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CONTINUITY OF GENERALIZED RIESZ POTENTIALS

FOR DOUBLE PHASE FUNCTIONALS WITH VARIABLE

EXPONENTS

Takao Ohno and Tetsu Shimomura

Oita University and Hiroshima University, Japan

Abstract. In this note, we discuss the continuity of generalized Riesz
potentials Iρf of functions in Morrey spaces LΦ,ν(·)(G) of double phase
functionals with variable exponents.

1. Introduction

The double phase functional introduced by Zhikov ([30]) in the 1980s
has been studied intensively by many mathematichans. Regarding regularity
theory of differential equations, Baroni, Colombo and Mingione in [1, 4, 5]
studied a double phase functional

Φ̃(x, t) = tp + a(x)tq , x ∈ R
N , t ≥ 0,

where N ≥ 2, 1 < p < q, a(·) is non-negative, bounded and Hölder continuous
of order θ ∈ (0, 1]. We refer to [10, 16] for Sobolev’s inequality, [11] for
Trudinger’s inequality and e.g. [2, 7, 8] for other double phase problems.

For 0 < α < N and a locally integrable function f on R
N the Riesz

potential Iαf of order α is defined by

Iαf(x) =

∫

RN

|x− y|α−Nf(y) dy.

In [12] we discussed the continuity of Riesz potentials Iαf of functions in

Morrey spaces LΦ̃,ν(RN ) of the double phase functionals Φ̃(x, t). We refer to

[16, Section 5] for the LΦ̃ case and [14] for the Lp(·),ν(·) case.
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In the present note, we consider the case Φ(x, t) is a double phase func-
tional given by

Φ(x, t) = tp(x) + (b(x)t)q(x),

where p(x) < q(x) and b(·) is non-negative, bounded and Hölder continuous
of order θ ∈ (0, 1] ([10], cf. [3, 25]).

To obtain general results, we consider the family (ρ) of all functions ρ sat-
isfying the following conditions: ρ : (0,∞) → (0,∞) is a measurable function
such that

∫ r

0

ρ(s)
ds

s
<∞

for all sufficiently small r > 0 and there exists constants 0 < k < 1, 0 < k1 <
k2 and Cρ > 0 such that

(1.1) sup
kr≤s≤r

ρ(s) ≤ Cρ

∫ k2r

k1r

ρ(s)
ds

s

for all r > 0 (e.g. [6, 26]). We do not postulate the doubling condition on ρ.

Example 1.1. If ρ satisfies the doubling condition, that is, there exists
a constant C > 0 such that C−1 ≤ ρ(r)/ρ(s) ≤ C for 1/2 ≤ r/s ≤ 2, then
ρ satisfies (1.1) whenever k = 1/2 and 2k1 = k2. If ρ is increasing, then
ρ satisfies (1.1) with k = 1/2, k1 = 1 and k2 = 2. If α ∈ R such that
ρ(r) = rαe−1/r, then ρ satisfies (1.1) with k = 1/2, k1 = 1/4 and k2 = 1/2.
See also [20, Lemma 2.5], [23, 26] and [27, Remark 2.2].

Let G be an open bounded set in R
N . For a function ρ ∈ (ρ), we define

the generalized Riesz potential Iρf of f by

Iρf(x) =

∫

G

ρ(|x − y|)f(y)

|x− y|N
dy,

where f ∈ L1(G). We write Iρf = Iαf when ρ(r) = rα, 0 < α < N . We refer
to [15, 21, 22, 24, 29] etc. for the study of Iρf .

Our aim in this note is to study the continuity of generalized Riesz po-
tential Iρf of functions f in Morrey spaces LΦ,ν(·)(G) of the double phase
functionals with variable exponents (Theorem 2.2), as an extension of [12,
Theorem 4.1].

2. Definitions and the main Theorem

Throughout this paper, let C denote various constants independent of the
variables in question and log be a natural logarithm.

Let p(·) be a measurable functions on G such that

(P1) 1 ≤ p− := infx∈G p(x) ≤ supx∈G p(x) =: p+ <∞,
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(P2) p(·) is log-Hölder continuous on G, namely

|p(x) − p(y)| ≤
Cp

log(e+ 1/|x− y|)
(x, y ∈ G),

with a constant Cp ≥ 0.

Let ν(·) be a measurable functions on G such that

0 < ν− := inf
x∈G

ν(x) ≤ sup
x∈G

ν(x) =: ν+ <∞.

Let B(x, r) denote the open ball centered at x ∈ R
N with radius r > 0.

For a set E ⊂ R
N , |E| denotes the Lebesgue measure of E. Set dG =

sup{|x− y| : x, y ∈ G}. Morrey space with variable exponents Lp(·),ν(·)(G) is
the family of measurable functions f on G satisfying

Lp(·),ν(·)(G) =

{

f ∈ L1
loc(G) ;

sup
x∈G,0<r<dG

rν(x)

|B(x, r)|

∫

G∩B(x,r)

|f(y)|p(y) dy <∞

}

.

It is a Banach space with respect to the norm

‖f‖Lp(·),ν(·)(G) = inf

{

λ > 0 ;

sup
x∈G,0<r<dG

rν(x)

|B(x, r)|

∫

G∩B(x,r)

(

|f(y)|

λ

)p(y)

dy ≤ 1

}

(cf. see [18]).
We consider a function Φ(x, t) : G× [0,∞) → [0,∞) satisfying the follow-

ing conditions (Φ1) and (Φ2):

(Φ1) Φ( · , t) is measurable on G for each t ≥ 0 and Φ(x, · ) is convex on
[0,∞) for each x ∈ G;

(Φ2) there exists a constant A1 ≥ 1 such that A−1
1 ≤ Φ(x, 1) ≤ A1 for all

x ∈ G.

The Musielak-Orlicz-Morrey space LΦ,ν(·)(G) is defined by

LΦ,ν(·)(G) =

{

f ∈ L1
loc(G) :

sup
x∈G,0<r<dG

rν(x)

|B(x, r)|

∫

G∩B(x,r)

Φ

(

y,
|f(y)|

λ

)

dy <∞ for some λ > 0

}

.

It is a Banach space with respect to the norm

‖f‖LΦ,ν(·)(G) = inf

{

λ > 0 :

sup
x∈G,0<r<dG

rν(x)

|B(x, r)|

∫

G∩B(x,r)

Φ

(

y,
|f(y)|

λ

)

dy ≤ 1

}
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(see [9, 19]).
Let q(·) be a measurable function on G such that

(Q1) 1 ≤ q− := infx∈G q(x) ≤ supx∈G q(x) =: q+ <∞,
(Q2) q(·) is log-Hölder continuous on G, namely

|q(x) − q(y)| ≤
Cq

log(e+ 1/|x− y|)
(x, y ∈ G),

with a constant Cq ≥ 0.

In what follows, set

Φ(x, t) = tp(x) + (b(x)t)q(x),

where p(x) < q(x) and b(·) is non-negative, bounded and Hölder continuous
of order θ ∈ (0, 1] ([10], cf. [3, 25]).

Remark 2.1. Let f ∈ LΦ,ν(·)(G) be a measurable function on G. Then
note that f ∈ Lp(·),ν(·)(G) and bf ∈ Lq(·),ν(·)(G).

We state the following, as an extension of [12, Theorem 4.1].

Theorem 2.2. Let ρ ∈ (ρ). Assume that there are constants η1 > 0, η2 >
0, τ > 0 and C0 > 0 such that

(2.1)

∣

∣

∣

∣

ρ(|x− y|)

|x− y|N
−
ρ(|z − y|)

|z − y|N

∣

∣

∣

∣

≤ C0
|x− z|η1

|x− y|η2

ρ(τ |x − y|)

|x− y|N

whenever x, y, z ∈ G and |x− z| ≤ |x− y|/2. Abbreviate

ψ(x, z, r) ≡

∫ 4k2r

0

s−ν(x)/p(x)+θρ(s)
ds

s
+

∫ 4k2r

0

s−ν(x)/q(x)ρ(s)
ds

s

+

∫ 6k2r

0

s−ν(z)/p(z)+θρ(s)
ds

s
+

∫ 6k2r

0

s−ν(z)/q(z)ρ(s)
ds

s

+ rθ
∫ 4k2dG

k1r

s−ν(z)/p(z)ρ(s)
ds

s

+ rη1

∫ 4k2τdG

2k1τr

s−ν(x)/p(x)−η2+θρ(s)
ds

s

+ rη1

∫ 4k2τdG

2k1τr

s−ν(x)/q(x)−η2ρ(s)
ds

s

for x, z ∈ G and 0 < r ≤ dG, where k1 and k2 are constants in (ρ). Assume

that ψ(x, z, r) < ∞ for all x, z ∈ G and 0 < r ≤ dG. Then there exists a

constant C > 0 such that

|b(x)Iρf(x)− b(z)Iρf(z)| ≤ Cψ(x, z, |x− z|)

for all x, z ∈ G and measurable functions f on G with ‖f‖LΦ,ν(·)(G) ≤ 1.
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Remark 2.3. Let ρ(r) = rαe−1/r be as in Example 1.1. Then the mean
value property implies that (2.1) holds for η1 = 1, η2 = 2 and τ = 3/2. Note
here that there exists a constant C ≥ 1 such that

C−1 ρ(r)

rN+2
≤

d

dr

(

ρ(r)

rN

)

≤ C
ρ(r)

rN+2

for all 0 < r ≤ dG and |x− y|/2 ≤ |x− y+ t(z−x)| ≤ 3|x− y|/2 for 0 ≤ t ≤ 1
and |x− z| ≤ |x− y|/2.

Remark 2.4. If ρ(r)ra is increasing for some a ≥ 0 and ρ(r)/rb is de-
creasing for some b ≥ 0, then ρ satisfies the doubling condition and

∣

∣

∣

∣

ρ(r)

rN
−
ρ(s)

sN

∣

∣

∣

∣

≤ C0|r − s|
ρ(r)

rN+1
, for

1

2
≤
s

r
≤ 2.

See [21].

3. Corollaries

In this section, we give consequences of our theorem.

Corollary 3.1. Let ρ(r) = rα(log(e + 1/r))β for α > 0 and β ∈ R.

Suppose infx∈G(ν(x)−αp(x)) > 0 and infx∈G((α+θ)p(x)−ν(x)) > 0. Further
suppose infx∈G(ν(x) − (α− 1)q(x)) > 0 and infx∈G(αq(x)− ν(x)) > 0. Then
there exists a constant C > 0 such that

|b(x)Iρf(x)− b(z)Iρf(z)|

≤ C
{

|x− z|α−ν(x)/p(x)+θ + |x− z|α−ν(x)/q(x)

+ |x− z|α−ν(z)/p(z)+θ + |x− z|α−ν(z)/q(z)
}

(log(e+ 1/|x− z|))β

for all x, z ∈ G and measurable functions f on G with ‖f‖LΦ,ν(·)(G) ≤ 1.

Proof. Since infx∈G((α + θ)p(x) − ν(x)) > 0, taking ε1 such that 0 <
ε1 < α− ν(x)/p(x) + θ, there exists a constant c1 > 0 such that

s
α−ν(x)/p(x)+θ−ε1
1 (log(e+ 1/s1))

β ≤ c1s
α−ν(x)/p(x)+θ−ε1
2 (log(e+ 1/s2))

β

whenever 0 < s1 ≤ s2 (see e.g. [17, 28]). Therefore we have
∫ 4k2r

0

sα−ν(x)/p(x)+θ(log(e+ 1/s))β
ds

s

≤ c1(4k2r)
α−ν(x)/p(x)+θ−ε1(log(e+ 1/(4k2r)))

β

∫ 4k2r

0

sε1
ds

s

≤ Crα−ν(x)/p(x)+θ(log(e+ 1/r))β

and, similarly we obtain
∫ 6k2r

0

sα−ν(z)/p(z)+θ(log(e+ 1/s))β
ds

s
≤ Crα−ν(z)/p(z)+θ(log(e+ 1/r))β .
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Since infx∈G(αq(x) − ν(x)) > 0, we obtain
∫ 4k2r

0

sα−ν(x)/q(x)(log(e + 1/s))β
ds

s
≤ Crα−ν(x)/q(x)(log(e + 1/r))β

and
∫ 6k2r

0

sα−ν(z)/q(z)(log(e+ 1/s))β
ds

s
≤ Crα−ν(z)/q(z)(log(e+ 1/r))β .

Since infx∈G(ν(x) − αp(x)) > 0, taking ε2 such that 0 < ε2 < ν(z)/p(z)− α,
there exists a constant c2 > 0 such that

s
α−ν(z)/p(z)+ε2
2 (log(e+ 1/s2))

β ≤ c2s
α−ν(z)/p(z)+ε2
1 (log(e + 1/s1))

β

whenever 0 < s1 ≤ s2, so that

rθ
∫ 4k2dG

k1r

sα−ν(z)/p(z)(log(e+ 1/s))β
ds

s

≤ c2r
θ(k1r)

α−ν(z)/p(z)+ε2 (log(e + 1/(k1r)))
β

∫ 4k2dG

k1r

s−ε2
ds

s

≤ Crα−ν(z)/p(z)+θ(log(e+ 1/r))β .

We also have

r

∫ 4k2τdG

2k1τr

sα−ν(x)/p(x)−1+θ(log(e+ 1/s))β
ds

s

≤ Crα−ν(x)/p(x)+θ(log(e + 1/r))β ,

since infx∈G(ν(x) − (α+ θ − 1)p(x)) ≥ infx∈G(ν(x) − αp(x)) > 0, and

r

∫ 4k2τdG

2k1τr

sα−ν(x)/q(x)−1(log(e+ 1/s))β
ds

s
≤ Crα−ν(x)/q(x)(log(e+ 1/r))β ,

since infx∈G(ν(x) − (α− 1)q(x)) > 0.
Collecting these facts, we obtain by our assumptions

ψ(x, z, r) ≤ C
{

rα−ν(x)/p(x)+θ + rα−ν(x)/q(x)

+ rα−ν(z)/p(z)+θ + rα−ν(z)/q(z)
}

(log(e+ 1/r))β <∞

for x, z ∈ G and 0 < r ≤ dG. By Theorem 2.2, we obtain the required result.

Corollary 3.2. Suppose infx∈G(ν(x) − αp(x)) > 0 and infx∈G((α +
θ)p(x) − ν(x)) > 0. Further suppose infx∈G(ν(x) − (α − 1)q(x)) > 0 and

infx∈G(αq(x) − ν(x)) > 0. Then there exists a constant C > 0 such that

|b(x)Iαf(x)− b(z)Iαf(z)| ≤ C
{

|x− z|α−ν(x)/p(x)+θ + |x− z|α−ν(x)/q(x)

+ |x− z|α−ν(z)/p(z)+θ + |x− z|α−ν(z)/q(z)
}

for all x, z ∈ G and measurable functions f on G with ‖f‖LΦ,ν(·)(G) ≤ 1.
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Proof. This is the case β = 0 in Corollary 3.1.

Compare Corollaries 3.1 and 3.2 with [12, Theorem 4.1].

Corollary 3.3. Let ρ(r) = rαe−1/r be as in Example 1.1. Then there

exists a constant C > 0 such that

|b(x)Iρf(x)− b(z)Iρf(z)| ≤ C|x− z|θ

for all x, z ∈ G and measurable functions f on G with ‖f‖LΦ,ν(·)(G) ≤ 1.

Proof. Since, for a ∈ R, there exists a constant c > 0 such that
∫ r

0

sae−1/s ds

s
≤ crθ

for all 0 < r ≤ dG, it follows from Remark 2.3 that

ψ(x, z, r) ≤ C(r + rθ) ≤ Crθ

for all x, z ∈ G and 0 < r ≤ dG, since θ ∈ (0, 1]. Hence, we obtain the required
inequality.

Corollary 3.4. Let ρ(r) = rα(log(e + 1/r))β for α > 0 and β ∈ R.

Suppose infx∈G(ν(x)− (α− 1)p(x)) > 0 and infx∈G(αp(x)− ν(x)) > 0. Then
there exists a constant C > 0 such that

|Iρf(x)− Iρf(z)|

≤ C
{

|x− z|α−ν(x)/p(x) + |x− z|α−ν(z)/p(z)
}

(log(e+ 1/|x− z|))β

for all x, z ∈ G and measurable functions f on G with ‖f‖Lp(·),ν(·)(G) ≤ 1.

Proof. To show this, we take b(·) ≡ 1 and q(·) = p(·) in the proof of
Theorem 2.2. As in the proof of Corollary 3.1, we obtain the result.

4. Lemmas

Before giving a proof of Theorem 2.2, we prepare two lemmas. To prove
the following lemma, (P2) and (Q2) were used.

Lemma 4.1 ([13, Lemma 2.1], cf. [14, Lemma 2.7]). There exists a con-

stant C > 0 such that

rν(x)/p(x)

|B(x, r)|

∫

G∩B(x,r)

|f(y)| dy ≤ C

for all x ∈ G, 0 < r < dG and measurable functions f on G with

‖f‖Lp(·),ν(·)(G) ≤ 1.
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Lemma 4.2. Let τ > 0, β ∈ R and ρ ∈ (ρ). Let f be a nonnegative

function on G such that ‖f‖Lp(·),ν(·)(G) ≤ 1. Then there exists a constant

C > 0 such that

(4.1)

∫

G∩B(x,r)

ρ(τ |x− y|)f(y)

|x− y|N+β
dy ≤ C

∫ 2k2τr

0

s−ν(x)/p(x)−βρ(s)
ds

s

and

(4.2)

∫

G\B(x,r)

ρ(τ |x − y|)f(y)

|x− y|N+β
dy ≤ C

∫ 4k2τdG

k1τr

s−ν(x)/p(x)−βρ(s)
ds

s

for all x ∈ G and 0 < r ≤ dG, where k1 and k2 are constants in (ρ).

Proof. Let f be a nonnegative function on G such that ‖f‖Lp(·),ν(·)(G) ≤

1. Take γ ∈ R such that 1 < γ ≤ min{1/k, 2}. If y ∈ G ∩ (B(x, γjr) \
B(x, γj−1r)) for j ∈ Z, then a geometric observation and (1.1) show

ρ(τ |x − y|)

|x− y|N+β
≤

max
{

1, γN+β
}

(γjr)N+β
sup

γj−1τr≤s≤γjτr

ρ(s)

≤
max

{

1, γN+β
}

(γjr)N+β
sup

kγjτr≤s≤γjτr

ρ(s)

≤
Cρ max

{

1, γN+β
}

(γjr)N+β

∫ γjk2τr

γjk1τr

ρ(s)
ds

s
,

by γ ≤ 1/k. By Lemma 4.1, we have

1

|B(x, γjr)|

∫

G∩B(x,γjr)

f(y) dy ≤ C1(γ
jr)−ν(x)/p(x)

for some constant C1 > 0, so that
∫

G∩(B(x,γjr)\B(x,γj−1r))

ρ(τ |x− y|)f(y)

|x− y|N+β
dy

≤
CρσN max

{

1, γN+β
}

(γjr)β

∫ γjk2τr

γjk1τr

ρ(s)
ds

s
·

1

|B(x, γjr)|

∫

G∩B(x,γjr)

f(y) dy

≤
CρσN max

{

1, γN+β
}

(γjr)β

∫ γjk2τr

γjk1τr

ρ(s)
ds

s
· C1

(

γjr
)−ν(x)/p(x)

≤ C1CρσN max
{

1, 2N+β
}

(γjr)−ν(x)/p(x)−β

∫ γjk2τr

γjk1τr

ρ(s)
ds

s

≤ C1CρσN max
{

1, 2N+β
}

max
{

(τk1)
ν(x)/p(x)+β, (τk2)

ν(x)/p(x)+β
}

×

∫ γjk2τr

γjk1τr

s−ν(x)/p(x)−βρ(s)
ds

s
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≤ C2

∫ γjk2τr

γjk1τr

s−ν(x)/p(x)−βρ(s)
ds

s
,

where σN denotes the volume of the unit ball B(0, 1) and

C2 = C1CρσN max
{

1, 2N+β
}

×max
{

(τk1)
ν+/p−+β , (τk1)

ν−/p++β , (τk2)
ν+/p−+β , (τk2)

ν−/p++β
}

.

Therefore we have
(4.3)
∫

G∩(B(x,γjr)\B(x,γj−1r))

ρ(τ |x − y|)f(y)

|x− y|N+β
dy ≤ C2

∫ γjk2τr

γjk1τr

s−ν(x)/p(x)−βρ(s)
ds

s
.

Let j0 be the smallest integer such that k2/k1 ≤ γj0 . Using (4.3), we obtain
∫

G∩B(x,r)

ρ(τ |x − y|)f(y)

|x− y|N+β
dy

=

∞
∑

j=0

∫

G∩(B(x,γ−jr)\B(x,γ−j−1r))

ρ(τ |x − y|)f(y)

|x− y|N+β
dy

≤ C2

∞
∑

j=0

∫ γ−jk2τr

γ−jk1τr

s−ν(x)/p(x)−βρ(s)
ds

s

≤ C2

∞
∑

j=0

∫ γ−j+j0k1τr

γ−jk1τr

s−ν(x)/p(x)−βρ(s)
ds

s

≤ j0C2

∫ 2k2τr

0

s−ν(x)/p(x)−βρ(s)
ds

s
,

which proves (4.1).
Let j1 be the smallest integer such that dG ≤ γj1r. If we use (4.3),
∫

G\B(x,r)

ρ(τ |x − y|)f(y)

|x− y|N+β
dy

≤

j1
∑

j=1

∫

G∩(B(x,γjr)\B(x,γj−1r))

ρ(τ |x − y|)f(y)

|x− y|N+β
dy

≤ C2

j1
∑

j=1

∫ γjk2τr

γjk1τr

s−ν(x)/p(x)−βρ(s)
ds

s

≤ C2

j1
∑

j=1

∫ γj+j0k1τr

γjk1τr

s−ν(x)/p(x)−βρ(s)
ds

s

≤ C2j0

∫ 4k2τdG

k1τr

s−ν(x)/p(x)−βρ(s)
ds

s
.
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Thus, (4.2) follows.

5. Proof of Theorem 2.2

Without loss of generality, we can assume that f is a nonnegative function
on G such that ‖f‖LΦ,ν(·)(G) ≤ 1. First note from (2.1) that for x, z ∈ G and

r = |x− z|

|b(x)Iρf(x)− b(z)Iρf(z)|

≤ b(x)

∫

G∩B(x,2r)

ρ(|x− y|)f(y)

|x− y|N
dy

+ b(z)

∫

G∩B(x,2r)

ρ(|z − y|)f(y)

|z − y|N
dy

+ |b(x)− b(z)|

∫

G\B(x,2r)

ρ(|z − y|)f(y)

|z − y|N
dy

+ b(x)

∫

G\B(x,2r)

∣

∣

∣

∣

ρ(|x− y|)

|x− y|N
−
ρ(|z − y|)

|z − y|N

∣

∣

∣

∣

f(y) dy

≤ C

{

b(x)

∫

G∩B(x,2r)

ρ(|x− y|)f(y)

|x− y|N
dy

+ b(z)

∫

G∩B(z,3r)

ρ(|z − y|)f(y)

|z − y|N
dy + rθ

∫

G\B(z,r)

ρ(|z − y|)f(y)

|z − y|N
dy

+ rη1b(x)

∫

G\B(x,2r)

ρ(τ |x− y|)f(y)

|x− y|N+η2
dy

}

= C
{

I1(x) + Ĩ1(z) + I2(z) + I3(x)
}

.

For I1(x), we have

I1(x) ≤

∫

G∩B(x,2r)

ρ(|x − y|)

|x− y|N
|b(x)− b(y)|f(y) dy

+

∫

G∩B(x,2r)

ρ(|x− y|)

|x− y|N
b(y)f(y) dy

≤ C

∫

G∩B(x,2r)

ρ(|x− y|)f(y)

|x− y|N−θ
dy +

∫

G∩B(x,2r)

ρ(|x− y|){b(y)f(y)}

|x− y|N
dy

= CI11(x) + I12(x).

By (4.1), we obtain

I11(x) ≤ C

∫ 4k2r

0

s−ν(x)/p(x)+θρ(s)
ds

s
,
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and

I12(x) ≤ C

∫ 4k2r

0

s−ν(x)/q(x)ρ(s)
ds

s
.

For Ĩ1(z), we have by (4.1)

Ĩ1(z) ≤ C

{

∫ 6k2r

0

s−ν(z)/p(z)+θρ(s)
ds

s
+

∫ 6k2r

0

s−ν(z)/q(z)ρ(s)
ds

s

}

,

as in the estimate of I11(x) and I12(x).
For I2(z), we have by (4.2)

I2(z) ≤ Crθ
∫ 4k2dG

k1r

s−ν(z)/p(z)ρ(s)
ds

s
.

Finally, for I3(x) we have

I3(x) ≤ rη1

∫

G\B(x,2r)

ρ(τ |x − y|)

|x− y|N+η2
|b(x)− b(y)|f(y) dy

+ rη1

∫

G\B(x,2r)

ρ(τ |x − y|)

|x− y|N+η2
b(y)f(y) dy

≤ Crη1

∫

G\B(x,2r)

ρ(τ |x − y|)f(y)

|x− y|N−θ+η2
dy

+ rη1

∫

G\B(x,2r)

ρ(τ |x − y|){b(y)f(y)}

|x− y|N+η2
dy

= CI31(x) + I32(x).

Note from (4.2) that

I31(x) ≤ Crη1

∫ 4k2τdG

2k1τr

s−ν(x)/p(x)−η2+θρ(s)
ds

s

and

I32(x) ≤ Crη1

∫ 4k2τdG

2k1τr

s−ν(x)/q(x)−η2ρ(s)
ds

s
.

Collecting these facts, we obtain

|b(x)Iρf(x)− b(z)Iρf(z)| ≤ Cψ(x, z, r).

Thus this theorem is proved.
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[8] P. Hästö and J. Ok, Maximal regularity for local minimizers of non-autonomous

functionals, to appear in J. Eur. Math. Soc.
[9] F.-Y. Maeda, Y. Mizuta, T. Ohno and T. Shimomura, Boundedness of maximal op-

erators and Sobolev’s inequality on Musielak-Orlicz-Morrey spaces, Bull. Sci. Math.,
137 (2013), 76–96.

[10] F.-Y. Maeda, Y. Mizuta, T. Ohno and T. Shimomura, Sobolev’s inequality for double

phase functionals with variable exponents, Forum Math. 31 (2019), 517–527.
[11] F.-Y. Maeda, Y. Mizuta, T. Ohno and T. Shimomura, Trudinger’s inequality for

double phase functionals with variable exponents, Czechoslovak Math. J. 71 (2021),
511–528.

[12] Y. Mizuta, E. Nakai, T. Ohno and T. Shimomura, Campanato-Morrey spaces for the

double phase functionals, Rev. Mat. Complut. 33 (2020), 817–834.
[13] Y. Mizuta, E. Nakai, T. Ohno and T. Shimomura, Campanato-Morrey spaces for the

double phase functionals with variable exponents, Nonlinear Anal. 197 (2020), article
no. 111827, 19 pp.

[14] Y. Mizuta, E. Nakai, T. Ohno and T. Shimomura, Riesz potentials and Sobolev embed-

dings on Morrey spaces of variable exponent, Complex Var. Elliptic Equ. 56, (2011),
671–695.

[15] Y. Mizuta, E. Nakai, Y. Sawano and T. Shimomura, Gagliardo-Nirenberg inequality

for generalized Riesz potentials of functions in Orlicz-Musielak spaces, Arch. Math.
98 (2012), 253–263.

[16] Y. Mizuta, T. Ohno and T. Shimomura, Sobolev’s theorem for double phase function-

als, Math. Ineq. Appl. 23 (2020), 17–33.
[17] Y. Mizuta and T. Shimomura, Differentiability and Hölder continuity of Riesz poten-
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