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Abstract: Structural possibilities are considered for what arguably is the most general class of connected “pure-polyhex” m-networks (of carbon
atoms). These are viewed as hexagonal-network coverings (i.e., a tiling by hexagons) of a connected locally Euclidean surface S possibly with
holes which can be simple cycles of sizes other than 6. The surface S can curve around to connect to itself in different ways, e.g., with handles
of different sorts. This then includes ordinary benzenoids, coronoids, carbon nanotubes, bucky-tori, carbon nano-cones, carbon nano-belts,
certain fullerenes & fulleroids, various benzenoid polymers, a great diversity of defected (disclinational or dislocational) graphene flakes, and
many other novel pure-polyhexes. A topological classification is made, and several combinatorial conditions on chemical sub-structure counts
are identified. These counts include that of “combinatorial curvature”, such as is related to curvature stresses, as also relate to the Gaussian

curvatures of the embedding surface.
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INTRODUCTION

C ONJUGATED m-networks have been much studied,
since from before the time of Kekulé, with recent
intense excitement upon the discovery of fullerenes, of
carbon nano-tubes, and of grapheneic structures. For the
purpose of constructing nano-devices much interest has
developed in additional novel structures: decorated nano-
tubes, branched nano-tubes, carbon nano-belts, bucky-
cones, negatively curved structures, and more. Typically
these species may be viewed as conjugated m-networks
based upon a polyhex-tiled surface with various defect
rings of other sizes punched in the surface. The classical
benzenoids can be considered as polyhex species covering
a surface topologically equivalent to a disk. Coronoids are
pure-polyhex species tiling a surface topologically equival-
ent to a punctured disk. The carbon nano-tubes (or bucky-
tubes) are purely polyhex in the bulk of the surface which
appears like a long cylinder, while something also occurs at
the ends, such as an opening at each end (to make the
surface overall topologically equivalent to an open-ended

cylinder, or equivalently again to a punctured disk). If both
ends are suitably closed off, a fullerene again can be
obtained, though there are other possibilities with smaller
sized rings, especially if the smaller sized rings abutt to one
another —in which case a “fulleroid” may result. But there
are many more possibilities for polyhex-covered surfaces —
both finite & infinite.

The implications on substructural counts (say of
atoms, edges, rings, & boundary features) have already
been studied for several special cases. Gutman!l &
others[2-5] have emphasized such combinatoric aspects for
the particular case of a pure polyhex with a surface
topologically equivalent to a disk, with Dias exhibiting!23]
results in terms of a “formula periodic table of benzenoids”.
And further there have been comparable studies of what
occurs when onel®7l or a few!8-17] other-size rings are allow-
ed, all focused on the circumstance of a planar network
with otherwise a single outer boundary. The case of
coronoids (as benzenoids with a hole) also has been
similarly studied, as well as multi-coronoids (albeit to a
lesser extent) — reviewed in Ref. [18] The case of fullerenes
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is also extensively studied, 19211 with the count of 12
pentagons being very well known. Harris?2 and Sadoc &
Mosseril23241 have generally discussed polygon-tiled
surfaces topologically equivalent to a sphere, with atten-
tion to the relation to Gaussian curvature — with
“curvature” effects in fullerenes have also been
relevant.[5.26] The circumstance of covering a torus has
been considered quite separately, either purely(27-291 with
hexagons, or with a few other-sized rings3%31 mixed in to
(partially) relieve stress. There are many works concer-
ning Mobius arrangements involving a Mdobius strip
defined to contain all the m-orbital axes (instead of our
strips containing all the conjugated-carbon o-network) —
this alternative starts with Heilbronner32]). As to infinite
structures, the hexagon-tiled nanotubes have been
(comprehensively) addressed, 33 and then there is graphene
& substructures cut from it, as well as its vacancy
defects.34

Here we pursue a general comprehensive
investigation of possible surfaces and commensurate
polyhex m-network structures thereon. That is, rather
arbitrary topologies are allowed for the connected surface
to be exactly covered by hexagons in a suitable fashion:
every edge of the network is in either 1 or 2 hexagons, and
every site is of degree 3 or 2. Upon covering by hexagons,
the surface is said to be hexagonally tiled. Some modest
degree of standard topology is used —e.g., as inl35-38 use is
made of homeomorphism which is a mapping of one
geometrical set to another through continuous neighbor-
hood-preserving transformation. Thus benzenoids are
viewed as: polyhexes on a (topological) “disk”; coronoids (&
multi-coronoids), on punctured (& multi-punctured) “disks”;
“poly-g-polyhexes”l6-13] (with nonadjacent g-gons) also as
punctured “disks” (with punctures corresponding to non-
hexagonal rings); tori, with or without punctures; polyhex
bracelets (which are not coronoids or multi-coronoids,
including both untwisted & Mé&bius possibilities); many
extended (i.e. infinite) benzenoid or coronoid polymers;
bucky-tubes; fullerenes (with isolated pentagons); high-
genus negatively curved graphene surfacesi3940 (with
punctures for non-hexagonal rings); disclinationally or
dislocationally defected!*!l graphenes; etc. A collection of
chemically oriented contributions (without restriction to
conjugated-carbon networks) is found in Sauvage et al’s
monograph.[2l Here a major aim is to identify a collection
of theorems and combinatorial results for different
substructure counts — often very well-known for classical
benzenoids, but here seeking wider limits and
modifications to their applicability. Ultimately the topo-
combinatorics relates to geometric curvatures, complicit
stresses, & realizable embeddings into ordinary space.
Further the diverse topological possibilities for polyhex
tilings of surfaces are indicated.

Theoretical investigators Ed Kirby, Ivan Gutman,
Sven Cyvin, J. R. Dias, Milan Randi¢, Nenad Trinajstic,
M. Terrones, A. T. Balaban, M. Diudea, P. W. Fowler, and
many more have already explored various polyhex
conjugated-carbon m-networks.

FUNDAMENTALS &
INITIAL STRUCTURES

Here a m-network is viewed as a graph G, with any H atoms
bonded to any of the carbon atoms deleted from this
otherwise carbon network. The pairs of o-bonded
n-centers in the m-network are identified to edges of G. The
restriction to trigonal (sp?) m-centers limits the degree of
each site to no more than 3. The whole network G is
imagined to be “suitably” embedded in a connected
smooth surface S, which in turn is embedded in 3-dimen-
sional Euclidean space &, . Any boundaries of S correspond
to edges (i.e., bonds) of G, and “rings” of G bound (near-
planar) disk-like regions (faces) of S. The surface S is to be
locally Euclidean in that its points have open sets (of S)
homeomorphic either to an open disk or to a boundary
point as for a point of a disk. The graph G is to be embedded
in S and to consist entirely of hexagons exactly covering S,
such that every edge of G occurs in exactly 1 or 2 hexagons.
That the associated surface S is to be a conjugated whole
precludes three surfaces meeting at a seam (because
conjugation entails at least approximately a mutual
alignment of m-orbitals and this in turn implicates a
smoothly varying normal to S, as would not occur at a
seam). Moreover, the hexagons are typically imagined to
be of comparable sizes, and the surface not to fluctuate
notably below or even at the scale of the size of these faces.
That is, radii of linear curvature of the surfaces are to be a
somewhat greater than the bond lengths, and areas of
faces on S are to be not too different from that for a regular
polygon with edges of lengths similar to that of the faces.
A boundary of the network (and of S) is identified such that
every degree-2 vertex of G appears on the boundary, along
with the edges (bonds) incident to these sites. Generally
some vertices of degree 3 may be identified to the
boundary — when there are 2 boundary edges incident
thereto. See, e.g., the “coronoid-like” structure of Figure 1.
That is, the surface is tiled by hexagons with no more than
3 hexagons meeting at any vertex, such that it takes exactly
3 to completely surround a vertex, whence such a graphical
structure is termed a pure polyhex. These structures do not
account for all conjugated m-networks — but it does
recognize the propensity for hexagonal rings so as to
encompass a large variety of possibilities, many of which
are realized, and many more as yet unrealized. Besides
benzenoids, it allows bucky-cones, bucky-tori, diverse
defected grapheneic flakes, and more. It allows isolated-
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pentagon-rule fullerenes as 12-fold punctured spheres —
and it allows “fulleroids” with isolated rings of other sizes.
This is a considerably more general than the usual
definition of a polyhex m-network (of sp? carbons), so that
questions naturally arise as to how different earlier results
for more limited structures might generalize.

Some initial considerations are appropriate for a
finite benzenoid B (=G), which is taken to be a region of the
Euclidean plane homeomorphic to a disk and fully tiled by
hexagonal faces (or rings). Often the hexagonal rings are
required to be geometrically regular, in which case the
benzenoid is a part of the honeycomb lattice net. A
coronoid C (=G) is viewed as a benzenoid with a hole cut
out of the center, such that the remaining region of Sis fully
tiled by hexagons, which again are often required to be
geometrically regular. See Figure 1. If two or more holes are
cut from a benzenoid then a multi-coronoid results, still
with every edge in a hexagonal face.

For a single (benzenoid) boundary &, procession (say)
clockwise around & (with the bulk of B on the right), gives a
number of right turns & a number of left turns, with the
excess of right turns over left turns being +6 to accomplish
a full cycling of 6x(m/3)=2nr radians. Also note that
each right turn corresponds to a degree-2 C atom, with an
attached H atom, whereas each left turn (if any)
corresponds to a degree-3 C atom, with no H atom. See
Figure 1.

It might seem that the preceding argument depends
on the regularity of the hexagonal faces, but its essence
does not. To see this, consider the “helicenic” example B of
Figure 2, and imagine B to be the result of 2 (potentially)
regular-faced benzenoids B; & B, fused together at their
bold-faced edges (as indicated in Figure 2). The clockwise-
oriented circuits C1 & C; around B; & B each entail a total
turn through an excess of 6 right 60° -turns over left turns.
Furthermore the clockwise boundary circuit of B can be
viewed as a “sum” of C; & C;, where the common
(oppositely oriented) edge is canceled, and the 4 right (60°)
turns (of C; & G, at this edge) are traded for 2 left turns.
Thus the total excess of right turns over left turns around C

Figure 1. A polyhex structure which if the missing central
bond were there, would be a (regular) benzenoid. With the
hole in the middle, it is a (regular) coronoid. On the left the
outer boundary is in bold-face, while on the right the inner
boundary is in bold-face.

remains 6. Of course, even for the deformed B in Figure 2
there is a net turn of 360° = 2;trad as one traverses the
circuit (even though the hexagons are deformed). Note
each right turn entails a degree-2 site, while each left turn
entails a degree-3 site, allows a boundary correspondence
amongst: net turning angle; excesses of degree-2 over
degree-3 sites; and numbers of H atoms versus total
boundary length. Such structures are here termed
generalized benzenoids. The differences for the numbers of
left & right turns still turns out to be 6 (even if the angles
are not precisely 60° turns as in the first part of Figure 2.

For a coronoid, the turns around the inside boundary
6in still satisfy a condition: procession with the near part of
S on the right now means a counter-clockwise circuit with
the number of left turns exceeding the number of right
turns by +6. Again the right turns correspond to vertices of
degree 2 while the left turns correspond to vertices of
degree 3. Again see Figure 1.

The noted results extend fairly straight-forwardly to
a multi-coronoid M (=G), which may be viewed as obtained
from a benzenoid by deleting several regions to leave
several holes, each made by deletion of >2 hexagons,
while still requiring the remnant region to be fully tiled by
hexagons. If the hexagons are geometrically regular, similar
results apply. These results are conveniently made
independent of the direction of cycling about a boundary
circuit 6, if they are expressed in terms of the numbers
n, »(6) of degree-2 vertices & n, ,,(6) of degree-3 vertices
on & (with the degrees measured in M), as well as the
number n, .. (M) and the total number n(0M) of boundary
sites. Now:

Theorem 1 — Let M be a finite generalized benzenoid,
coronoid, or multi-coronoid. Then for any cyclic boundary
& of M,

n, y(8) —n; ,,(6) = 16,

Figure 2. A benzenoid B unable to be embedded in €, with
regular hexagonal faces, and its decomposition into B, & B,
each of which is representable with regular hexagonal faces.
(In chemical reality, B would not remain in C;, but rather the
part B, would deviate out of the plane so that it lays above
(or below) the earlier part, while maintaining rings which
are more nearly regular hexagons.)
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with the + sign applying for the outer boundary, and the —
sign applying for any inner boundary. The number of H
atomsin M is

nM) =Y""'n, ,(8) = {n(OM) + 6 — 6n,,,.. (M)} / 2.

Proof: Most of the proof is already done, excepting the last
relation for the number of H atoms. Here for the outer
boundary 6 =6, nl6)=n,,(8)+n,,(6) & n,,(6)-
n, w(6) =6, so that the number of H atoms on this outer
boundary is n,(6) ={n(6)+6}/2. And much the same
argument gives the number of H atoms on an inner
boundary 6 =6, as n,(6) = {n(6) — 6} / 2. Summing over
all the cyclic boundaries 6, and noting that there is a
number n, . (M) of such inner boundaries, finally leads to

the given result. u

This result (for benzenoids) is known — as in,[2-4.18]
where in fact there are some further enumerative
relations, which are here addressed later (in a generalized
form). The statement of this theorem does not mention
the relation to angular turns, but this lack mirrors these
earlier references, and here we return to the turn-angle
aspect in a more general context. This theorem provides
a first example of the sort of combinatorial information
here considered — and it also provides a fundamental
reference circumstance for the more general structures G
contemplated.

Let us note something concerning embeddings, in
&,. The benzenoid B (coronene) in the first part of Figure
3 may be embedded in a second fashion as in the second
part of this figure. We use a convention that given any
hexagonal ring, the part of the empty part of this hex
region is to be identified as part of our embedding
surface, with the area of this hexagon surface finite. Thus
in the last part of Figure 3, the region containing the
dashed line is to be part of the “outer” surface hexagon,
but should be finite — so that the drawing of the first part
of Figure 3 is correct. (If instead we imagine the second
drawing to occur on the surface of a (big) sphere, then this
outside part of the surface is finite, and the result is the
same as dealing with the standard coronene drawing in
the first part of our figure.

Figure 3. First a benzenoid structure, then second another
embedding in a non-canonical way. Third a dashed line to
be part of the embedding surface for G.

FUNDAMENTAL “EULEROLOGY”

For our graph embeddings, a surface S is topologically char-
acterized in terms of its Euler (or Euler-Poincaré) charac-
teristic x(S). Indeed a quite general compact setl*344 S
in & manifests such a characteristic x(S) invariant under
homeomorphic transformations of S. This general Euler-
Poincaré characteristic has the value 0 for the empty set,
the value 1 for a point, and satisfies

XR) +x(M=xRUT)+x(RNT) (1)

Indeed this allows the (easy) determinations for rather
general (compact & topologically closed) geometric sets
R & T - eg. as emphasized by Hadwiger!*24l] and
others.[26:45.46] Indeed one has:

Lemma 2 - Values of the Euler characteristic of several
compact geometric sets S are:

S = circle, open-ended cylinder, Mdbius strip, punctured
disk, or torus = x(S) =0

S = line segment or disk = x(S) =1

S = sphere = x(S)=2

Proof: First, if two line segments L; & L, share only a single
pointp =L ML, which is an end-point of each, then
x(L)+ x(L,) = x(L, L)+ x(p) = x(L, wL,)+1, and since
L, UL, is also a line segment (possibly not straight)
homeomorphically equivalent to L; & L, one has
x(L, L) = x(L) = x(L,) , whence it follows that x for a
line segment is =1. Second, if two (non-straight) line
segments L; & L, share two points each corresponding to
end-points of L; & Ly, then one is similarly led to the
conclusion that x for a circle (here L, UL, )is =0. Third,
for a disk one considers two “disks” D1 & D, homeo-
morphically appearing as (filled-in) squares sharing a single
edge L=D,nD,, whence one has x(D,)+ x(D,) =
x(D, v D,)+ x(L) = x(D, wD,)+1, and since D, UD,, Dy,
& D, are homeomorphically each disks, one is also here led
to x(D)=1. To obtain x for a sphere one considers two
curved disks such that they share their full boundary in the
form of a circle. For an open-ended cylinder one considers
two square shaped disks which share opposite edges with
one another: vertices g, b, ¢, d of the first square and a’, b’,
c¢', d' of the second square are such that the (directed) line
segment a — b of the first square corresponds to the
(directed) line segment a' — b’ for the second square,
while similarly ¢ — d corresponds to ¢’ — d' —then one
finds x for an open-ended cylinder to be 0. If instead the
two opposite-edge-sharing squares are chosen so that
a—>b & d — b correspond (as for the open-ended
cylinder), while ¢ — d correspondsto d' — ¢’ (reverse to
the case of an open ended cylinder), then one obtains y
for a Mobius stripas =0. u
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Figure 4. A surfacial structure S; with a shaded boundary-p-handle D added in different ways. In the first 3 figures p =1 so
that 2 disjoint portions of the boundary of D join to 2 disjoint portions of a boundary of S, . The second case is of a M&bius-

twisted 1-handle, and the last case has p=2.

Figure 5. A doubly-punctured surfacial structure S, and then a tube-handle added in two different ways.

These results are well-known (in the general mathematical
literature), with more examples in Ref. [26], but it seems of
value to illustrate the use of the fundamental definition of
(1), as proves of further use in the following.

Asurface S, may be “decorated” in various ways. A
boundary-p-handle adds to an S, with boundary by joining
a “disk” D such that D shares exactly p+1 disjoint
boundary line-segments with a like number of disjoint
boundary line segment on §;, as indicated in Figure 4. In
general there are (topologically) different ways to make the
gluing at the boundary or boundaries (as in Figure 4) which
can change the “orientability” of the resultant surface, it
being said that a surface is orientable if a (miniscule) walker
on one side of the surface cannot get to the other side at
the same point without crossing a boundary.

A tube-handle is added to S by taking an open-ended
cylinder with both ends attached at the boundaries of 2
holes punched into S, as illustrated in Figure 5. This can be
viewed as punching two holes in the parent surface and
gluing the open-ends of the cylinder to the two holes.

Theorem 3 — Let S, be a “decorated” locally Euclidean
surface which is obtained by adding to finite S; numbers
Noarypranaie O DOUNdary-p-handles, n, ., of tube-handles,
& n, of holes. Then

holes

X(Sdec) = X(SO) - nholes - Zntube-h - zpp . nbdry-p-handle *

Proof: This proceeds using the basic definition, after the
fashion of the proof of the preceding theorem. Given a

surface S, a first consideration is to punch a hole in S,
thereby diminishing its x -value by 1, as is seen upon consid-
ering the defining relation (1) along with R = S, —disk &
T = disk with the two sharing just the circular boundary of
T. That is, with each hole added x is reduced by 1.

Next to add a p-handle, one considers S, and a
“disk” D to share p +1 disjoint line segment boundaries.
Then S, "D consists of p+1 disjoint line segments. If
p=1,then S, "D consists of 2 disjoint line segments, for
which the definition of x gives x(S, N D) =2, whereupon
X(S,) + x(D) = x(S, W D)+ x(S, " D), which in turn gives
X(S,) +1 = x(S, wD)+2.Forgeneral p > 1, this argument
is but slightly modified, with S; MWD consisting of p+1
disjoint line segments, for which one also readily sees that
Xx(S;, MD)=p+1, and addition of a p-handle is seen to
diminish the y -value by p.

Next, for a tube-handle one considers appending an
open-ended cylinder to a surface S, by first punching 2
holes in it and then taking an open-ended cylinder each of
whose circular boundaries is to be glued to a corresponding
boundary around a punched hole. The union of this double-
punched surface (with y diminished by 2 from the unpun-
ched surface S) with the open-ended cylinder adds one
handle, and again using the defining relation (1) one finds
the result with the added tube-handle has the same x -value
as the double-punched surface. That is, with the addition of
each tube-handle, the y -value diminishes by 2. u

Alternative proof: Let H,, T, and P. be the i th hole, tube-

i

handle and boundary-p-handle, then

DOI: 10.5562/cca3790

Croat. Chem. Acta 2020, 93(4), 349-365



354 D.J. KLEIN, B. MANDAL: “Pure-Polyhex” m-Networks: Topo-Combinatorics

ROATICA
CT
A

n, My

150 = xts, o (o UnoJen

i=1 i i=1

ey

x5+ )+ U+ xUJey - xis, (U - xis, s U -

xs, o Uy = xJHy ~Umn-x J s ey - Jm ~ ey

wxts, o (o Urn + xs, oy aJen+ i JmnUnea ey

-t

x5, o (JmaUn e

Since x(H;,) =0, x(T.)=0and x(P) =1 so we have

Y(5,) = X(So)+0+0+npfh7"!75/9572nmbefh7nbdryfpfhandls(p+l)
“-0-0-0+0+0+0-0

= X(S0) = Myoies = 2Mypep = P+ Ny

Now if p is a variable i.e., p=1,2,3.. and

nbd!y—p—handle = nbdry—l—handle ’ nbdry—Z—handle ’ nbdry—S—handle L then
the above equation can easily be converted as
X(Sgec) = X(So) = Nye = 2Ny — ZP “Nyray—p-handle | |
P

When S is a surface without boundary (i.e., is a
surface closed in a geometric sense, which is to say a
surface with no holes & no tube handles), this result is quite
widely known, and then the number of tube-handles is
termed the “genus” of S.

The Euler-Poincaré characteristic also relates to
counts of further chemical substructures involving cellular
embeddings, by which we mean a tiling covering S such that
each tile is homeomorphic to a disk.

Theorem 4 - Let S be a locally Euclidean surface with a finite
graph G cellular covering S such that G has n=n(G)
vertices, e = e(G) edges, and f = f(G\S) faces (in its
embedding). Then n—e+ f = x(S).

Proof: This can be established by induction, with the
addition of faces 1 by 1. To initiate the induction, note that
the relation is obviously fulfilled when there is a single face
around a single “disk”. This gives x(D)=1 is a polygon
(with e =v > 3). Now if a face is added to G, covering S,
to give G covering S, we imagine that the face (a “disk”) D
shares some of its boundary with S,. At this point the
situation is viewed in terms of different cases depending on
what D shares with §:

Case 1 — All D’s boundary is shared with S;. Then a
hole is being filled, to increase the yx -value by 1, while Go
& G are the same though we count 1 more face for its
embedding, and granted the result for G,, it follows for G.

Case 2 — Not all of the boundary of D is shared with
S, - Then this shared boundary consists of a number, say p,
of disjoint “line segments”, and the addition of D to S,
corresponds to the addition of a p-handle to S, and
thereby obtain S, whence x(S) = x(S,) — p . Butat the same
time to obtain G from G, there are added alternating

edges & sites between pairs of shared chains. With p+1
shared chains between G & Gy, there evidently are added
also p +1 unshared chain sequences of edges joining pairs
of shared chains. See an example in Figure 6. Any one of
these unshared chain sequences contains 1 more edge than
vertex, so that the difference n —e diminishesby p+1 in
going from S, to S. But also fincreases by 1 in going from
S, toS. Thus n—e + f decreases by p.

And the induction is completed. u

f
Alternative proof: Let for a pure polyhex, S = UD,. , Where

D, is the disk of size i. Then =
f f f f

x(s) = X(UD,. ) = x( >0 J -x2.D AD)+x( Y, D,ND;ND,..)
i-1 i=1 Viz) Vit j2k...

For polyhex the above expression would be

f f f !
X(S):X(UD,J:x[ZD,]f)((ZD‘ AD)+x( Y. D,AD,"D,)

Vizj Vizjzk

f f
=f—-xQe)+x( D vy)

Vizj Vi jrk

=f-e,+v,

Since x(D)=1, D,ND,=e;, edges (ij) and
D, "D, "D, = a vertex where D,, D, and D, meet, e,
and v, are the number of internal edges and vertices
respectively of the polyhex if it has a boundary. Let e, and
v, are the number of edges and vertices on the boundary
of the polyhex, then e, =v, since boundary is a circuit.
Thus x(S)=f—(e, +e)+ (v, +v,)=f—-e+v.

If the polyhex does not have a boundary then
e,+te,=e, =eandv, +tv,=v, =v.
Thus in general x(S) = f —e +v holds. u

The formula here is very well-known when S has no
holes or p-handles (i.e., S is without boundary) — especially
in the circumstance when S is homeomorphic to a sphere.
Note that here it was not even needed that G be pure-
polyhex. If G is pure polyhex, and indeed is a benzenoid

Figure 6. Example additions to form p-handles. The
additions are imagined to be made by fusion at the bold-
face bonds to an otherwise connected parent surface S, .
The first two cases here are for p =1 -handles, and the third
caseis fora p =2 -handle. In the first case when a 1-handle
is being formed, the two S -shared chains each contain a
single edge, but the 2 unshared edge sequences shown in
light-face involve internal vertices & not the end vertices:
each sequence has 2 unshared edges & 1 unshared
(internal) vertex for each sequence.
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== [~ L)

\ intersection

Figure 7. The step-by-step construction of a Klein bottle from a rectangular sheet (“disk”), with a self-intersection resulting

between the 4th & 5t steps.

(with x(S) =1 ) such that the area of each regular hexagon-
al face =1, then the area occupied by Gis = f =e—n+1,
as may be seen as a special case of Pick’s theorem.[47.48] But
this whole section is more general than the pure polyhex
case —and is useful in the following.

CHARACTERIZATION OF PURE
POLYHEX COVERINGS

First, there are some simple relations involving counts of
various local sub-structures: h(X) the number of hexagonal
rings in X, e(X) the number of edges in X, and n,_(X) &

n(6X) the respective numbers of interior & boundary sites
in X:

Theorem 5 — Let G be a finite pure polyhex species exactly
covering a locally Euclidean surface S, whence the
boundary 6G of G coincides with the boundary éS of S.
Then

n,.(G) = n(G) — n(6G)
2e(G) = 3n(G) — n,(6G)
6h(G) = 3n(G) — ns(G) — n,(6G)

Proof: The first relation is particularly trivial, as n(6G) &
n,.(G) are respectively the numbers of sites on & not on
the boundary. The second relation is also readily
obtainable, since 2e(G) counts the number of half bonds
(or half edges), while this count also arises from
3n,(G) + 2n,(G) , which in turn is just 3n(G)—n,(6G). For
the third relation, note that 6h(G) counts the number of
interior angles (on the inside of face corners), as also clearly
does 3n,,(G)+2n,(6G) + n,(6G), which in turn is just

int

3n(G) — n(6G) — n,(6G) . [

This result & proof exactly parallels that for
benzenoids, for which these results are long (& well) known
—see, e.g. Refs. [1,4,5].

Often a pure polyhex structure associates to a
surface with boundaries. But not always:

Theorem 6 — Let G be a pure polyhex on a finite locally
Euclidean surface S which has no boundary. If G is finite,
then S is either a torus or a Klein bottle.

Figure 8. Interlacing mode in which an intersection of 2 parts
of an original surface S can be circumvented through the
introduction of strategically placed holes.

Proof: This has already been pointed out,[?8 say by a
relatively straight-forwardly approach, first utilizing
theorems 4 and 5 to see that the surface S has x(S)=0,
and then looking at the mathematical literature to see just
which boundaryless finite-area surfaces have x(S)=0. ®

The case of a Klein bottle, indicated in Figure 7 (and named
after Felix Klein[*9]), necessarily entails self-intersections
when embedded in 3-dimensional space, so that the
associated polyhex structure is not chemically plausible.
However, it may be pointed out that one could introduce a
single large hole through which the tube is being pushed
between the 4th & 5 panels of Figure 7. Also if one were to
use a Klein bottle with suitably placed “interlaced” holes,
then self-intersections can be avoided, as indicated in
Figure 8. It should be pointed out that an actual chemical
bond does not fit well through the center of a small (say
hexagonal) ring, so that these holes in Figure 7 are to have
boundaries of length at least 10 edges, and perhaps
desirably somewhat more.

The projective plane which again is nonorientable,
may be obtained by adding a single cross-cap to a sphere as
in Figure 9. Again the self-intersection can be avoided with
the addition of suitably located holes, to make a structure
which is in principal chemically realizable. Indeed a cross-
cap implies non. But also it turns out that the sphere with
cross-cap must have holes if it is to be tiled by hexagons.
True cross-caps (without modification by adding such
holes) are not the focus here. Indeed now we go on to
surfaces with at least 1 boundary.
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Figure 9. A cross-cap may be imagined, by first cutting a slice
in a sphere opening it up a bit, orienting the edges as
indicated above, then gluing the two sides of the slice back
together again such that the arrows coincide, head with
head, and tail with tail.

The different boundaries for finite-area S & G are
crucial to the structures and may be characterized. For a
connected component § of the boundary, note that é has
no end, and so must be either infinite or a cycle from G.
Now for our pure polyhex species every edge of § occurs in
a hexagonal ring of G, and the set of these hexagonal rings
of G which share edges with 6 form a subgraph G;. Often
G, is asimple ordinary “bracelet” of fused hexagonal rings,
but it need not be so —e.g., G; could be a Mébius strip,
possibly with a width of 1 hexagon, and possibly >2
hexagons width, or possibly of a width varying numbers of
hexagons, or possibly G; can be a Mdbius strip with 1 or
more holes cut in it. In any event G, forms something
which is broadly construable as a general bracelet, possibly
with some number t(6) of twists, associated with the
manner in which its portion of surface S; is embedded in
& . See, e.g., Figure 10. Formally given a strip S, in &, first
imagine a short (compared to non-neighbor hexagon
separations) normal to the strip, tracing out a curve for the
head of the normal asiits tail circumscribes around the strip,
and take t(6) to be the minimum number of uncrossings of
the tail and head curves needed to disentangle the two
curves. That is, an ordinary bracelet has t(6) = 0, a Mdbius
strip has t(6) =1, and higher numbers of twists are
conceivable. If G; is of a single hexagon width, then
whether t(6) is odd or even is discernable, as this
corresponds to whether there is 1 or 2 boundaries
(comprised from the non-shared edges) of G; . Of course, if
G; has an odd-parity t(6), then the strip S; is non-
orientable (in having only one side), whence also S is non-
orientable. Presumably the greater the twist t(8), the
greater the stressin Gj.

Lemma 7 — Let 6 be a finite-length boundary of S, & S
coverable by a pure polyhex graph G. Then § is a cycle. If
G, is untwisted (i.e., t(6) =0 ), then S; can be embedded
in the plane all on one side of 8. If further G is finite, G, is
either a benzenoid or has at least 2 boundaries.

Proof: That G, or the portion S; of S which is exactly
covered by G; is untwisted means that S, can be

=

Figure 10. Three cyclic strips (or bracelets) with t(6) =0, 1,
or 2 twists.

homeomorphically embedded in the Euclidean plane &
where the homeomorphism extends to the ambient space
& . Apath 6, from hexagon center to adjacent hexagon
center also is topologically circular and does not cross 6,
since 6 being a closed curve in the plane, the Jordan curve
theorem applies to say that 6 divides the plane into 2
regions, an inside one and an outside one, with
enter ON ONe side. The strip S, then has a
second boundary outside of §, . u

center

consequently &

A further boundary characteristic concerns the mode
of contact of 6 to aringin G, by which we mean a ring may
make contact with 1, 2, or 3 successive strings of edges of
8, as illustrated in Figure 11. These different modes all
occur with different benzenoids, but they can also occur on
“internal” boundaries. In many cases G, is a bracelet with
a width of a single hexagon, but not every hexagon of G; is
incident to both the inner & outer boundaries, as indicated

|"

in Figure 12.

Beyond twisting there is also the possibility of
knotting, by which we mean that we have a structure with
some sort of handle such that it is embedded in Euclidean
space & in such a way that it cannot be disentangled by a
homeomorphism which also so maps the embedding space
& as well. Neither this knotting nor the related topic of
“linking” (involving graphically disconnected polyhex
structures) are considered here. A subclass of such
polyhexes of this sort is mentioned in Ref. [50] & more fully
in Ref. [51] but is not pursued here.

The edges might be subcategorized, and counted.
That is, let e, (£), e,(€), & ey,(§) indicate numbers of

D000
000

o OO

Figure 11. Singlet, doublet, & triplet modes of contact
(between a ring & 6).

Croat. Chem. Acta 2020, 93(4), 349-365

DOI: 10.5562/cca3790



ROATICA
CT
A

D. J. KLEIN, B. MANDAL: “Pure-Polyhex” m-Networks: Topo-Combinatorics 357

Figure 12. A strip graph G, for the boundary 6 marked in
bold face. A hexagon near the top of the bracelet is seen not
to be incident with the outer boundary of G;.

edges for which their end vertices have the indicated
degrees, (2,2), (2,3), or (3,3), as occur on the structure ¢,
which could be a single boundary cycle, § =6, or the set
& = 0G of all (disjoint) boundary cycles, or £ =int for the
interior part of G, or the whole graph § = G . Then various
relations apply with these quantities:

Lemma 8 — Let G be a finite-area pure polyhex. Then

2n,(6) = 2e,,(6) + e,,(6)
2n,(6) = 2e,,(6) + e, (6)
n,(6) < 2e,,(6) < 2n,(6)
0 < e,,(6) < min{n,(6),n,(6)}
0<e,(6) < n,(6)
n,(0G) + 3n(int) < 2e,,(G) < 3n,(0G) + 3n(int)

Proof: Most of these results are all based on counting half-
edges, 2 half edges being associated to each edge counted
by an e, and d half edges being attached to each such
site being counted by n,. Thus for the first equality,
2e,,(8) + e,,(8) counts half edges attached to a degree-2
site, as also does 2n,(6). For the second equality, one
counts &’s half edges attached to a degree-3 site — noting
that though there are 3 half edges attached to a degree-3
site as counted by n,(6), only 2 of them are for each such
site actually in &. For the first (lower-bound) inequality of
the third line, each edge of type (3,3) must have degree-3
sites on its ends each of which we can associate half of (as
boundary sites) to that edge. For the second inequality of
this third line (i.e., for the upper-bound to 2e,(5) ), one
notes that no degree-3 site on the boundary 6 may be
associated to more than 2 edges of type (3,3) on 6. The
lower-bound inequalities of the fourth & fifth lines are
trivial. For the second inequality of the fourth line (i.e., the
upper bound for 2e,,(6) ), one notes that each edge of type
(2,3) must be associated with one degree-2 & degree-3 site
on its 2 ends, so that there must be at least as many sites
of each of these degrees on 6G as there are type (2,3)
edges. For the 2e,,(6) upper bound in the fifth line, note
that no degree-2 vertex may be associated to more than 2

incident edges of type (2,2). In the sixth (& last) line, for the
lower bound (to 2e,,(G) ), note that each interior site is of
degree 3, so is attached to 3 half edges of type (3,3)
occurring in the interior of G, and each degree-3 site in any
boundary must be attached to 1 half edge also in the
interior. Finally for the last inequality (the upper bound to
e,,(G)), note that again each interior (degree-3) site is
attached to 3 half edges, while each degree-3 site of 0G
can also be incident to no more than 3 such edges. u

This lemma may be used in conjunction with Milan
Randi¢’sl>2(renowned!>3l) connectivity index

€E(G)

VG) = Y {d,d, )" 2)

{u,v}

where d, is the degree of site ue V(G). That is, upon
noting that for pure polyhex graphs p(G)=1e,(G)+
F€x(G) + 3e;(G), we have bounds:

Corollary 9 — Let G be a finite-area pure polyhex graph.
Then

gnm(ae) +n,..(G) < y(G) < n(G) + \/g -min{n,(0G),n,(0G)}

The circumstance for benzenoids has already been
considered.>4

CURVATURE CHARACTERIZATION
OF PURE POLYHEXES

Here the untwisted case is now the focus. As seen for
benzenoids & multi-coronoids the difference between the
numbers n,(6) & n,(8) of degree-2 & degree-3 vertices in
a boundary component § was important, and so it remains.
To understand the significance, consider simple holes
representing a ring of a size other than 6. In this case there
are no sites of degree-2, and the result that
n,(6) — n,(6) = £6 of theorem 1 clearly does not hold for
this 8. For this case, continued circumscription of ever
larger bracelets of hexagons around the initial G; leads to
a cone, 5] with the net Gaussian curvature in the region of
the apex of the cone being {6 — n(6)}rt / 3 — at least if the
hexagonal rings in the surface of this cone are to remain not
overly distorted. See, Figure 13. But this Gaussian curvature
in the apex region is reflected(“%56] in circumscribing strips
(for a more general untwisted G, ) even well away from the
apex. As a result it is natural to define

K6(6) = {6 +n,(6) —ny(6)}m / 3 (3)

as a combinatorial curvature associated to the boundary &
(or to the empty region adjoining 6). Note that for a
boundary-6 hole in a coronoid (or multi-coronoid), one
finds (via theorem 1) that k;(6) = 0, which is to say that
there is no “inherent” distortion by the sp?-network
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Figure 13. A pentagonal ring (identified with a hole in the
complicit embedding surface S) surrounded by hexagons to
form (perhaps just the beginning of) a cone.

skeleton to pull away from the flat case, with net integrated
Gaussian curvature for a disk extended into the hole-region
being = 0. Another way to say this, is to identify «,(6) to
be the net combinatorial curvature of a planar graph fit into
the hole region. Such a combinatorial curvature of a “filled-
in” conjugated network is a fundamental graphic quantity,
which is believed[2526lto rather generally closely associate
to (geometric) Gaussian curvatures. Moreover, exactly this
definition has been utilized®lto characterize untwisted
“cyclo-polyphenacenes” (such as our untwisted G; is), and
indeed K, for such a strip has even been found to correlate
with stresses from ab-initio quantum-chemical comput-
ations.58 That the combinatorial curvature for the outer
boundary &6 of a benzenoid (or regular multi-coronoid) G
turns out to be k(6) = {6 + 6}r / 3 = 4m is just saying that
if such a (near planar) benzenoid were embedded on a
sphere, it would preferably be very large sphere so that the
hole region comprising the bulk of the sphere would manifest
a net Gaussian curvature approaching that of the whole
sphere (namely 4t ). The difference in n,(6) —n.(6) bet-
ween inner & outer boundaries § =6, & 6 =
multi-coronoid is 12 (in theorem 1), and is now seen to be

ot fOra
but a reflection of the curvature difference between inner &
outer open areas. Generally there is a coupling between
curvature and occurrence of H atoms, which looks a little
prettier if instead of measuring curvature in terms of radians
(or ster-radians) one measures it in terms of full rotations,

Ko ol0) =Ks /2 =1+{n,(8)—n,(6)}/ 6 (4)

That is, this takes simple rational values (in our circumstance,
integral multiples of 1/6). The sum 6+ n,(6)—n,(8)
complicit here, and in theorem 1, simply measures
combinatorial curvature in units of 60° turns. Then

Theorem 10 - Let G be a pure polyhex species, with a finite
untwisted circuit boundary 6. Then n,(6) = 3k, (6) +
1n(6) —3. This curvature may be given in terms of the
types of rings in G.

Proof: Of course the number of H atoms on & is n,(6), and
seeing that

n(6) + 6K, 5(6) = {n, ;(6) + ny(8)} + {6 + n,(8) — ny(6)} = 2n,(6) + 6,
one immediately obtains the claim. u

This is of special significance if one understands the
association between combinatorial curvature & Gaussian
curvature for the realized molecular geometry. A formula
for the curvature «k ;(6) can be given in rotations, if for
the boundary graph G; (which we recall is a strip of
hexagonal rings) we define for each ring a a turn number
tla)=-1,0,1, 2, or 3, as in Figure 14.

Theorem 11 - Let G be a pure polyhex species, with a finite
untwisted circuit boundary 6 & boundary graph G;. Then
€Gs
Kioyo(8) =1+ %Zt(a) .

Proof: Combinatorial curvature ( K;(6) ) associated with the
boundary can be written as

K4 (8) =6+ (n,(6) — ny(6))Irt / 3 = 21 + (n,(8) — ny(6))m / 3.
Since there are 5 types of rings (a;,i =1 —5) on a boundary
graph G; as shown in Figure 14 and let a; be the number

of such types of ring with i (= 1 — 5) then above equation of
K;(6) can be written as

KG(6):271+§6:[(/—1)—1]H;1/3:
2n+§i[i—2]an/3:2n+§t(a)n/3

Thus dividing both sides by 271, we may obtain the theorem
as

1 Gy
Ko o(6) =1+ gZt(oz)
where a runs over all rings in G;. L]

Theorem 12 - Let G be a finite-area pure polyhex on a
surface S which in turn is topologically embeddable on a
sphere. Then the net combinatorial curvature
k(G) = ZiMK(é) =45, and equivalently k _ (G)=2.

rot

Proof: A straight-forward use of definitions gives the result:
el M
k(G) = D k(6) = (1 / 3)D (6 + (n,(6) — ny (6))] =
3 5
[6 + (n,(6M) — ny (M) /3 = 4n

krot,G(6) = K(G) / 2t = 4H/2H =2. |
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toy)=-1

t(o) = 0

t(o) =1

t(o) =2 t(o) = 3

Figure 14. The 5 types of rings a on a boundary graph G, . The bold-face identifies the boundary 6, and the dotted line indicates
the different angles of turn made, the turn number t(a) giving the turn at a in multiples of /6.

Here it should be noted that we do not necessarily concern
ourselves with details of the embedding of Sin & . That is,
even if a polyhex is embedded on a doubly twisted bracelet
as in Figure 10, this so embedded S cannot be extended
(retaining its embedding in &) to something which is
homeomorphic to a sphere in &, it still can be homeo-
morphically mapped into the O-twist bracelet, which in turn
is clearly homeomorphically embeddable on a sphere, so
that the theorem still applies. This again provides a
rationale as to why for multi-coronoids (as in theorem 1),
the outer boundary gives n,(8) —n;(6) =6 & the inner
boundaries each gives n,(6)—n,(6)=-6: the outer
boundary like that of a benzenoid gives a net curvature
= 4yt , while the inner boundaries give it =0.

Another way to characterize a hole uses a boundary
circuit 6. Imagine that the hole is filled in by a disk D,
which shares the boundary 6, and further imagine that a
graph G, . is embedded on the disk such that it includes
the boundary sites & edges of G, such that a new edge
attaches to each one of the degree-2 sites (properly
locating H atoms) on 6 possibly with new degree-3 sites
internal to D, so that G, divides D, into cells. Then
this G,,. determines the combinatorial curvature of the
hole:

hole

Theorem 13: Let G be a pure polyhex species, with a finite
untwisted circuit boundary 6G , with a hole graph G, .
Then K(G,,.) = (1/3) 3 " (6~i)#,(G,,), #, s the
number of hole r, of size i in G, .

Proof: Since r; s are the interior rings we may write

EGpore EGpole
K(Ghoe) = D K"Gpe) = (1 /3) D [6#, ~(n" —n{")#,]
’ eG/’mle
=(n/3)D, [6—(n}" —ni")1#,

Now if the vertices on r, are of degrees 3 and 2,
(n%) —nll)=6 and such rings will not contribute to
k(G,,.) but if all vertices on r, are of degree 3 then

(n¥) —nly = n) = and rings will contribute tok(G,,,) -
Thus above equation can in general be written as

1 €Ghole

K(Gpye) = (0 /3) D (6-)4,. -

Finally (for this section) we might list a summary tabulation
of hole types in terms of G, , their combinatorial
curvatures, and their proper H-atom counts.

Possible Types of Surfaces

The possible types of finite-area surfaces without boundary
are already given in theorem 8, so let us now proceed on to
the case that the surface S has a single boundary.

Conjecture 14 - Let G be a finite pure polyhex on a surface
S which has a single boundary 6. Then S is topologically
a disk or a Mobius strip or generally an initially boun-
daryless surface with a hole. A hole would have
n,(6) — n,y(8) = 6x(S) and integer curvature ., (6) = x(S).

Proof Attempt: Note that it has already been established
that topologically (i.e., up to homomorphism) there are
only a select collection of finite-area surfaces with a single
boundary, namely either a Mdbius strip or a punctured
finite-area surface or a disk. So let’s proceed step by step,
with a few cases.

Let us begin with the Mébius strip can be tiled with
hexagons — an ordinary cyclic belt of hexagons may be cut
(across the belt), twisted once, and then reconnected.
Indeed there are very many ways to tile a Moébius strip with
hexagons.

Next, we imagine that we start with a surface §,
having no boundary, and then introduce a hole into it to
obtain S. Then the Euler characteristics of S & S, are
related (via theorem 3) as x(S)= x(S,)—1. Now from
theorem 8 and the result that n(G) = n,(G) + n,(6G) +
n,(6G), elG)=3n(G)-1n,(66), and h(G)=21n(G)-
%n(cSG) —%nz(cSG) , from which via theorem 5, we obtain
X(8) =1{n,(6G) —n,(6G)} /6. Thus x(S,) =1+{n,.(6) -
n,(6)} /6, so that since x(S,) is integer, and <2, one
has that n2_6(5)—n3'6(6) =6,0,-6,-12,.... The case, that
n,s(8)—n, ;(8) =6 corresponds to S, being a sphere and
S being a disk, which is to say that G is (topologically) an
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ordinary benzenoid. The case n,(6)—n,;(6) =0 corres-
pondsto S, with x(S,) =1, which means thatitis a sphere
with a cross-cap and S is a disk with a cross-cap. That such
an S might support a hexagonal tiling is suggested in Figure
15, for a graph with 18 vertices, 18 + 6 edges, & 3+2 hex-
rings. This gives an Euler characteristic y =18 -24+5=1
, so that we might imagine this corresponds to our cross-
capped case. Such constructions can start from larger
annulenes, say of 30 sites.

Proceeding for the case where n, .(6) — n, ;(6) = -6,
this evidently corresponds to S, with x(S,) =0, sothat S,
is (via theorem 6) either a Klein bottle or a torus —and it is clear
that either of these surfaces when punctured can support a
hexagonal tiling — by just removing a connected collection of
tiles & associated surface fragment from an otherwise
hexagonally tiled surface. For n,.(6) —n,;(6) < -12, the
corresponding S, have x(S,) < -1, and these do not have
hexagonal tilings. But puncturing such surfaces to give S can
result in something that is hexagonally tilable. In Figure 16,
we illustrate such a construction: first, starting from g tori,
each of which is tilable by hexagons (Figure 16); second,
puncturing each by removal of a connected set of
hexagons; and third, joining them by additional hexagons in
such a way that a single boundary surface S results, which
if the hole is filled in by surface (without worrying about
tiling) yields a genus- g surface S; with x(S)=2-2g.The
illustration in Figure 16 is just for g =1,2,3, but it is clearly
extendable —and though the basic tori illustrated are all the
same, they need not be. Indeed, any one of the tori can be
replaced by a Klein bottle — just put the hole in the half of a
Klein bottle which looks like half of a torus. Indeed, one may
use a sphere with a cross cap, even though such a surface
is not hexagonally tilable — the surface obtained in the
second stage, where a hole is punched in the sphere (to
give a disk with a cross-cap) is tilable by hexagons. Thus one
finds the requisite examples of surfaces S with arbitrary
negative (integer) x(S). u

Chemo-physical studies of cases with a single
boundary other than the classical benzenoids are somewhat
limited, though there are examples. For instance, Mdbius

(a) (b) (©)

Figure 15. An 18-site annulene with 6 additional long-bonds
added in (a) in the first row, to give a result with 3 hex-rings
of the bold-face type in (b), and 2 hex-rings of the bold-face
type in (c).

Figure 16. Surfaces with lower Euler characteristic showing
the possibility of hexagonal tilings. In (a) a torus covered by
hexagons is indicated, where just half of the tiled surface is
shown — the dotted lines are not edges, but rather just a
marking of the division between the front half & back half
of the torus (and a front & back half of a hexagonal face)
and only half-edges are incident at these dotted lines. In (b)
a hole is introduced with its boundary (on the shown half)
indicated in bold-face. In (c) two of the punctured tori of (b)
are interconnected by a strip of hexagons, and in (d) three
of the punctured tori are joined — in both (c) & (d) only a
single cyclic boundary remains, again with its front half
shown in bold-face.

twisted polyacenes also have been studied,>°-%3! as well as
the more general case of a Mobius-twisted poly-phen-
acenes, still of 1-hexagon width. Indeed wider strips have
also been studied.l%%%1 The case of a single-boundary
structures with x(S) <0, seem not to have been con-
templated comprehensively before. Our case of Figure 15
with 18 sites & x(S) = —1 surely seems to have excessive
steric strain. But there are more plausible looking cases
with the same topology (but more sites) — as in Figure 17,
for a topologically equivalent structure with 42 sites. A
more geometric view takes 2 hexagons a bit apart normal
to a common axis, with 3 anthracene chains, each of which
with ends fused to alternating sides of the 2 axial hexagons.
Yet also, these anthracene interconnections are each
Mobius twisted — the result has just a single boundary,
reminiscent of an ordinary Mobius band. It looks a bit like
an American football, excepting the 3 Mdbius twists. The
structure also looks similar to the “catacondensed chemical
hexagonal complexes” of Anstéter et al.[66]
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e

Figure 17. In the first row a redrawing of the structure of
Figure 15. In the second row a structure with the same
topology but with 42 sites rather than just 18. Also it has 11
hexagons, 3 of which are “Mobius twisted”

Pure polyhex surfaces corresponding to x(S) < -2 do
not correspond to any hexagonally tilable closed surface S,
obtained by filling in the hole with additional surface —
because of conjecture 14, but also as seen in the present
conditions on n, ;(6) — n, ;(6), there are no suitable hex-
agonal tilings for the added surface filling in the hole (as this
difference takes a different value than is required by
theorem 1). That is, if the hole is filled in by additional -
network, it would need to involve a topological “defect”
(making it other than a pure polyhex, such as addressed here).

Theorem 15 — Let G be an infinite pure polyhex on a surface
Swhich has no boundary. Then Sis & or aninfinite cylinder
or a semi-infinite cylinder capped by a cross-cap.

Proof: Obviously the result is true for € where G is just the
honeycomb lattice. To deal with surfaces S which have some
kind of “defect”, we note that one could cut out a hexagon
tiled region including the “defect” to obtain a surface S, as
in the attempted proof for conjecture 14. Thus to determine
such S, we proceed via an examination of the finite-area
hexagon-tilable surfaces S, with a single boundary and
check to see which can be extended via repeated
circumscription of hexagons to an infinite graph. u

The case of an infinite pure polyhex on a surface S with a
single boundary is also of interest. If the boundary is finite,
this evidently includes S as a punctured plane & corres-
ponding to graphene with some faces removed. But this
choice for S also includes nano-cones and dislocations —
e.g., as described in.[224158] Still with a finite boundary,
there is a possibility of a infinite cylinder (or tube) either
with an open end or with a hole. For the infinite cylinder

with a hole, the hole may be made by simply removing
some hexagonal faces, but also there is a possibility of a
hole like a dislocation, in which case the tube is of different
“types” on each side of the dislocation, and also there is the
possibility that it be like a disclination of negative curvat-
ure, in which case it opens up like a funnel. If both G & its
boundary are infinite, then S can evidently be a half-plane.

Here it might be commented that the case that Sis a
half-plane involves rather different sorts of possibilities
which might be distinguished via a refinement of the notion
of homeomorphism. Let d(x,y) & d'(x’,y’) denote
distances between pairs of points in two surfaces S & S'. Let
S & S' each support polyhex graphs G & G' such that the
near-regular hexagons in both S & S' are of very nearly the
same size. Then S & S' are boundedly homeomorphic if
there is a homeomorphism ¢:S — S’ such that there
exists afinite D € R for which ‘d(x,y) - d’((px,(py)\ <D for
all points x,y € S . Now, for example, all finite benzenoids
are boundedly homeomorphic, because we did not specify
a value for D except to say that it was finite. But maybe this
puts different homeomorphic surfaces into different
classes, such as is considered below.

Next imagine that from the regular honeycomb
network (i.e., graphene) in & one obtains sectors via cuts
from the center of a central hexagon straight outward
through centers of surrounding hexagons. Further define
an m-sector to consist of m such sectors with the ith joined
to the (i+1)th just as in the honeycomb network,
ielm-1], and m=1,2,3,4,.... The “degenerate” O-
sector is defined to be a semi-infinite strip of hexagons.
Each of these m-sectors is imagined to consist of very nearly
regular hexagons with the surface S into which it is
embedded having vanishingly small curvatures. Perfect
regularity & perfect planarity is achievable for
m=0,1,2,3,4,5, all within &, and the central angleon S
where the m different sectors meetis 3, = mm /3. But for
m > 6 one needs to have a sort of helicenic structure —
somewhat as with multiple Riemann sheets spiraling
around the origin.

Theorem 16 - Granted this sectioning of graphene &
rejoining, each of m-sectors, m=0,1,2,3,4,..., is in a
distinct class of boundedly homeomorphic surfaces.

Proof: It is clear that each of these m-sectors S, is
homeomorphic to the ordinary half-plane (which is
essentially S, ). So an initial point concerns whether any
pair of them are boundedly homeomorphic. For an m-
sector made from near regular hexagons with a near-planar
surface, one obtains central angles 9, = mm /3. Then for
a homeomorphism ¢:S_ — S, one sees that the
boundedly homeomorphic condition implies that equally
spaced points (say the graph vertices) on the two boundary
segments directed away from the central apex of S, would
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Figure 18. Indications of two infinite boundaries. The first
has a single region where there is a step up in what is
otherwise a “straight” zig-zag boundary. The second
boundary is translationally symmetric, and can be viewed as
periodically adding additional rings to the 3-sector.

need to end up being nearly equally spaced (to within a
distance D) in the mapping to S, . Indeed consider similar
rays of points directed away from the central apex nearly
along each of the additional “boundaries” of the
component 1-sectors combined together to form S, .
Evidently if the points within any a first boundary ray (say
on the “left”) and the next one in (at 60° from this “left”
boundary) are to satisfy the boundedly homeomorphic
condition this second ray of points would under the
mapping ¢ end up being radially directed outward from
the apexin S, and ultimately at large distances (>> D)
from the apex be directed nearly radially outward from the
apex of S . & at ultimately at very nearly an angle of 60°
from the “left” boundary ray of S,.. One could continue
until finally one obtains a ray that does not match the
boundedly homeomorphic condition to the “right”
boundary of S,,. That is, the different m-sectors are not
boundedly homeomorphic to one another. u

A further question is whether there are any other polyhex
tilable surfaces with a single infinite boundary. All these are
imagined to be simply homeomorphic to the half-plane —
and preclude an infinite-length Mdbius strip, which is not
thought to make “sense”. Let us comment on different pure
polyhexes which are nevertheless boundedly homeo-
morphic. Two such examples are indicated in Figure 18,
each of which is boundedly homeomorphic to S,. In the
first “stepped” example of Figure 18, one can imagine
fusing a couple O-sectors to a 3-sector, and there is a
homeomorphism which takes the it" boundary ring of this
first example to the it boundary ring of S, , and similarly on
into the interior. Thence one sees that boundaries that such
a “notched” boundary involving the addition of say d O-
sectors each with the ends of the 0-sectors close by ends
up being boundedly homeomorphic with D ~d . In the
second translationally symmetric example in Figure 18,
there are additional hexagons periodically attached to S, .

In such an example, one can imagine a homeomorphism ¢
in which each additional ring @ along with the rings to which
o is attached are mapped to these corresponding
attachment rings in S, , and otherwise the other rings are
mapped to corresponding rings in S,. Thence such a ¢
describes a bounded homeomorphism with D roughly the
size of such an attachment region. We speculate that the
different boundedly homeomorphism classes for all
surfaces simply homeomorphic to the half-plane might
correspond to “pie-shaped” sections of the honeycomb net
with different angles 3 from a central apex.

PROGNOSES & CONCLUSIONS

It is seen that there is a diverse class of “pure polyhex”
molecular m-network structures, for possible use in various
nano-devices. For these structures there are non-trivial
combinatorial structure-counting relations & conditions
related to the topological & geometrical features of these
structures. These relations extend standard results for the
special case of benzenoids, as well as some fullerenes, and
a few other special cases previously studied. Here unified
and extended interpretations & consequences are found,
particularly in terms of combinatorial curvatures, which are
believed to correlate with geometric Gaussian curvatures,
and consequent geometric realizations. The results here
provide further support that combinatorial curvature is a
fundamental concept — helping to characterize, and
understand, various possible structures. Steps are taken
toward the identification of all possible types of topological
surfaces which are hexagonally tilable, most especially for
the case that there are either 0 or 1 boundaries to the
surface. The case of no boundaries, gives rise to just a finite
number of topological possibilities: (infinite) graphene,
infinite nanotubes, & bucky-tori — and the nanotubes and
nano-tori can be knotted. Our demand of embedding of the
polyhex into a 2-dimensional manifold S which in turn is
embedded into Euclidean 3-space excludes the possibility
of polyhex-tiled Klein bottles (as the related S intersects
itself). The case of a single boundary has been attempted
to be treated in a somewhat comprehensive way, though
even here leading to an infinite number of topological cases
— aside from the further possibility of knotting of the
boundary in Euclidean 3-space.

There has been much work with special cases of
two boundaries, for instance, the case of coronoids
has long been extensively contemplated (as reviewed
elsewherel!8l). Also different bracelet-like structures have
been addressed, e.g, with work on cyclo-polyacenes going
back some time,321 and many more recent studies,
represented by the Refs. [67-70] Most such cases
considered entail holes with 0 combinatorial curvature,
though there has been considerationl>657] with this
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curvature being non-zero. For 2 or more boundaries, the
topological possibilities seem to become truly bewildering.
Nevertheless some of our results still apply.

A further question concerns schemes by which to
encode boundaries 6, such as we have found to be so
important in understanding the possible purely polyhex
structures. Recalling that vertex degrees d, (=2 or 3),
u € V(G), a boundary code ¢(8) for & could be defined as
the sequence of values ¢, (6)=d, —2 for the different
vertices u when one proceeds along 6 with the bulk of the
polyhex on the right. Of course there are different starting
points, and one might choose a starting point lexico-
graphically: the sequence of digits of ¢(6) is to be a smallest
such binary number. One might have entertained also
choosing the direction around & to minimize this number
(just as has been proposed!’tl for benzenoids, and
benzenoid polymers) — but the choice to keep the bulk of
the polyhex (i.e., G;) on the right helps ascertain relative
orientations of any different boundaries. Now,
Yoc,6)=n(6) & Y {1-c,(6)}=n,6), while
Zu{2cu(5)—1} is our net turn number. But really the
boundary code is more to specify the shapes of the
boundaries — and could be a subject of future
consideration.

In dealing with nano-structures, one often wishes to
deal with infinite polyhexes, say as a reference. Some of our
theorems require the polyhex structure to be finite, but
theorems 3, 6, & 7 do not (though some of these are only
about finite boundaries — e.g., of holes in a buckytube, or
graphene strip, or even a full sheet of graphene).

Another point concerns structures of a more general
class, say which does not have any hexagonal faces (such as
polyenes) or even if they do have hexagons, edges notin a
hexagon are allowed (such as biphenyl). The given
condition of local Euclideanicity would presumably be
relaxed, to allow “strings” to be attached to our current sort
of surface. This could be a subject of future development.
A sort of theoretical development somewhat parallel to
what we have done here might be made, deleting these
strings (of edges not in any hexagon) and investigating the
remnant pure polyhex network. Some (and perhaps much)
of the commentary on combinatorial curvature would
remain intact, but the identification of degree-2 sites with
H atoms would need to be modified (to allow either H
atoms or “strings” to be there. This also is left for later.
Though a diverse range of structures are here illuminated,
it seems that there remains much more to do, as concerns
geometric structure, but especially as concerns electronic
structure. Even general results for the last item involving
the simple Hiickel model (involving adjacency-matrix eigen-
spectra) and resonance theory (involving perfect or near-
perfect matchings) should be of interest. The strength and
stability of the bonds formed in these polyhex species,

indicates a high potential for use in nano-science. We see
the study of pure polyhexes as but barely begun, though
there has been extensive work on numerous subclasses, by
numerous numbers of researchers.

Here we would like to mention three prominent such
researchers (who are chemical graph theoreticians): Dr.
Prof. Milan Randi¢, Dr. Ed Kirby, and Prof. Mircea Diudea
(each of whom at least one of us count as close friends). We
dedicate this work to them. Notably there many more
chemical graph theoreticians long active in this area: N.
Trinajsti¢, A. T. Balaban, I. Gutman, H. Hosoya, S. J. Cyvin, J.
R. Dias, W. C. Herndon, as well as several close colleagues,
and undoubtedly several more whom we have not
mentioned. Even further this general area (of benzenoids &
beyond) has received much attention, with our current
effort being to open up the field a bit more in a general
mathematical framework.
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