We will use the fact that (see [14])

<®q—1—7" 51®q—1—r ®q—1-r =1®q—1—r >
[wig @iy 41] 7 7 [0 5@ 1] T [@ag ig 1] T [ 5 @50 11] [ @200 1)

= Z C(r,q, o, B) <]‘[1'i1775i1+1]’ 1[‘”11ij1+1]>%
a+pf=q—1-r
8 B
x <1[$117£i1+1]’ 1[”127$i2+1]>7{ <1[x,-2,x,-2+1]7 1[xj1 ’xj1+1]>?-t

x <1[ﬂ?i2ﬂ7i2+1]’ 1[1.7'27$J‘2+1]>H )

here C(-) is a generic constant that does not depend on N. This implies

—2
1 1 o B
B(S3x) = (g =y 1 9 (N) 3 rP(Ciy(2g — 2 - 20)!
q ) N r=0
X Z C(T,Q,Q,B)CLN(T,Q,O(,,B),
a+pB=q—1-r
where
N—-1 o 8
an(r,q,, f) := Z <1[Ii1’xi1+1]’ 1[1j1’111+1]>7_[ <1[mi1,wi1+1]7 1[mj2,96j2+1]>%
i1,12,j1,52=0
B a
X <1[xi2’1i2+1]’ 1[9“’1'1’9731‘1+1]>H <1[Ii2’zi2+1]’ 1[1j2’112+1]>7_l
r+1

<1[I11 iy 1] 1[%1 17]1+1]> <1[I12 Tint1]s 1[%2 I12+1]>
N—-1
ST i — i)t i — i)t iz — da )R (152 — i)

1,%2,J1,J2=0
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At this point we need to study the limit behavior of E(S3 y) in three different
cases:

Case 1: a+2 > 0. Taking into account the behavior of g,(N) and v% (Lemma
1 and Lemma 3), we get

q—2
E(S3 x) ~ CN*72) " r2(C27 1) (2 — 2 — 2r)!
=0 (11)
X Z C(Taqaa76)aN(Taqaaaﬁ)'
a+pB=q—1—r

Therefore, we need to study the rate of convergence of the following expression:

qu_zaN(r7Q7a75)
N—-1
= N2 N R — )t (i = e (i = 2R (12 — i)

11,%2,J1,J2=0
We decompose ay(r, q,a, 3) as
)IEEED DI D DN D DL D
i,02,J1,J2  i=te=ji1=j2 G1=i2=j1#j2 G1=2Ff1Fl2  4y,i,,j1,j. distinct
Therefore, we can write

E(S§,N) =S521.8 +S22.N+ 523N+ S24.N- (12)

We will prove that each term in (12) is majorized by C%.

N-1 N-—1
1
San = CN72 3 " 3(0) ~ CN?972 Y (N1 < C5
=0 =0

Since we have different bounds for hy (k) for —2 < a < 0 and « > 0, we will handle
these separately.

N-1
Syo,n =CN?I72 Z i (0)r% (i = j)
1,j=05i>7
) N-1

-1
<CN"! Ty > (k).
k=1

If -2 < a <0, for N large enough and for € > 0 such that ¢ < —a/2, we have

h(k) < 4 SN if k< [N1+3+e)
T | CeNTUNTY if k> [NIFETE] 41,
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Then for ¢ close to 0 and N close to oo,

) [N1+(x/2+e] N—1
-1 2 —qN?* nr—qa
SQ,2,N SONq W Z N=9 Z e 9 N4
k=1 [N1+0</2+5]+1
1 [N1+o</2+e]
2qe—2e
<CON? Na(2+a/2) Z N
k=1
<C ! <C !

=" N(g—1)(2+a/2)+e(1-2q) = ~ N’

by choosing a very small e. By a similar technique we can handle the term j; = iy #
i1 # j2. Therefore,

S2,3,N

=CN*2 N Rl — el (i — e (i = Gal)rRe (L2 — ia)
i1=l2# 172

= CN*72 N " R (i — )t G = e = k) (G - k)
>35>k

— 1 . . a—+r . . a—+r . -
< ON* Qm Z hjﬁv(@—J)hN+ i — )RS +1(Z—k’)h16v(3 — k).

i>i>k

Again, for a+2 > 0, the dominant part of hy is the one between 1 and [N1+e/2+¢],

this implies
1
Na(2+a)—2(1+a)—12¢’

Sosn < C

for every € > 0, such that e < —a/2. So, by taking € close to zero we can bound the

1
term for every ¢ > 2 by N For the last term in the case a4+ 2 > 0, we have

S2.4.N

= CON?172 Z T]‘i,(|j1 . i2|)rj‘\‘,+r+1(|i1 —j1|)7‘?v+r+1(|i2 —j2|)r]‘i,(|j2 — i)
i1,i2,j1,52 distinct

SONT2 30 Rl = gl i = e iz = 2D i el
i1,i2,j1,j2 distinct

SCON*72 N i — )T i — )t (e — o) (i — o)

i2>41>j1>72
_ 1 ) . ) . ) . . .
< CNQq 2m Z h]ﬂV(ZQ - ]1h?v+r+1(21 - ]1)h?v+r+l(12 - ]2)h§3\/(21 - ]2)~
12>11>J1> ]2

As before, we can get

1

1
4(14a/2+€) nr8qe -
7N(2+a/2)2qN N SCN.

Soan < CON?12
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For the case a > 0, we will use the bound

1

(k) < Comrars

and (11), consequently

E(S2 ) < CN 2N 24 +e/2) Nt < N2-2a(40/2) < C%.

Case 2: o+ 2 < 0. From Proposition 2 in [8], we have that

ry(k) < Ce N7 ifk > 2
and
rn(0) ~ ON®/2 pn(1) ~ CN®/2,
Taking into account (11) and the behavior of g,(N) and v% (Lemma 1 and Lemma
3), we obtain
E(S3 v)
1 N-1
~CmNT Y Rl = i i = D (i — gaDrR (i = )

11,%2,71,J2=0

1 1
< Cm N (N2 < 0.
=O0%e - (V"< O

Case 3: o+ 2=0. For this case the proof of Proposition 3 in [8] implies that

for every k > 1, hence

E(S3 v)
N-1
~ON*2 N T R — il (i = e (e = ey (i — dal)

11,42,51,j2=0

1 Bli1—iz=1)? (atr+1)(i3—i1-D? (atr+D(ig—jp—1? Bli1—jp—1)?2

<(C— e 2 e 2 e 2 e 2 .

= Uz E
11>71>12> 2

Now taking a = j; —ia — 1, b=141 — j1 — 1, ¢ = i3 — jo — 1 and using the bound
2
e <1, we get

N
1 BU1—izg=1)2 (atr+1)(i1—j1 =12 (atr+1)(ig—js—1)2 1
E(Sfy)<Cx D e 7 e e 7 <Cy. (13)

a,b,c=1

)

Finally, the result is achieved from (10) to (13). O
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5. Almost sure central limit theorem (ASCLT)

Here, we establish and prove our result concerning the ASCLT for Hermite variations
as to the solution to the heat equation with moving time. Let us begin with the
following definition.

Definition 1. Let (Gn)n>1 be a sequence of real valued random variables defined
on a common probability space (2, F,P). The sequence (GN)n>1 satisfies an al-
most sure central limit theorem (ASCLT), if, almost surely, for every bounded and
continuous function ¢ : R — R, we have

N
1 ¢(Gi)
logN; : — E(¢(2)), as N — oo,

where Z is an N(0,1) random variable.

In order to prove the main result of this section, since we work with multiple
stochastic integrals, we use the following theorem:

Theorem 3 (see [1]). Fizq > 2, and let (F) >, be a sequence of random variables
defined by Fn = (Ig(fn))ys, with fx € H®Y, such that for all N > 1, E(Fy) =

ANINl3e. =1 and ||fxn @, fN||§{®2(q,T) goes to zero as N goes to oo, for every
Law

r=1,...,q—1. Then, Fn N—) Z ~ N(0,1). Moreover, if the following two
—00

conditions are satisfied:

Noq

1
(H1) > NoZ N > 7||fN @r [NlFeawan <00, foreveryl <r<gq-1,
N>o V08 VT

N

1 E(F,. F
NSo og” N m

m,l=1

then (Fn)ys, satisfies an ASCLT.
The previous theorem allows us to provide the following result.

Theorem 4. The sequence Fy given by (8) with q > 2 satisfies the ASCLT as
N — oo.

Proof. In order to prove Theorem 4, we need to check hypotheses (H1) and (H2)
in Theorem 3 since by Theorem 2 we know that the sequence (Fy)y~, satisfies a
CLT. By relation (8), we have that Fy = I,(fn), with -

11 N—-1
_ - = —q/2 ®q
In = UN q!ga(N) Z 1[Ii>1i+1]'
i=0
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Now, using the definition of contraction of order r, we obtain

f1®r fi

~ q'z ;Oga 150 ©r Loy
s

®r r @(g—r) ®(q—r)
=% qm Z 9™ (U ) o 15t v © ity

Therefore,

|.fi @ fl”?{m(qfr)

-1
— 11 -2 ®r ®r
Ty MZ (90 Uy W01
Jskil,m=0

{1 )
[L/LA+1)/1p [m/l,(erl)/l] Hor

®(q—r) ®(q—r) ®(q—r) ®(g—r)
<1[a/z G+ /S g ek L, <l+1>/u®1[m/l,<m+1>/l]>H®2(q77.>} :

Computations similar to the ones in the last section allow us to get

H.fl O le’?{®2(q ™)

1
T @y, 0al QQZT'Q (G (2 —7))!

% Z Z C(r,q,a, B,7,0)zn(r,q, o, 5,7, 6),

a,>0;a+pB=q—r 7,0 >0;y+6=q—r
where
zN(T7 Qaaaﬁv’%(s)
N-1
- Z (1; , 1 , >ﬁ
[51/N,(G1+1)/N]s Hiz/N,(i2+1)/N]/ 3¢

i1,12,J1,J2=0
X Ly /N, G+ 1) /N Lja /N, Ga 1) /N] ) 9
X (Lfiy /N, G+ 1) /ND Lja /N, G 1) /ND 3 (Lia /N (i 41) /N Lo /N G +1) /N R

B o
X Ly /8,41 /N Lo /N Gia 1) /81 30 (L /N G4 1) /N Lo /N Gia 1) /V] D
N-1
D0 R =Rt (i = e (i = g2l (12 = ).

11,%2,71,j2=0

Following arguments similar to those in the previous section, we can obtain

C

1t @5 fillgoen < 7
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This implies

N
1 1 )
Yoo e il SC Y —— Z ;
sy Nlog” N = l o Nlog N l
1
e
NSo Nlog®” N
consequently, condition (H1) is satisfied.
With respect to (H2), we have
m—11-1
111 a2 P
E(FnFi) = o= 79a(m) ™" (i fmicer/m)s L4003
m : 1=0 j5=0

Assuming that [ < m and following the lines of lemmas 1 and 2, for every «, we

can get
[
E(F,.F) < Cy/ —.
m

According to Remark 3.3 in [1], this last inequality implies condition (H2), and
the proof is complete. O

Remark 1. The tools from Malliavin calculus and Stein’s method (see [10, 11, 12])
applied in this article can be used for other SPDEs where the Green function is
known (see [7, 16, 20], among others).
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