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A REMARK ON FLAT TERNARY CYCLOTOMIC
POLYNOMIALS

BIN ZHANG
Qufu Normal University, P. R. China

ABSTRACT. Let ®,(x) be the n-th cyclotomic polynomial. In this
paper, for odd primes p < ¢ < r with ¢ = £1 (mod p) and 8r = +1
(mod pg), we prove that the coefficients of ®pgr(z) do not exceed 1 in
modulus if and only if (i) p =3, ¢ > 19 and ¢ = 1 (mod 3) or (ii) p =7,
q¢>83and ¢ = —1 (mod 7).

1. INTRODUCTION

Let @, (z) = Z?;L(Zé a(n,m)x™ be the n-th cyclotomic polynomial and
put
A(n) = max{|a(n,m)| : 0 <m < ¢(n)},

where ¢ is the Euler totient function. We can deduce that ®,(z) is a monic
polynomial over integers by induction on n. It turns out that A(n) = 1 when
n has no more than two distinct prime factors and this intriguing observation
peeked the interest of many mathematicians. In particular, there is a lot of
interest in flat cyclotomic polynomials (for which A(n) = 1, i.e., its nonzero
coefficients are 1 or —1). Using basic properties of such polynomials, we have

Qo () = £0,(—2) and @, () = Praq(n) (z/rad(n)),
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where rad(n) denotes the largest square-free factor of n. Therefore, the inves-
tigation of A(n) can be reduced to the case when n = pgr - - -, where p, ¢, 7, - - -
are distinct odd primes.

It is trivial to see that ®,(x) = an;lo 2™ and A(p) = 1. In 1883, Migotti
([12]) showed A(pg) = 1 and noted that A(3-5-7) > 1 with a(3-5-7,7) =
—2. Approximately one hundred years later, Beiter gave the necessary and
sufficient conditions for A(3gr) = 1 by established the following result.

PROPOSITION 1.1. Let 3 < g < r be primes such that r = (wq £ 1)/h,
1 <h<(q—1)/2. Then A(3qr) =1 if and only if one of these conditions
holds:

(1) w=0and h+¢=0 (mod 3), or

(2) h=0andw+7r=0 (mod 3).

The proofs are based on the consideration of four types of partitions of m
and the contribution of each type to the coefficients of " in the polynomial,
see [4] for details. So the other case is n = pgr with 5 < p < ¢ < r primes.
Currently, there are several open problems involving ternary cyclotomic poly-
nomials @, (x), an interesting and difficult one is to classify all flat ternary
cyclotomic polynomials. While it is know that

r==+1 (mod pq) = A(pgr) =1,

there are examples of flat ternary cyclotomic polynomials not of this form,
and no simple general characterization of flatness is known. It has been con-
jectured by Elder ([6]), however, that if A(pgr) = 1 and r #Z +1 (mod pq),
then necessarily ¢ = +1 (mod p) (the latter condition is not sufficient for
flatness in general).

Observing computational data, Broadhurst made the following conjecture
about flat ternary cyclotoic polynomials.

CONJECTURE 1.2. Let p < g < r be odd primes with w the unique integer
0<w< pq2_1 satisfying r = +w (mod pq).

If w =1, then we say that [p,q,r] is of Type 1.

Ifw>1,¢g=1 (mod pw) and p =1 (mod w), then we say that [p,q, 7]
is of Type 2.

Ifw>p,qg>plp—1), ¢==+1 (mod p) and w = £1 (mod p), and in the
case where w = 1 (mod p) we have wp 1 ¢+ 1 and wp 1 g — 1, then we say
that [p,q,r| is of Type 3.

Then A(pqr) = 1 if and only if [p,q,r] is of Type 1 or 2, or [p,q,r] is
of Type 3 and Ppq(x°)/Ppq(z) is flat, where s is the smallest positive integer
such that s =1 (mod p) and s = £r (mod pq).

In 2007, Kaplan ([9]) proved the following periodicity of A(pgr), which
implies that for given p and ¢, A(pgr) is completed determined by the residue
class of r mod pgq.
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PROPOSITION 1.3. Let 3 < p < q < r be primes. Then for any prime
s> q such that s = +r (mod pq), A(pgr) = A(pgs).

Moreover, if z is the least positive integer such that zr = £1 (mod pq),
then the smaller the value of z is the simpler analysis of the function A(pgr)
appears to be. Consequently, we may try to investigate flatness of @, (z)
with ¢ = +1 (mod p) for small values of z. So far, the analysis has been
completed for all z < 7, see [2,3,6,7,8,9, 14, 15, 16, 17, 18]. In this paper, we
continue the study of the flatness of ternary cyclotomic polynomials @, (z)
in the case z = 8. First note that in this case, by taking h = 8, w = 0
(mod 3) in Proposition 1.1, we have, for odd primes 3 < ¢ < r with ¢ > 17
and 87 = +1 (mod 3¢), A(3¢gr) =1 if and only if ¢ > 19 and ¢ =1 (mod 3).
For ¢ = 5,7,11,13, by using the PARI/GP system (or consulting literature
([1])) and Proposition 1.3, we obtain A(3¢r) = 2 when ¢ = 5,7,11,13 and
8r = £1 (mod 3q). Therefore, we infer that the following statement holds.

COROLLARY 1.4. Let 3 < g < r be primes such that 8 = £+1 (mod 3q).
Then A(3qr) =1 if and only if ¢ > 19 and ¢ =1 (mod 3).

Our purpose here is to establish the following result.
THEOREM 1.5. Let 3 < p < q < r be primes such that ¢ = £1 (mod p)
and 8r = £1 (mod pq). Then A(pgr) =1 if and only if
(i) p=3,¢g>19 and ¢ =1 (mod 3), or
(i) p=7,¢>83 and ¢ = —1 (mod 7).
We remark that, on invoking Proposition 1.3 and Corollary 1.4, it remains
to prove this theorem in the cases
p>5,g==+1 (mod p) and 8 = +1 (mod pq).

We will present the proof for p = 5, p = 7, p > 7 in Sections 3, 4, 5,
respectively.

2. PRELIMINARIES

Recall that the binary cyclotomic polynomial coefficients a(pg, m) have
been completely determined in a simple and explicit way, see Lenstra ([11,
(2.16)]), Lam and Leung ([10, Theorem]) or Thangadurai ([13, Theorem 2.3]).
Considering this in the cases ¢ = +1 (mod p), we can obtain the following
two useful results.

LEMMA 2.1. Let 3 < p < q be primes such that ¢ = kp+ 1. Then
1, ifm=up with 0 <u<qg—Fk-—1,

alpg,m) =4 -1, ifm=up+vg+1with0<u<k—-1,0<v<p-—2,
0, otherwise.
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LEMMA 2.2. Let 3 < p < q be primes such that ¢ = kp — 1. Then

1, fm=up+vquwith0<u<k—-10<v<p-—2
alpg,m) =< -1, ifm=up+1lwith0<u<qg—k—1,
0, otherwise.

In 2007, by using the fact that

1 p—1 ‘ p—1 ‘
)= 1 (S T i,
=0 =0

Kaplan ([9]) proved the following technical lemma, revealing the relationship
between coefficients of @4, (z) and Ppq(x).

LEMMA 2.3. Let 3 < p < g < r be primes. Given nonnegative integer [,
let f(i) denote the unique value 0 < f(i) < pg — 1 such that

21) 7)== (anod pa).
(1) Then
p—1 p—1
Z a an a p‘L q + Z
=0 =0
(2) Set
* _ a(pqvm)v Zf m < %7
(22) a*(pg,m) = {O, otherwise.
Then
p—1 p—1
a(pgr,1) =Y a*(pg, f(i)) = Y _ a*(pg, f(g+1)).
i=0 i=0

3. PROOF OF THEOREM 1.5 WHEN p =5

We will show the non-flatness of @54, (x) for ¢ = £1 (mod 5) and 8r =1
(mod 5¢) by proving the following two propositions.

PROPOSITION 3.1. Let 5 < q < r be primes such that ¢ =1 (mod 5) and
8 =1 (mod 5q).
(1) If ¢ =11, then A(55r) = 3.
(2) If ¢ > 11, then a(5qr,qr + q + 6r + 2) = 2.

PRrROOF. (1) By using PARI/GP or consulting literature ([1]), we have
A(5-11-227) = 3. Then it follows from 8-227 = 1 (mod 5-11) and Proposition
1.3 that A(5-11-7) =3 when 8 =1 (mod 5-11).

(2) Let ¢ > 11 and I = ¢qr + ¢ + 6r + 2. Then by using congruence
f(@) =7~ —1i) (mod 5¢) and 0 < f(i) < 5g — 1, we obtain
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F(i)=4g+22—8iand f(q+1i) = q+ 22 — &i,

where 0 <7 < 4. So

fla+ )< fa+3) < fla+2) <+
< flg+1) < flg) < f(4) <--- < [f(0).
By equation (2.2), it follows that

a(5q, f(i)), ifie{qg+2,q+3,q+4},

* 5, y —
a*(5q, f(i)) {07 ifi € {0,1,2,3,4,q,q+ 1}.

Hence, by Lemma 2.3, we infer that
(3.1)  a(5qr,1l) = —a(5q, f(q +4)) — a(5q, f(q+3)) — a(5q, f(q +2)).
On rewriting f(q + 2) and f(¢+4) as
—11
flg+2)=1-54+1-g+1and f(¢g+4)=1%=-5+1,
we obtain from Lemma 2.1 that

Note that f(¢g+3) = ¢—2 = 4 (mod 5). On invoking Lemma 2.1, we
have a(5q, f(g+3)) # 1. If a(5q, f(¢+3)) = —1, then, by another application
of Lemma 2.1, there must exist integers 0 < u < % —1and 0 <wv < 3 such

that f(¢q+3) =¢—2="5u+wvg+ 1. Since 0 < f(¢+ 3) < ¢, we have v = 0.
This yields ¢ — 2 = 5u + 1, a contradiction to the fact ¢ = 1 (mod 5). So

a(5q, f(qg+3)) = 0.

Finally, by substituting the values of a(5¢, f(¢+ 7)) into (3.1), we obtain
a(5qr,l) = 2. O

PROPOSITION 3.2. Let 5 < q < r be primes such that ¢ = —1 (mod 5)
and 8r =1 (mod 5q). Then a(bqr,2qr + 10r + 1) = 2.

PROOF. Let I = 2¢r 4+ 10r + 1. By using congruence (2.1), we have
f(@i) =2q¢+ 18 —8i and f(q+ 1) = 4q + 18 — &i,

where 0 <7 < 4. So

FA) < fB3)<f2)<f1)< % < f0) <flg+4) << fla)
Then it follows from Lemma 2.3 that
a(5qr,1) = a(5q, f(4)) + a(5q, f(3)) + a(5q, f(2)) + a(5g, f(1)).

Since f(1) = 25+ 2¢ and f(4) = %2 - 5 + ¢, we have a(5¢, f(1)) =
a(5q, f(4)) = 1 by Lemma 2.2. Note that f(2) = 0 (mod 5) and f(3) = 2
(mod 5). In view of Lemma 2.2, we infer that a(5¢, f(2)) # —1 and
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a(5q, f(3)) # —1. Tt is easy to show that neither f(2) nor f(3) can be written
in the form u -5+ v-q for 0 <u < %1 and 0 < v < 3. Then it follows from
Lemma 2.2 that a(5q, f(2)) = a(5¢, f(3)) = 0, and thus a(5¢r,1) = 2. O

4. PROOF OF THEOREM 1.5 WHEN p=7

In this section, we will give the necessary and sufficient conditions for
®74r(z) to be flat in the cases ¢ = £1 (mod 7) and 8 = 1 (mod 7¢) by
showing the following two propositions.

PROPOSITION 4.1. Let 7 < q < r be primes such that ¢ =1 (mod 7) and

8 =1 (mod 7q).
(1) If ¢ =29, then A(203r) = 2.
(2) If ¢ > 29, then a(7qr,5qr +q+1r+5) = 2.

PROOF. (1) If ¢ = 29, we obtain A(7 - 29 - 127) = 2 by using PARI/GP
or [1]. Then it follows from 8 - 127 = 1 (mod 7 -29) and Lemma 1.3 that
A(7-29-7) =2 when 8r =1 (mod 7q).

(2) Let I = 5gr 4+ q+r+5. By using the congruence (2.1) and 0 < f(i) <
7q — 1, we obtain

f(i) =6q+41 —8i and f(q+1i) = 5q + 41 — 8i,

where 0 <4 < 6. Then

Fla+6)< flg+5) < ©
< flag+4) << flg) < f(6) << f(0).
Thus, by Lemma 2.3,
(4.1) a(7qr,1) = —a(7q, f(¢ +6)) — a(7q, f(q +5)).

Note that f(g+5) = 5¢+ 1 and f(q+6) = <=2 - 7+ 4q + 1. It follows from
Lemma 2.1 that a(7q, f(q +5)) = a(7q, f(¢ + 6)) = —1. Hence a(7qr,1) = 2.

O
PROPOSITION 4.2. Let 7 < q < r be primes such that ¢ = —1 (mod 7)
and 8r =1 (mod 7q). Then
2, if ¢ = 13,41
A(?qr) — Y qu ) )
1, if ¢ > 83.

PROOF. The smallest three primes such that ¢ = —1 (mod 7) are 13, 41
and 83. With the help of PARI/GP or [1], we know that A(7-13-239) = 2.
On noting that 8 -239 = 1 (mod 7 - 13), we infer from Proposition 1.3 that
A(7-13-r) = 2 for r satisfying 8 =1 (mod 7-13). Similarly, we obtain that
A(7-41-r) =2 for r with 87 =1 (mod 7-41), since A(7-41-1471) = 2 and
8.1471=1 (mod 7- 41).
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Next we show that A(7gr) =1 when ¢ > 83, ¢ = —1 (mod 7) and 8 =1
(mod 7¢). Note that Lemma 2.3 gives

6

(4.2) a(7qr,1) = Za (7q, £(i +Z(—a*(7q,f(q+i))),

where f(i) = =% (mod 7¢), 0 < f(i) < 7¢ — 1, and
a(7 if f(i) <L
(4.3) “(1q. (i) = 4 AT @) I <
otherwise.
As for binary coefficients a( ( , we can rewrite the results of Lemma 2.2

in the following form

1, if fi)=0 (mod 7) and 0 < f(i) < ¢q —6,
1, if f(i)=6 (mod 7) and ¢ < f(i) < 2¢q — 6,
1, if f(i) =5 (mod 7) and 2¢ < f(i) < 3¢ — 6,
_ 1, if f(i)=4 (mod 7) and 3¢ < f(i) < 4q — 6,

@A) alta fO) =91 45 =3 (mod 7) and 4¢ < (i) < 5q — 6.
1, if f(i)=2 (mod 7) and 5¢ < f(i) < 6¢ — 6,
=1, if f(z1)=1 (mod7)and 1< f(i) <6q—7,
0, otherwise.

Given [ € [0, ¢(7¢r)], the value of f(7) is uniquely defined and we have
(4.5) f(i) = £(0) = 8 (mod 7g),

(4.6) fla+i)=f(0) —q—38i (mod 7q),
where 0 <3 < 6.

For f(0) = 0, by using (4.5) and (4.6), we have f(i) = 7q — 8i when
1<i<6and f(¢g+1i)=6g— 8 when 0 <i <6. So

(4.7) f0) < flg+6) <--- < flg) < f(6) <--- < f(1).
In the rest of this section, because of space limitation, we set
= a(7q, f(i)),

and it follows from (4.4) that

Table 1. f(0) =0
[ao [ —agse [ —aqis [ —agqia | —Gqis [ —agqe2 | —Gqi1 | —aq | ag [ as [ as [ as [az [ ax
value|1|—1\0\0\0\0\0\0|0|0|0|0\0\0

For any given integer [ € [0, ¢(7gr)], if f(1) < -+, then, by (4.2) and (4.3),
we infer that

6 6
a(7qr,l) = Za?qf —i—Z(—a?qfq—H))):O.
=0

=0
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Otherwise, there must exist two neighboring symbols f(j1) and f(j2) in
(4.7) such that

FG0) < &< 7).

If 0 < j; <6 (or ¢ < j1 < g+ 6), the value of a(7gr, 1) is given by computing
the sum of binary coefficients from the start of the third row in Table 1 to
af(j,) (or —ay(j,y). It is clear to see that the data in Table 1 reveal that the
sums in (4.2) are always in the set {0,1}.

For f(0) =1, we have f(i) =7¢—8i+ 1, when 1 < i <6, and f(q+1i) =
6g — 8¢ + 1, when 0 < 7 < 6. So the inequalities (4.7) still hold in this case.
And it follows from (4.4) that

Table 2. f(0) =1

[ a0 | —agqie [ —aqis [ —agqya | —aqis [ —agqe2 | —Gqi1 | —aq | ac [ as | a4 | 3 [[a2 | 1
value | -1 | 0 | 0 | 0 | 0 | 0 | 1 [ o JoJoTfo 0]0

Given integer [ € [0, ¢(7qr)], if f(1) < =, then

_T’

6 6
7qu:Za7qf —i—Z(—a?qfq—i—z))):O.
=0

=0

If L < f(0), then

6
a(Tqr,l)=>» 0+ 0=0.

Otherwise, there must exist two neighboring symbols f(j1) and f(j2) in (4.7)
such that f(j1) < L < f(j»). Similarly, the data in Table 2 yield that
a(7qr,l) € {—1,0}.

Now according to the values of f(0), we give the following tables. The sec-
ond row of each table is the inequality about f(¢) fori € {0,1,2,3,4,5,6,q,q+
1,q+2,q+3,q+4,¢+5,¢+6}. In the rest of this section, for the reasons of
space, we set

= a(7q, f(i))
and let f(0) be the unique integer such that 0 < f(0) < 6 and f(0) = f(0)
(mod 7). The values of a; are obtained by using (4.4)—(4.6).
Table 3. 2 J(0) <7
T <J@t0 < <J@ <O < <J{
f(O) | ao | —aq+6 | —aqis | —agqia | —aqi3 | —agqye | —ag1 | —aq [ as | as | as | as | as [ a1
2 o] o 0 0 0 1 -1 0o JoJoJolololo
3 [0 0 1 T 0 0 0[O0 [0 00
4 0 0 0 1 -1 0 0 0 0 0 0 0 0 0
5 0 0 1 1 0 0 0 0 0 0 0 0 0 0
6 0 1 1 0 0 0 0 0 0 0 0 0 0 0
T 1 T 0 0 0 0 0 0 J0J0[0][0 070




249

A REMARK ON FLAT TERNARY CYCLOTOMIC POLYNOMIALS

g oclo|lelele|e Slelelelelelele|le Slelelelelelele|le Sloleleloolole|le Slelelelelelelele S
|
[ g o n © o =
3 olololole|e Slelelele|lelelele Slelelelelele|le|e Slelelelelele|e|e Slololololololo o ~
| n
- - - © o 5
3 oclololo|lo|e Slololelo|lelelele _|Slelelelelelelele L |Slelololololololo [ ,
< o] el
. = = | Slelelelelele|ele
» © - o S
s oclolololo|e SlElelPlelelrlelele <,a00000000 vl vl 2
= 1 s
= = o SNSISISISISISIEIS = S
MJ\a S <ﬂ00000000 ,.(J\uw =] ] ..(J\M.r I
N o
V| o : <aq00000000 Vv VISIPIRPIPIPIPIPIPI® -
ﬁ ololo|loleole Vi S cE Nl <
: il = = o o . = 3
AKEIEIEIEEEEE s S|SICRCIPIPIPIPIPI° V] o <
\ 2| s )
| ~ | | <ﬁ VI @/Jar. v
| Vv = Slelelelelelele|le : SIPIPIPIPIRICICIE -
| S olololole|e =S e FT O+
ol \WH | | <H S || S

0 2] slolelololololole]| IV 2T IPIPIPIPIPIRIR] s~ | 7

e I I Hak MvE: ©
=2 VIV VI | VI[+ VIV =

<T.J.,,a.. — | : ~ SRR rIrPPP| A —1IBISCICICPIPICIPIC] VI w

Slv|s el 3] o|V|8 o[ « o= ! ~=| H

21V 7 = | = == =[] H == Sl =

| (V| 1 (o [+~ Slololo|lolelele|e]| =" <

e Sol—H|TFlololo|lo|le Vs \ =V

Vi VilS|s , ViI+[ - VIS K o
V| © | < || + o o|=]| o

o 7| =+ P e ) Y Y () g P P SIslelelelrlrrrR| lwlel™
e S =7elelele G N ' 5 e Nl 4f%

bk wIZ| T s|v|! ~ (V| ©|v Ly | S
) 4 Slo |~ elelelele =) S

9| = LlviSlelelR T lelelele| RIS Al IS ! 2] o !

2 [ N 2| w 21 - Ql:
b 615k EIE 5= 2= Hol- |+ =R

= Slo|—= olololole
+ = o — '

Hiv| ole|~lololo] IFIE HivISIPR T PIRPIRRl FIv] T<_a IV o
=5 _ ME , ¢ Bl
S v = | o — . B N
= L Slelelel=7lelele : R 1 il e A el e el = - =

| | o | 1 | Qlolol= " lololo|lo
V| I T v] 9 v v|s ' S
B = ¢ -|=
SIselPPREERE! | IV S5 Bls “lele S5 — -
MJ\, © U 2SIl =T elele T SIelelel- T el S
= 4 | = |
] Slolele|le =T e|e
| S Vo = N2 = Vi« — -
© ] _|Slelelele T ele L |Slelelele |~ T e|le | Selelele T ele s
Jar. = ™ <t 0
ololo|~|~ e
N ! =] — fl — f2 — fS — <
] Slelelelelel— e Slelelelele =+ |e Slelelelele =7 e Slelelelele =+ e 3
§ ololo|lo|=]7 SlTlelelelele |~ g7 lelelelele =]~ ST lelelelole =T ST lelelelele =T g
5 ololo|lolo]|~ =7 lele|lele e~ = lHelelelele |~ SlF|ele|lele|e|~ =7 lelelelele|~ S
o] o |~ | [ [« o Slol-|o|e|o|=|a|x Sl o oo |e|o|= Sla o s |o o s oo Slo = la e = o |o S




250 B. ZHANG
Table 10. ¢ < f(0) < g+ 7
TQ<JO < <JO<J@+O) < —<J@G+D
fO) | —aq [as [ as [ as | as [ as [a1 [ ao | —agte | —Gqts5 | —Gqya | —agis | —Ggy2 [ —ag11
q 1 T[-1]0[0]0]O0 1 0 0 0 0 0 0
q+1 1 1000|000 0 0 0 0 0 0
q+2 0 0O o0 [o0]JoO]oO0o[1]-1 0 0 0 0 0 0
q+3 0 0O o0 ]Oo]JOoO |1 ][-1]0 0 0 0 0 0 0
qt4 0 0| 0] 0 T ]-1]0]0 0 0 0 0 0 0
q+5 0 Ol o |1 [-T]07]07]0 0 0 0 0 0 0
q+6 0 O 1T [-TJOoOJO0]07]O 0 0 0 0 0 0
g+7 ] -1 T [-1Jo]0]o07]o0 1 0 0 0 0 0 0
Table 11. ¢+ 8< f(0) < q F 15
fla+1) < flqg) < f(6) <--- < f(0) < flg+6)<---<flg+2)
f(O) —Qg+1 —agqg ae as aq as a2 ai ag —QAg+6 —Aag+5 —Qg+4 —Qg+3 —Aag+2
q+8 -1 1 10 JO0O[O0JOo[TT]oO 0 0 0 0 0
q+9 1 0 ol oo oJo]o[-1 0 0 0 0 0
g + 10 0 0 oJoJoJoJ1T]-1]o0 0 0 0 0 0
q+ 11 0 0 oloJo|[T[-1]0]oO 0 0 0 0 0
q+12 0 0 0|0 |TIT[-1[0[O0][O 0 0 0 0 0
g+ 13 0 0 o1 [-1JoJoJoTJo 0 0 0 0 0
q+14 0 -1 T [-1]o]o0]o0o]o0]1 0 0 0 0 0
q+15 -1 1 10|00 [O0[T ][O 0 0 0 0 0
Table 12. ¢ + 16 < f(0) < q + 23
T@1 2 < @i D <T@ <JO < <JO<J@I6) < <@ 3
f(0) —agq2 | —agy1 | —ag | as | as [ as | a3z | a2 | a1 | a0 | —agqq6 | —agqis | —agia | —aqss
q+ 16 -1 1 0 00|00 [T O/ 0 0 0 0
q+ 17 1 0 0 0O lO0O|O0O|[O[O0O|-1]O0 0 0 0 0
q+18 0 0 0 0 0[O0 [T [-1]0 ][O 0 0 0 0
g+ 19 0 0 0 OO0 [T [-1J0]O0TJoO 0 0 0 0
q +20 0 0 0 o1 [-1oJo]Jo[]o 0 0 0 0
q +21 0 0 -1 T [-1]0]0]0]O0 T 0 0 0 0
q + 22 0 1 1 1o JoJoJoJ1T]oO 0 0 0 0
q+23 -1 1 0 0OlO0[O0]oO 110 |-1 0 0 0 0
Table 13. ¢ +24 < f(0) < q + 31
F@I3 <T@ iD <T@t D<@ <JO < <) <J@t O <J@+5 < gt d
£(0) —Qgq+3 —Qq+2 —Qq+1 —aq ae as aq asg az ay ao —Agq+6 —QAg+5 —QAg+4
q+24 -1 1 0 0 00|01 |[O0O]-1]0 0 0 0
q+25 1 0 0 0 0O [0 JO[O0O[-T[O0TJO 0 0 0
q + 26 0 0 0 0 oo 1T ]-1[0o]Jo0o]|oO 0 0 0
q +27 0 0 0 0 01 |[-1]0[0]0]O 0 0 0
q + 28 0 0 0 -1 1T [-1T]JoJoJoJo]1 0 0 0
q+29 0 0 -1 1 1o ]JoJo[o]1]o 0 0 0
q +30 0 1 1 0 0000|101 0 0 0
q + 31 -1 1 0 0 oJoJoJ1]o]-1]o0 0 0 0
Table 14. ¢ +32 < f(0) < q + 39
fla+ ) <f@+3)<fla+2)<fl@+ D) <fl@<f6)<--<fO)< flg+6) < flg+5)
£(0) —Qq+4 —Qg+3 —Qq+2 —Qg+1 —agq ag as aq asg az ay aq —Aq+6 —QAg+5
q + 32 -1 1 0 0 0 00 |10 [-1]0]O0 0 0
q+33 1 0 0 0 0 00 0 |[-1]0[O0]O0 0 0
q +34 0 0 0 0 0 o 1T [-1]JoJoJofJo 0 0
q+35 0 0 0 0 -1 1 [-1]0]0]0]0]1 0 0
q +36 0 0 0 1 T 10|00 ]JO[1]O 0 0
q+ 37 0 0 -1 1 0 Ol oJoJo[1T]o]-1 0 0
q+38 0 -1 1 0 0 oo ]o|T1T]o0o[-1]0 0 0
q + 39 -1 1 0 0 0 ol o1 ]Jol[-1]o0oTJo 0 0
Table 15. q + 40 < f(0) < q + 47
fla+5) <flg+4) < flg+3) < flg+2) <flg+1) < flg) <f(6) <---<f0) <fla+6)
JO) | —aq4s5 | —agq+a | —aq43 [ —agq42 [ —ags1 [ —aq [ a6 [as [as [ag [as [ a1 [ ao [ —aqt6
q + 40 -1 1 0 0 0 0 O[T |[O0[-TJO0O[O0TJoO 0
q+41 1 0 0 0 0 0 ol o[-1[oJo]o]o 0
q+42 0 0 0 0 0 1 T [-1]0]0]0]0]1 0
q +43 0 0 0 0 -1 1 1 oJoJoJoJ1T]oO 0
q+44 0 0 0 -1 1 0 oloJo[o[1T o1 0
q+45 0 0 -1 1 0 0 oJoJo1TJol-1]o0 0
q + 46 0 -1 1 0 0 0 ol o|[T[o|[-1]0o]oO 0
q+47 1 1 0 0 0 0 0|1 |0 [-1[0[O0]oO 0
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Table 16. q + 48 < F(0) < 2q — 1

flg+6) <---
—Qq+3

< f(0)

<fla) <f(6) <---

ag

ai

az

as

a4

as

ae

—ag

—Qg+1

—Qq+2

—Qq+4

—Qq+5

—Aq+6

Table 17. 2 < F(0) < 2q I 47

< f(0)

< Jfla) < J(6) <---
—Aq+2

F(g+6) < ---
—Qag+3

ao

0

0

ay

0

az

as

aq

ae

—ay

—Aq+1

—Qq+4

—Qg+45

—@q+6

1

0

0

0
-1

0
0
0
0
0
-1
1
0
0

0

0

0

f(0)

2g+1
29+ 2
2q + 3
29+ 4
29+ 5
2q+6
29+ 7
2q +8

2q + 10
2g + 11
2q + 12
2q + 13
2q + 14
2q + 15
2q + 16

2q + 17
2q + 18
2q+19
2q + 20
2q + 21
2q + 22
2q + 23
2q + 24
2q + 25
2q + 26

2q + 27
2q + 28
2q +29
2q + 30
2q + 31
2q + 32
2q + 33
2q + 34
2q + 35
2q + 36

2q + 37
2q + 38
29 + 39
2q + 40
2q + 41
3q + 42
2q +43
2q + 44
2q +45
2q + 46

2q + 47




B. ZHANG

252

T:
able 18. 2 + 48 < f(0) <3q — 1

flg+6) <---
—Qq+3

< f(0)
ag

<fla) <f(6) <---

ag

ai

az

as

a4

as

—aq

—Qqg+1

—Qg+2

—Qq+4

—Qq+5

—Aq+6

T:
able 19. 3¢ < f(0) < 3q + 47

< f(0)

ao

0

0

0

0

0

ay

0

0

0

az

as

aq

ae

—ag

—Aq+1

< flg) <J(6) <---

—Aq+2

F(g+6) < ---

—Qag+3

—Qq+4

—Qq+5

0

—%q+6

0

0

0

0
-1

1
0
0
0
0
-1
0
1
0

0

0

0

0

f(0)

3qg+1
3q+2
3q+3
3q+4
3¢+ 5
3q+6
3qg+7
3q+8

3q + 10
3q+ 11
3q + 12
3¢+ 13
3q + 14
3¢+ 15
3¢+ 16

3q + 17
3¢+ 18
3¢ + 19
3q + 20
3q + 21
3q + 22
3q + 23
3q + 24
3q +25
3q + 26

3g +27
3q + 28
3q + 29
3q + 30
3¢ + 31
3q + 32
3q + 33
3q + 34

3¢+ 35
3q + 36
3q + 37
3q + 38
3¢ + 39
3¢ + 40
3q + 41
3q + 42
3q + 43
3q + 44
3q + 45
3q + 46

3q + 47
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Table 20. 3¢ + 48 < f(0) < 4q — 1

flg+6) <---
—Qqg+3

< f(0)

<fla) <f(6) <---

ag

ai

az

as

a4

as

ae

—aq

—Qqg+1

—Qq+2

—Qq+4

—Qq+5

—Aq+6

Table 21. 4 < F(0) < 4q I 47

< f(0)

< fle) <f(6) <---
—Qq+2

F(g+6) < ---
—Qag+3

ao

0

0

0

ay

0

0

0

az

as

aq

ae

—ag

—Aq+1

—Qq+4

—Qq+5

0

—%q+6

0

1

0

0
-1

0
1
0
0
0
-1
0
0
1
0

0

0

f(0)

4g+1
4q9 + 2
4q + 3
4qg 4+ 4
49+ 5
4q +6
49 +7
4q + 8

1q + 10
4qg + 11
4q + 12
4q 4 13
4q + 14
4q + 15
4q + 16

4q + 17
4q + 18
49 +19
4q + 20
4q + 21
4q + 22
4q + 23
4q + 24
4q + 25
4q + 26

4q 4 27
4q + 28
4q +29
4q + 30
4q + 31
4q + 32
4q + 33
4q + 34
4q + 35
4q + 36

4q + 37
4q 4 38
49 + 39
4q + 40
4q + 41
4q + 42
4q +43
4q + 44
4q +45
4q + 46

Iq 1 47
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Table 22. 4q + 48 < f(0) < 5q — 1

flg+6) <---
—Qq+3

< f(0)

<fla) <f(6) <---

ag

ai

az

as

a4

as

ae

—ag

—Qqg+1

—Qq+2

—Qq+4

—Qq+5

—Aq+6

5g < f(0) < 5q +47

Table 23.

< f(0)

ao

0

0

0

0

0

ay

0

0

0

0

az

as

aq

ae

—ay

—Aq+1

< flg) <J(6) <---

—Aq+2

F(g+6) < ---

—Qag+3

—Qq+4

—Qq+5

0

—%q+6

0

0

0

0
-1

0
0
1
0
0
-1
0
0
0

1

0

0

0

0

f(0)

5q +1
5q + 2
5q+3
5q+ 4
5¢+5
5q +6
5q+ 7
5q +8
5¢+9
5q + 10
5q + 11
5q + 12
5q + 13
5q + 14
5q + 15
5q + 16

5q+ 17
5q + 18
5¢ + 19
5q + 20
5q + 21
5q + 22
5q + 23
5q + 24
5q + 25
5q + 26

5q + 27
5q + 28
5q + 29
5q + 30
5q + 31
5q + 32
5q + 33
5q + 34
54 + 35
5q + 36

5q + 37
5q + 38
5q + 39
5q + 40

5q + 41
5q + 42
5q +43
5q + 44
5q + 45
5q + 46

5q + 47
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5¢ +48 < f(0) < 6g — 1

flg+6) <---
—Qq+3

Table 24.

< f(0)

<fla) <f(6) <---

ag

ai

az

as

a4

as

ae

—ag

—Qqg+1

—Qq+2

—Qq+4

—@g+5

—Aq+6

Table 25. 6 < F(0) < 6q 1 47

< f(0)

ao

0

0

0

0

0

ay

0

0

0

0

az

as

aq

ae

—ay

—Qq+1

< flg) <J(6) <---

—Aq+2

F(g+6) < ---

—Qag+3

—Qq+4

—Qg+45

0

—@q+6

0

0

1

0
-1

0
0
0
1
0
-1
0
0
0

0

0

0

1

7]

6g+ 1
6q + 2
6g + 3
6q + 4
6g+ 5
6g +6
6g+ 7
6g + 8

6q + 10
6q + 11
6g + 12
6q + 13
Gq + 14
6q + 15
6q + 16

6q + 17
6q + 18
6q + 19
6q + 20
6q + 21
6q + 22
6q + 23
6g + 24
6q + 25
6q + 26

6q + 27
6q + 28
6q + 29
6q + 30
6q + 31
6q + 32
6q + 33
6q + 34
6q + 35
6q + 36

6q 1 37

6g + 38
6q + 39
6q + 40
6g + 41
6q + 42
6q +43
6q + 44
6q + 45
6q + 46

6q 1 47




256 B. ZHANG

Table 26. 6(] +48 < f(0) <7q—1

. flg+6) < <f(f1)<f(6)< - < f(0)

f(0) | —agte | —Gq45 | —agta | —Gg43 | —agy2 ag41 | —aq | as | as | a4 | a3 | az | a1 | ao
0 -1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 -1 0 0 0 0 0 0 0
2 0 0 0 0 1 -1 0 0 0 0 0 0 0 0
3 0 0 0 1 -1 0 0 0 0 0 0 0 0 0
4 0 0 1 -1 0 0 0 0 0 0 0 0 0 0
5 0 1 -1 0 0 0 0 0 0 0 0 0 0 0
6 1 1 0 0 0 0 0 0 0 0 0 0 0 0

It is a routine matter to check that the sum of values about =+a;, from
the start to anywhere of the row in all tables, is equal to —1, 0 or 1. That is
to say, the data reveals that the sums in (4.2) are always in the set {—1,0, 1}.
So A(7gr) =1 in the case ¢ > 83, ¢ = —1 (mod 7) and 8r =1 (mod 7q). O

5. PROOF OF THEOREM 1.5 WHEN p > 7

The theorem will be completely proved by showing the following two
propositions.

PROPOSITION 5.1. Let 7 < p < q < r be primes such that ¢ = kp — 1 and
8r =1 (mod pq).

(1) If p=11, then a(1lgr,qr +22r + ¢+ 6) < —2.

(2) If p=1 (mod 8), then a(pqr,pqr — 12qr + q + 2= 7) < -2.

(3) If p=3 (mod 8) and p > 11, then a(pqr,pqr—i—pr— 12qr+q+5pT;7) <

—2.
(4) If p=>5 (mod 8), then a(pgr,pgr + 3pr — 11gr + q + 3p8 7) § —2.
(5) If p="7 (mod 8) and k = 2, then a(pqr, Iqr + q + 2= 5) < -
(6) If p="7 (mod 8) and k = 4, then a(pqr,8qr + q + p43) < 72
(7) If p=7 (mod 8) and k > 6, then a(pqr,5pr + Tqr + q + P5=) < —

PrOOF. (1) Let [ = gr 4+ 22r + g+ 6. By using congruence (2.1), we have
f(@) =9¢+70—8i (mod 11¢).

According to Lemma 2.3, we only consider f(i) for i € [0,10]U]q, ¢+10]. Since
the value of f(i) is in the range 0 < f(i) < 11¢—1, we have f(i) = 9¢g+70—8i.
Then

Fa+10) << flg+6) < - < flg+5)-+ < f(a) < f(10) < - < J(0).

It follows from Lemma 2.3 that
10

a(llgr,l) = —Za(llq, flg+1)).

i=6
Since f(¢+6) =2-11+4 ¢ and f(¢+ 10) = (k —1)11, by Lemma 2.2, we have
a(llq, f(qg+6)) = a(llgq, f(¢+ 10)) = 1. Thus

a(llgr,l) = -2 —a(llq, f(¢ + 7)) — a(1lq, f(¢ + 8)) — a(llq, f(g + 9)).
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It is easy to see that f(q+7) =2 (mod 11), f(¢+8) =5 (mod 11) and
f(g+9) =8 (mod 11). In view of Lemma 2.2, we infer a(11gq, f(g+1i)) € {0,1}
when ¢ = 7,8,9. Therefore, a(11qr,l) < —2.

(2) Let I = pgr — 12qr + q + 7p 2T By using congruence f(i) = @
(mod pq), we have f(i) = pg+ Tp — 4q — 8 — 7 (mod pq). According to
Lemma 2.3, we only counsider f(i) for i € [0,p — 1] U [¢,¢ + p — 1]. Since
0 < f(i) < pg — 1, we obtain

(5.1) f@)=pq+Tp—4q—8i—T.

Then we have

flatp-1) << fla+ Ty <
L flar P < <@ < fr-1) << )
So, by Lemma 2.3,
(52) a(pgr,l) = Z a(pg, f(q +1)).

Note that f(g+ 257) = (p—12)q and f(g+p—1) = (k—1)p+ (p—13)q.
It follows from Lemma 2.2 that a(pq, f(q + 2= 7)) alpg, f(¢+p—1)) = 1.
Substituting this into (5.2) yields

p—2

a(pr,l) = =2— > alpg, f(q+ 1))

. Tpt1
=3

As is known to all, the binary coefficient a(pg, f(q + 7)) takes on one of
three values: —1, 0 or 1. For the purpose of proving a(pgr,l) < —2, it suffices
to show that

a(pq, f(g+1)) # —1 when % <i<p-2.
If the statement was not true, then, by Lemma 2.2, we certainly have
flg+i)=1 (mod p).
Applying (5.1) to the above congruence gives
—4=0 (mod p).

Combing this and 7p — 3 < 8 — 4 < 8p — 20, we obtain 8 — 4 = 7p, a
contradiction to p = 1 (mod 8). Hence a(pgr,l) < —2. (3) Let | = pqr +
pr—12qr + q + 5PT77. By using congruence (2.1) and p > 11, we have f(i) =
pq — 4q + 6p — 7 — 8i, where i € [0,p — 1] U [q,q+p — 1]. Then L > f(i)
T+ 5%:1,-~- ,q+p—1} and % < f(i) whenever i €
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and f(¢g+p—1)=(k—2)p+ (p— 13)q. So, by Lemmas 2.2 and 2.3,
—_ p—2

a(pqr,l) = Z a(pg, f(g+1i)) = —2— Y alpg, f(g+1)).

. 5p+1
=73

It is clear that a(pq, f(q +1i)) € {—1,0,1}. In order to show a(pgr,l) < —
we only need to prove that a(pg, f(q + 7)) # —1 for % <i<p-2 If
a(pq, f(qg+1)) = —1, then, by Lemma 2.2, we infer

flg+i)=5-8 =1 (mod p).
Since 5p—3 < 8i—4 < 8p— 20, we obtain 8 —4 = 5p, 6p, 7p. This contradicts
the fact p =3 (mod 8). Hence a(pqr,l) < —2.
(4) Let I = pgr+3pr —1lgr+q+ %. By substituting [ into congruence
rf(i) =1 —1i (mod pq), we have f(i) = pg — 3¢ + 6p — 7 — 8i, where i €
[0,p—1]U g, ¢+ p — 1]. On invoking Lemma 2.3, we can obtain

. o Jalpg, (), ifielg+ BT q+p—1],

a (P%f(l))—{o7 ifz’e[(),p—sl] [qq+3p 5],
Then
(5.3) a(pgr,1) Z a(pg, f(g+1)).

Since f(q+2) = 3p+<p—11)q and f(g+p—1) = (k=2)p+(p—12)g,
we have a(pq, f(Q+ 31)) = a(pq, f(g+p—1)) = 1 by Lemma 2.2. Applying
this to (5.3) gives

p—2

a(pgr,l) = =2— > alpg, f(g+1)).

. 3p+1
=73

Next we use Lemma 2.2 to show that

a(pq, f(g+1)) # —1 for BH <i<p-—2.
If the statement would not hold, then
flg+i)=4-8 =1 (mod p).
It follows from 3p8+1 <1< p-—2 that
8i — 3 = 3p, 4p, bp, 6p, Tp.

This is contrary to p = 5 (mod 8). Then in the range ?”%1 <i<p-2
the quantity a(pq, f(q + i)) takes on one of two values: 0 or 1, and thus
a(pgr,l) < 2.
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(5) Let I = 9¢r + q + %. Proceeding as before, we have f(i) = 3p +
17¢ — 5 — 8i, where i € [0,p — 1] U [q,q + p — 1]. According to Lemma 2.3, we
deduce that

alpgr,1) = Z a(pq, f(q +1))-

On noting that ¢ = 2p—1, we have f(q—|— pr5) =9q¢and f(¢+p—1) = p+6q.
It follows from Lemma 2.2 that

a(pg, f(q + ?’ps—_5)) =a(pg, flg+p—1)) =1,

and then
p—2

a(pgr,l) = =2— > alpg, f(g+1)).

j—3p+3

8

Our task now is to show
flg+1i) #1 (mod p) when 3253 < <p—2.
3

If the assertion was false, then f(¢+ i) = —8 — 14 = 1 (mod p). Since
3’%3 < i <p-—2, we obtain 8 + 15 = 4p, 5p, 6p, 7p, a contradiction to p =7
(mod 8). On invoking Lemma 2.2, we infer that a(pq, f(q¢ +4)) € {0,1} for
3”;3 <4 < p — 2. Therefore, a(pqr 1)< —2.

(6) Let I = 8qr + q + 2=, where ¢ = 4p — 1. By using the congruence
(2.1), we have f(i) = 2p+16q 6—8 when0<i<p—landqg<i<qg+p—1.
It follows from Lemma 2.3 that

p—1
a(pgr,1) = — > a(pg, f(q+1)).
et
Note that f(q+ & 3) =8¢ and f(g+p—1) =2p+6q. In view of Lemma 2.2,

we have a(pq, f(q + p_ )) =a(pgq, f(¢+p—1)) =1, and then

l\.’)

a(pqr, 1) Z a(pg, f(q+1)).

_+

Let p%l <i<p-—2. We claim that f(¢+1i) # 1 (mod p). If otherwise,
then
flg+i)=-14-8i =1 (mod p).
Since 2p+17 < 8i4+15 < 8p—1, we obtain 8;+15 = 3p, 4p, 5p, 6p, Tp. This leads
to a contradiction to p = 7 (mod 8). So, by Lemma 2.2, a(pq, f(¢ +1i)) =0
or 1. Hence a(pgr,l) < —2.
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(7) Our argument here proceeds along the same lines. Taking | = bpr +
Tqr + q + &= in congruence (2.1), we have f(i) = 6p + 15¢ — 7 — 8i, where
i€0,p— 1] [¢,q + p — 1]. According to Lemma 2.3, we deduce that
p—1

a(pqr,l) = = a(pg, f(q+1)).

7
=73

On noting that f(q + 7”,%7) =5p+T7gand f(¢+p—1) = (k—2)p+ 6q, we
have, in light of £ > 6 and Lemma 2.2,

a(pg, f(q+ ]%7)) =alpg, flg+p—1)) =1,

and then
p—2

a(pgr,l) = =2— > alpg, f(qg+1)).

=il
Let % <4 < p—2. Our goal now is to show

flg+1i) #1 (mod p).
If the assertion was false, then f(¢ +1i) = —8i — 14 = 1 (mod p). Since
% < i < p—2, we obtain 8 + 15 = 2p, 3p, 4p, 5p, 6p, Tp, a contradiction to
p =7 (mod 8). On invoking Lemma 2.2, we infer that a(pq, f(¢+1)) € {0,1}.
Finally, we obtain a(pgr,l) < —2. This completes the proof. O

PROPOSITION 5.2. Let 7 < p < q < r be odd primes such that ¢ = kp+ 1
and 8r =1 (mod pgq).

(1) Ifp=1 (mod 8), then
a(pgr, 6pr+5qr+q—|—4r—|—3p 11), if k=2,
2< (qu,qu—9qr+q+T+”45), if k=4,
a(pqr,pqr + 5pr — 9qr + g +r + B2), if k> 6.

(2) If p=3 (mod 8), then

= A(PQT) ifk=2 and p =11,
91> (quPQT—pT—SqT+q—|—p ) if k=2 and p > 11,

< a(pgr, pqr — =2, if k=4,

< (pqr7pqr+3pr—9qr+q+r+37”89), if k> 6.

(3) If p=>5 (mod 8), then

9 < a(pgr,pqr + 3pr — 13qr + ¢+ 2r + 2222) if k=2,
= | alpgr, pgr + pr — 10gr + q + r + 22, if k> 4.

(4) If p="7 (mod 8), then 2 < a(pqr, pqr—qur+q+r+7p ).
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PROOF. The proof of this proposition follows in a similar manner and so

is omitted. O
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