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ABSTRACT

We study the locus C of all points in the plane whose pedal
points on the six sides of a complete quadrangle lie on a
conic. In the Euclidean plane, it turns out that C is an al-
gebraic curve of degree 7 and genus 5 and not of degree 12
as it could be expected. Septic curves occur rather seldom
in geometry which motivates a detailed study of this par-
ticular curve. We look at its singularities, focal points, and
those points on C whose pedal conics degenerate. Then,
we show that the septic curve occurs as the locus curve for
a more general question. Further, we describe those cases
where C degenerates or is of degree less than 7 depending
on the shape of the initial quadrilateral.

Key words: quadrilateral, complete quadrangle, pedal
point, conic, six conconic points, septic curve, Simson line,
Miquel point

MSC2010: 14H45 14P99 51F99 51N15

Rijetkost u geometriji: septika
SAZETAK

U radu se proutava geometrijsko mjesto C to¢aka ravnine
¢ija noZista na Sest strana potpunog &etverovrha leZze na
jednoj konici. Pokazuje se da je u euklidskoj ravnini C
algebarska krivulja 7. reda i roda 5, a ne 12. reda kao
§to bi se ofekivalo. Septike se u geometriji rijetko po-
javljuju pa je ta Cinjenica potaknula detaljnije prouéavanje
ove krivulje. Promatraju se njezini singulariteti, Zarista
i one tocke krivulje C &ije su noZiSne konike raspadnute.
Zatim se pokazuje da se septika pojavljuje kao geometrij-
sko mjesto to¢aka u jednom opcenitijem slu¢aju. Nadalje,
opisuju se oni slu¢ajevi kad se C raspada ili kad je reda
manjeg od 7 u ovisnosti o obliku polaznog &etverostrana.

Kljuéne rijedi: Cetverostran, potpuni Eetverovrh, noZiste,
konika, Sest konkoni¢nih to¢aka, septika, Simsonov pravac,
Miquelova to¢ka

1 Introduction

1.1 Septic curves and curves related to a quadrilateral

Algebraic curves of degree two, three, and four (conics,
cubics, and quartics) appear frequently in many geometri-
cal problems (see, e.g., [9, L1} 14} [15} [17} [18} [23]). This
is caused by the fact that many problems in geometry in-
volve distances between points or angles between lines and
a quadratic form is responsible for measuring distances
and angles in the Euclidean plane. Curves of odd degrees
proved useful in Computer Aided Geometric Design: Cu-
bic, quintic, and even septic curves (in plane and in space)
are well suited for solving interpolation tasks with tangent
or curvature continuity [6}[7,[13 19, 21] and are also help-
ful in spaces of geometric objects, such as lines and spheres
[20].

Planar curves of odd degree may be the images of alge-
braic curves under certain Cremona transformations: Lin-
ear components of the image curve will split off if the ini-

tial curve passes through base points of the transformation
[4, 5L 18] as is the case with many but not all cubic curves
and most of the algebraic curves which are related to the
geometry of a triangle, see the list on B. GIBERT’s page
[LLO].
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Figure 1: Triangle related septics: The curves Quo1, Qoos,
Qooy are labeled according to Gibert’s list [10].
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On GIBERT’s page [10], we find, among many other
curves, 12 septic curves related to the geometry of the tri-
angle. Three of these septics are shown in Figure 1. For
example, the Darboux septic Qo is the locus of all 4
pedal points of a point P on the circumconics of a triangle
A = ABC such that the circumconic’s normals at A, B, C
concur in P. This curve was derived and described in [12].
The septic Qpog is the isogonal image of a circular octic
which collects the perspectors of pedal and projection tri-
angles of a triangle A, while Qo is related to orthologic
triangles.

However, the rational septic also related to a geometric
question about triangles found by E. LEMOINE (cf. [16])
does not show up in [10]. Compared to the huge amount
of special conics, cubics, and quartics related to many ge-
ometric questions, these 13 septics are a rather poor aggre-
gation. It seems that K. FLADT [8] may be right when he
stated that “there could hardly be some curves of degree 7
that could be of interest and of geometrical relevance”, al-
though the space of septic plane curves is 35-dimensional
(including even degenerate ones) since the implicit equa-
tion of a septic involves 36 coefficients where only the ratio
matters.

Cubic curves related to triangles can be characterized by
geometric properties [9]. While no vertex of a triangle
is distinguished and the ordering of the vertices does not
matter, this is not the case with a quadruple of points, say
A, B, C, D. There are three different orderings of four
points (up to cyclic and reverse rearrangements), and so,
they define three different quadrilaterals. Asking for the
locus of all points P in the plane of the quadruple with
concyclic pedal points on four side lines of one particu-
lar quadrilateral defined on the point quadruple results in
a certain cubic. Since there are three different orderings,
the four points actually define three cubics one of which
passes through the quadrilateral’s respective Miquel point
(see [3] and cf. Figure 2).

It seems that asking for the locus C for only one ordering
of points may not deliver the complete picture.

In the following, we assume that we are given a pla-
nar quadrilateral Q = ABCD with vertices A, B, C, D,
no two of which may coincide and no three shall be
collinear. (Later, we shall discuss the case where three of
these points are collinear as the only acceptable degener-
ate case.) Clearly, these four points define six lines [A, B],
[A,C], [A,D], [B,C], [B,D], [C,D], i.e., the joins of all six
pairs out of the four points. The union of the four points
and the six lines is called a complete quadrangle.
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Figure 2: The loci Capcp, Cacps, Capsc of points with four
concyclic pedal points on the sides of the three
quadrilaterals on four points A, B, C, D.
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Figure 3: The characteristic property of the points on C:
The six pedal points P.. of the point X lie on a
single conic p.

Now, we raise the following question (cf. Figure 3): What
is the locus C of points X in the quadrilateral’s plane such
that the pedal points of X on the six lines of the complete
quadrilateral are conconic, i.e., they are located on a sin-
gle conic?

In order to answer this question, the remainder of this sec-
tion collects necessary notations and provides some basic
results. In Section 2, we shall derive the equation of C
for a generic quadrilateral and study (C’s algebraic proper-
ties. However, the equation of C is given in the Appendix
A in full length because of its complexity (2318 terms).
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A rather intricate computation will show that beside the
diagonal points and three Miquel points there are only 4
further real points on C that deliver singular pedal conics.
Subsequently, Section 3 will show that the curve C is the
locus curve for a more general formulation of the initial
problem. Then, Section 4 deals with those quadrilaterals
and complete quadrangles where the degree of the curve
C drops. In all these cases, C becomes a sextic either of
genus 1 or 3 and carries no real point off the real (isolated)
singularities. We also show that the degree of C is always
larger than 5.

1.2 Prerequisites, notations, and basic results

Although we are mostly dealing with Euclidean geome-
try, we shall describe points by homogeneous coordinates
whenever this is favorable. The Cartesian coordinates
(x,y) of a point X can easily made homogeneous by writing
X =1:x:y. On the contrary, from the homogeneous coor-
dinates xg : x| : xp of a point, we can change to its Cartesian
coordinates by setting x = x1x; Vandy = XXy !, provided
that xg # 0. In this way, we have performed the projective
closure of the Euclidean plane and xo = O is the equation
of the ideal line (line at infinity). On this line, we find the
absolute points of Euclidean geometry O : 1 : i which are
henceforth denoted by 7 and J = 1.

The condition on six points to lie on a single conic can be
written in form of a vanishing determinant of a 6 X 6 ma-
trix whose rows (or columns likewise) are the quadratic
Veronese images of the six points in question see [L1].
For a point X with homogeneous coordinates xg : x| : X2,
the quadratic Veronese image has the homogeneous coor-
dinates

2. ) L2 L2
V(X0,X1,X2) = X5 XoX] : XoX © XTI XX 1 X5 (1

Each conic c¢ in the plane has a homogeneous equation of
the form )

Z ajjXixj = 0

i,j=0
(with aj € R not simultaneously vanishing). The conic
c is regular/singular if, and only if, the symmetric matrix
(a;j) € R**? is regular/singular. Each point incident with
the conic corresponds to a hyperplane in the space P of
all Veronese images. Six linearly dependent hyperplanes
in P5 correspond to six conconic points, and hence, the
6 x 6 matrix of the respective Veronese images is of rank
less than 6. A less algebraic and more geometric condition
on six points to lie on a conic is given by PAPPUS’s theo-
rem [11]. However, the algebraic formulation of PAPPUS’s
theorem is equivalent to (T).
Now, it is natural to conjecture that the locus C is a curve of
degree twelve: The computation/construction of the pedal
points of the normals from X to the sides of the complete

quadrangle is linear. Algebraically speaking, the coordi-
nates of the six pedal points can be expressed linearly in
terms of the coordinates of X.

Therefore, the entries of the 6 x 6 matrix are quadratic in
the coordinates of the pedal points, and thus, quadratic in
the coordinates of X. Finally, the determinant of the 6 x 6
matrix is a polynomial of degree twelve which, set equal to
zero, is the equation of an algebraic curve of degree twelve.
Whatever the locus C may be, the following can be shown
without any computation:

Theorem 1 The vertices A, B, C, D and the diagonal
points P=[A,B|N[C,D], 0 =[A,C]N[B,D], R=[A,D|N
[B,C] are located on C.

Proof. If X coincides with one diagonal point, say P, then
the pedal points on [A,B] and [C,D] coincide and equal
P. So, there are only five different pedal points naturally
having a unique circumconic. The same holds true for the
other diagonal points.

If X equals a vertex of Q, say A, then even three pedal
points fall in one point, i.e., the pedal points of A on [A, B],
[A,C], and [A, D] (the three side lines through A). There-
fore, the four vertices of Q are located on C and are singu-
lar points on C. |

We shall also verify that A, B, C, and D are double points
on C by computation in Thm.

Remark 1 The pedal conic of a vertex of Q, say A, is not
uniquely determined. It passes through the three pedal
points on [B,C), [C,D), [D,B), and A. These four points
will, in general, serve as the base points of a pencil of
pedal conics (cf. [L1]).

2 The equation of C

2.1 The generic quadrilateral

In order to give an equation of C, we attach a Cartesian co-
ordinate system to the given quadrilateral. It means no loss
of generality, if we assume that the vertices of the quadri-
lateral are given by the homogenized Cartesian coordinates

A=1:0:0, B=1:a:0,
C=1:b:c, D=1:d:e.

We could simplify the coordinates of these four points a
little bit more by setting a = 1. Regarding the question we
are trying to answer, this is admissible, since it would only
scale the quadrilateral and the problem of conconic pedal
points is invariant under equiform transformations in gen-
eral. However, we do not set a = 1 in order to keep the co-
efficients of C homogeneous (polynomials in a,b,c,d,e).
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Later, some quadratic functions in terms of a, b, ¢, d, e shall
occur frequently and in order to simplify many expres-
sions, we label the squares of the six Euclidean lengths
between the given points by

l,:=AB=d?,
L:=AC=hb*+c?,

I3 :=AD=d? Jrez,
ly:=BC=(b—a)*+c?,
Is:=BD=(d—a)*+¢?,
le:=CD=(d—b)*+(e—c)>.

@

For the same reason, we denote the areas of the four sub-
triangles of Q by

Fp:=area(ABC) = }ac,

Fc:=area(ABD) = Lae, 3
Fp:=area(ACD) = 1 (be—cd), ©
Fy:=area(BCD) =} (ac—ae+be—cd),

where, for example, Fj is the area of the triangle BCD (i.e.,
the area is labeled by the point that does not contribute).

Now, let X = (x,y) (or likewise 1 : x : y) be a point in the
plane of Q. Itis elementary to compute the six pedal points
from X to the sides of the complete quadrilateral. Then, we
replace the Cartesian coordinates of X by homogeneous
coordinates according to x — x1x; I and Y — x2x ' For
example, the pedal point Pac on the side line [A,C] has the
homogeneous coordinates

Pac = bxg : b(bx; +cxp) : ¢(bx) + ¢x3).

Subsequently, we apply the Veronese mapping (I) and
compute the determinant of the 6 X 6 matrix

V := (v(Pag),v(Pac),v(Pap)

v(Psc),v(Ppp),v(Pcp)).- ©)

This results in a homogeneous polynomial of degree 12
in the variable homogeneous coordinates xg : xj : x» of X.
Surprisingly, detV factors and we have

detV = 281 ' FiFF2FS -3 - Py, )
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7
where P = ), qu’(; is a degree 7 form in xg : x] : xp with
k=0

q7=96 =0,

qs = 2 1 L FAFpFcFp(x2 +x3),
qa=...,q3=...,

@2 =(..)(+x3), g1 = (...)(af +x3)%,
qo = 4(aly) ™" (4(Fc—Fp) (L1 Fp(Fs— F¢)-
(Fg+Fp)+hLF2(Fc—Fg)—F3-

(Fg + Fp))x1 + (I Fg (Fg—Fc—Fp)— (6)
~13F2Fp—203F3+11 b Fe((4Fs—5SFc)-
(Fg—Fc)+ (Fg— Fo)Fp)+
+1113Fp(4F} — AFgFc — F2+

+3Fp(Fp — Fc + Fp)) + B F2Fp+
+hl3FcFp(Fo+2Fp)—hIsF2(2Fc—Fp)—
—16FgFcFp((Fg — Fe)-

«(Fc+ Fp) +F3))xz)(x% +x§)3.

The polynomial P; is given in full length in the Appendix
A in term of inhomogeneous (Cartesian) coordinates.
Now, we have:

Theorem 2 The locus C of points X in the Euclidean
plane with conconic pedal points on the six lines of a com-
plete quadrangle is, in general, a tricyclic algebraic curve
of degree 7 with the equation P; = 0 having one real point
at infinity.

We have added the phrase in general since we shall soon
see that for some special configurations of the four points
A, B, C, D the degree will drop.

Proof. By virtue of (3), we can see that the (in general)
non-degenerate factor of detV is a polynomial P; of de-
gree 7. Obviously, the factor x(S) splits off from detV, and
thus, the line at infinity is a component with multiplicity 5.
However, this component does not matter, since one cannot
draw normals from ideal points to proper lines. Therefore,
the affine part of C is only of degree 7. (An example is
shown in Figure 4.)

In the projective closure and the complex extension of the
Euclidean plane, the term go of degree 7 (given in (6))
consists of a linear factor corresponding to the one and
only real point at infinity and the term (x +x3)* = (x; +
ix2)3(x; —ix)® whose solutions are the absolute points
(circle points) of Euclidean geometry each with multiplic-
ity 3. (]

Later, we shall have a look at all types of quadrilaterals
including those with symmetry. In some cases the degree
of the curve C will drop. For some special quadrilaterals,
the curve C will consist of a finite number of isolated real
points and complex branches without any real point.
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_asymptote |

Figure 4: The septic locus C of points whose six pedal
points on the sides of a complete quadrilateral
Q = ABCD lie on a conic.

Remark 2 The equations of the cubics showing up in [13]
as the loci of points with four concyclic pedal points on
the four sides of a quadrilateral are also the irreducible
parts of polynomials of degree 8. The concyclicity of the
four pedal points is equivalent to the vanishing of the de-
terminant of the 4 x 4 matrix whose rows (columns) are
Veronese images

(p}+ P3, pop1, Pop2, P3)

(cf. L1} p. 241]) of the four homogenized pedal points.
Surprisingly, from this degree 8 polynomial the factor x(s)
(the ideal line) also splits off with multiplicity 5.

We can state and prove:

Theorem 3 The vertices of the quadrilateral Q = ABCD
are isolated double points on the septic C. The four ver-
tices are focal points of C. The curve C is of class 22 and
genus 5.

Proof. From (6), we see that g7 and g are equal to zero,
and therefore, A is a double point on C. The coefficient
gs # 0 (cf. (@)) tells us that the point A is a double point on
C. The linear factors of g5 are the equations of C’s tangents
at the double point. Since

x%—&—x% = (X] +'sz)(x1 —iXQ) =0,

we see that the tangents at A are isotropic lines and A is an
isolated double point.

We recall VON STAUDT’s definition of focal points on al-
gebraic curves: A point F is a focal point of an algebraic
curve if the curve’s tangents at F are isotropic lines (cf.
[LL, 5]). According to this, A is a focal point since the tan-
gents of the curve at A are isotropic lines.

The other vertices B, C, D are of the like kind. This can
be shown by applying translations to Q and to the septic
curve ( such that each vertex of Q coincides with the ori-
gin of the coordinate system (three different translations).

This does not change the algebraic and geometric proper-
ties of C and the linear factors of gg are the equations of the
tangents at the origin. In all three cases, gg will turn out to
be a scalar multiple of x% —|—x% (since this quadratic form is
invariant under Euclidean transformations). Consequently,
all four vertices of C are isolated double points and focal
points of C.

There are no further singularities on C (different from A,
B, C, D, I, J). This can be shown either with a CAS (like
Maple) or by considering the following: At a singular point
of C at least three pedal points have to coincide which is
not possible for any other point (different from the already
known singularities).

With the Pliicker formulae for planar algebraic curves (cf.
[2, 4L 5018, [14]]), we find the genus g and the class m of C:

g=3(7-1-(6-1)—1-4-3.2=5,
m=7-(1-1)—2-4-6-2=22

since there are 4 ordinary double points and 2 ordinary
triple points on . g

Figure 5 shows that the curve C can have up to six real sep-
arated components as is to be expected for a curve of genus
5. These six components occur if one vertex lies close to
one side.

Figure 5: If one vertex (here D) comes close to one side
line (here [A,B)), then the curve C consists of 6
separated real components.

Remark 3 The well-known Pliicker formulae (cf. [2} 4] 15
8 14, 123]]) for the genus and class of a planar algebraic
curve have to be adapted if the degree d is larger than or
equal to 4 since curves of sufficiently high degree may have
singularities of multiplicity larger than 2. In the present
case with d =7 and ordinary triple points, the formulae
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for the class m, the number w of inflection points, and the
genus g read

m= d(d—1)—2d—3s—6t,
w= 3d(d*2)76d78.§‘7181‘,
g= 5(d=1)(d-2)-X5:.

Herein, d, s, t, 0; are the numbers of (ordinary) double
points, cusps (of the first kind), (ordinary) triple points,
and the 8-invariants of all singularities. The &-invariant
can be computed with Maple’s function singularities
provided by the algcurves package.

It is rather technical to show that each (ordinary) triple
point has to be weighted with the factors 6 and 18 in the
class and inflection point formula.

This allows us to conjecture that
w=3.7-(7T-2)—6-4—18-2=45.

is an upper bound for the number of real inflection points

on C.

2.2 Miquel points determine singular pedal conics

SABR

Figure 6: The Miquel point Mgp lies on the septic C, for
its six pedals with respect to the lines of a com-
plete quadrilateral form a degenerate conic m =
SABR Un.

Each quadrilateral Q = ABCD defines three Miquel points
each of which is common to four circles on two pairs of op-
posite vertices and the respective diagonal points of Q (cf.
[22]). We shall denote the Miquel points by Mpg, Mgg,
Mpgp pointing to the diagonal points involved. It is well-
known that the Miquel points are located on the following
circles (cf. [22]):

Mpg € kacp, kppp, kaBo, kcpo,

Mor €  kapg, kpco, kacr, kapr,
Mgp €  kapr, kcpr, kapp, kacp,

30

where kyyz denotes the circle on the three (pairwise dif-
ferent) points X, Y, and Z. We are able to show that these
points play an outstanding role:

Theorem 4 The three Miquel points Mpo, Mogr, Mrp are
located on the septic C. The three pedal conics defined by
the six pedal points of each Miquel point are degenerate
and split into pairs of lines.

Proof. It is sufficient to show the validity of the above the-
orem for one particular Miquel point, say Mgp. For the
remaining two the proof uses the same arguments for dif-
ferent subtriangles.

The Miquel point Mgp is the common point of the circum-
circles kapr, kcpr, kapp, kpcp of the respective subtrian-
gles.

Since Mgp € kapg, the three pedal points of Mgp’s normals
to [A, B, [B,R], [R,A] are collinear: They lie on the Simson
line of the triangle ABR. The triangles ABR and CDR share
two side lines: [A,R| = [D,R] and [B,R| = [C,R]. Thus, two
by two pedal points coincide: Py, 1a.8] = Prgp,p,r] @and
Prigp, B8] = Prtgp [c.R]- SO, the two triangles ABR and CDR
share the Simson line sqpr = scpr on which also the pedal
points Py, (4.5 and Py, [c p) have to lie. This makes in
total four collinear pedal points.

The remaining two pedal points Py, (4.c] and Py, D]
span a second line n. The union of s4pg and n is the singu-
lar conic m. Since m is a (singular) conic, Mgp has to lie
on ( by the very definition. (|

Figure 7 shows the three Miquel points of the complete
quadrangle Q together with the three singular pedal con-
ics. Each point and line displayed in Figure 7 can be con-
structed only with a ruler (linearly): Each Miquel point is
a common point of two circles sharing an already known
point. The singular pedal conics of the Miquel points are
Simson lines which require only linear constructions.

Figure 7: The three Miquel points and their singular pedal
conics.
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It is noteworthy that the triangle built by the centers of the
singular conics is perspective to the diagonal triangle POR

of Q;
PORFCorCrpCpo
(with Cpg denoting the center of the singular pedal conic

of Mgg. Further, the triangle formed by the three Miquel
points is also perspective to the diagonal triangle, i.e.,

PQRﬁMQRMRPMPQ.

Remark 4 Theorem H| can also be verified by means of
computation. For that purpose, only the coordinates

Mgp =2(Li—bh+B+1—I5+16) :
: a(ll —bh+2l3—I5 —|—l6) :
:4a(FC7FB),

Mpgp = 2+ bh—l—ls+1s+16) :
a2 —B—1s+1) :
1461(FB+FD),

Mor =da(li—h—-L—ls—Is+1):
Zl](l] —bh—bL—1l—15)+
+ (ls = 3hL)+
+ (I +14)ls — 16FcFp :
:8(l1 (Fe — Fp) — Fpls — 4F),

of the three Miquel points (with the abbreviations given in
@) and @)) have to be inserted into ().

We are able to show that the Miquel points are not the only
points whose six pedal points lie on a singular conic:

Theorem 5 In the Euclidean plane of a generic quadrilat-
eral Q there exist, in general, 4 real points (different from
the Miquel point, the diagonal points, and the vertices of
Q) whose pedal conics are singular.

Proof. Unfortunately, this proof requires some computa-
tion. We assume that W =1: & : 1 is a point on C, and thus,
its coordinates annihilate P; from (3)) and (6)). By the very
definition of C, the six pedal points of W lie on a conic.
We can use (@) to determine the equation of the conic ccp
on the pedals Pap, Pac, Pap, Ppc, Psp of W (note that Pcp
is missing). The determinant of the coefficient matrix Mcp
has to vanish in order to make ccp singular. Surprisingly,
detMcp splits into quadratic factors:

detMcp =14 -15 k¢ - kp-

-kaBR - kaBo - kco - kapgo - kacr - kpr-

Rs p Mpp
~f3 R !

Figure 8: The cycle L consists of 16 circles and 8 isotropic
lines. It intersects C in possible candidates of
points with degenerate pedal conics.

The factors in the latter product are the equations of some
circles and pairs of isotropic lines. For example, 14 =
2 4+m? is the equation of the pair of isotropic lines through
A, ky is the (equation of the) circumcircle k4 of BCD, and
kapr is the (equation of the) circumcircle of ABR (with P,
0, and R still being Qs diagonal points as defined in Thm.
1.

So far, it seems that the pedal point Pcp does not play a
role. In order not to miss a single pedal point, we compute
the least common multiple L of all determinants det My,
(with k # [ and (k,1) € {A,B,C,D}) and find

L= 1-1g-1c-1p -ka-kp-kc-kp-

isotropic lines

circumgircles
through vertices

of subtriangles

“kaBr - kcpr - kapp - kpcp -

circles through
the Miquel point Mgp

~kacp - kepp - kao - kcpo -

circles through
the Miquel point Mpp

“kapo -kBco - kacr - kBDR -

circles through
the Miquel point Mg

The points on C with degenerate conics through their pedal
points are found as the intersection of the curve C: P; =0
and the cycle L : L =0 of degree 40. The cycle L consists
of 16 circles and the 8 isotropic lines passing through the
four vertices of Q, cf. Figure 8. According to BEZOUT’s
theorem, we have to expect up to 280 common points of C
and L. As we shall see, many of them are not real and a
huge amount of them coincides with already known points.

In order to get rid of solutions that we already now and,
further, in order to simplify the computation we have to
discuss the intersection of the components of £ with C.
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The four pairs of isotropic lines can be cut out immedi-
ately: The pair described by 14 = O intersects (C in 14 points
6 of which coincide with A (since A is an ordinary double
point on 14 and C and both (isotropic) components of 14
are tangents to C at A). Three intersection points each are
located at I and J (since they are ordinary triple points on
C (cf. Thm. [2)) and regular points on 14). The two remain-
ing points cannot be real since 14 does not contain any real
point different from A. The same arguments hold for the
other pairs. Therefore, we can cut out the cycle of degree
8 given by the equation 14 - 15 -1¢ - 1p = 0.

The circumcircles can also be canceled: For example, the
circle k4 (passing through B, C, D) intersects C at B, C,
D with multiplicity 2 at each point (since they are double
points on C, cf. Thm. [T] and Thm. [3). At both absolute
points / and J, the intersection multiplicity of k4 and C
equals 3. Further, k4 and C have a pair of complex conju-
gate proper points in common. These two points are never
real since the discriminant A4 of the respective quadratic
equations is a full square with a minus ahead:

Ay =~ (1 Fp+ 3 Fp — bFe)*
(3=l —ly+1s)+ad(l, — 3 +1g) —4FBFC)2.

Hence, k4 does not lead to new real points on C with sin-
gular pedal conics, as is the case with kg, kc, kp for the
same reasons. Therefore, the cycle k4 - kp - k¢ - kp = 0 of
degree eight being the union of the circumcircles of the
four subtriangles can also be cut out.

Finally, we have to study the last three quadruples of cir-
cles passing through their respective Miquel point: At first,
we shall have a look at the four circles passing through
one particular Miquel point. For example the circles kspg,
kcpr, kapp, kpcp share only the points A, B, C, D, R, P,
Mgp, I, and J with C (with multiplicities 4, 4, 4, 4, 2, 2, 4,
16, 16). Which is similarily true for the other quadruples
of circles passing through the Miquel points Mpg and Mgr
and does not deliver new points.

Surprisingly, the following combinations of circles yield
real points on C

kacpNkspr = {R1,R>},
kacr Nkppp = {R3,R4}
while all other combinations of circles lead to intersections

which are either already known or not on C, or, if on C, two
points which can never be real. ]

Table 1 lists the intersection points of £ and C with their
respective multiplicities, and thus, it summarizes the proof
of Thm.
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A B C D | P Q R |Mp Mo Mgp | I J

24 24 24 24 4 4 4 4 4 4 60 60
R, R, R Ry compl. pts. Yy
2 2 2 2 32 280

Table 1: The common points of L and C algebraically
counted.

Remark 5 The cycle L is of degree 40 and it is the union
of 16 circles and 8 isotropic lines. It has four 11-fold points
atA, B, C, D; six 4-foldpaints atP, O, R, MPQ, MQR, Mgp;
and the absolute points I, J are 20-fold points. Further it
has 128 ordinary double points (among them Ry, ..., Ry).

2.3 Degenerate quadrilaterals

Quadrilaterals may degenerate in many ways. Until now,
we have assumed that none of the four vertices falls into
a line spanned by two others, i.e., Q = ABCD is a proper
quadrilateral. If we exclude cases where two or more ver-
tices coincide, the only possible degenerate quadrilaterals
are those where one vertex, say C, lies on the side line
[A,B]. In any other case, we can relabel the points. In this
rather special case, we can state:

Theorem 6 Assume that all vertices of Q are pairwise dif-
ferent, but, for example, C € [A,B]. Then, the septic curve
C becomes the septic cycle consisting of the line [A, B] and
the circumcircles of the three non-degenerate subtriangles
ABD, ACD, and BCD.

The line [A, B] serves as the degenerate circumcircle of the
improper triangle ABC.

Proof. If C lies on [A,B], then C=1:5:0, i.e., c =0.
Inserting this into P, yields

Py = (a—b)?b* x5 - (e(x}+x3) —bexox 1+
+(bd—d?—e*)xox2)-
(e(x34x3) —aexox) +(ad—d> —e?)xpx2)-
(e(x34x3) — (a+b)exox; +
+((a+d)(d—b)—e*)xoxa+abex?).

The linear factor is the equation of [A, B], the quadratic fac-
tors are the equations of the circumcircles k¢, kp, k4 of
ABD, ACD, BCD. O

The points on the septic cycle described in Theorem [6] de-
fine only degenerate conics: Let X be some point on the
circumcircle of Ac = ABD. The pedal points P4p, Pap,
Pgp of X on the sides of A¢ are collinear and lie on the
Simson line s4pp. Since C € [A,B], [A,B] = [A,C] = [B,C],
and thus, Pyg = Pac = Ppc. Therefore, the conic on the six
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pedals is the union of two lines, the Simson line s4pp and
the line [PCDaPAB}-

Here, we have only four different pedal points, and four
points always lie on at least one conic, indeed, they form
the basis of a pencil of conics.

3 A more general point of view

We have drawn the normals from some point X to the
lines of a complete quadrilateral and determined the pedal
points. However, these six pedal points are very special
points on the six normals through P.

Let again Py denote the pedal point of X on the line [k,!]
(with k # [ and (k,1) € {A,B,C,D}) and let further denote
Py} the ideal point of the normal of [k, /] through X. Then,
we shall determine the points Pkal on the normal such that
the crossratio of Py, Py}, X, and PE[ equals 6 € R\ {0}.

Now, we can ask for the set ¢ of all points X such that
the six points Pfl lie on a single conic. We can show the
astonishing result:

Theorem 7 Let Q = ABCD be a quadrilateral in the pro-
Jjectively extended Euclidean plane. Then, define six per-
spective collineations KEI whose axes are the six lines [k,l]
(k#£1, k,1 € {A,B,C,D}) of the complete quadrangle de-
termined by Q, their centers P,f’l being the ideal points of
the normals of [k,l], and & € R\ {0} be their (common)
characteristic crossratio.

Then, the set C° of all points X whose images P,fl under the
six perspective collineations K,él lie on a single conic form
the septic curve C described in Theorem |2|independent of
the choice of & # 0.

Proof. With the Cartesian coordinates of X and P; and
the characteristic cross ratio 8 € R, the points Pksl can be
written as a linear combination of X and and the respective
pedal point Py;

P =(1-8)X+8Py

(where 8 # 0, (k,l) € {A,B,C,D}, and k # I) since Py} is
a point at infinity. Again, the determinant of the matrix (@)
factors and equals

detV = 28 ' F2RIFAFE 88 - x3- Py

with the same polynomial Py of degree 7 as we know from
() and (6) which is independent of 8. Hence P; = 0 is the
equation of C® = (. g

Theoremcontains a very special case: If = —1, then the
collinear images of X are the reflections of X in the six side

lines of the complete quadrilateral. Obviously, these points
are conconic if X lies on the septic C. Figure 9 shows the
septic together with some point X € C and the conics on
the six pedal points Py; and the six reflections Ry;.

Figure 9: The conics p and r collect the pedal points and
reflections of P € C. Here, the conic r is the im-
age of p under the central similarity with center
P and similarity factor 2.

It is clear that the conics corresponding to two different
characteristic cross ratios 81,0, # 0 are related by a cen-
tral similarity with center X and similarity factor 8,8, U(or
its reciprocal).

4 Exceptional quadrilaterals, degree reduc-
tion

4.1 Special configurations

In the case of the locus curve described in [3]], the cubic
may degenerate, i.e., it splits into lower degree parts, de-
pending on the shape of the quadrilateral. From Thm. [6]
we know that C becomes the union of three circles and a
straight line if three points out of {A,B,C, D} are collinear
(while still being pairwise different). This seems to be the
only case (as is indicated by a detailed study of the curve
C for all possible types of quadrilaterals — up to Euclidean
transformations).

Now, we shall ask under what circumstances the degree of
C is less than 7. We have the following:

Theorem 8 Letr Q = ABCD be a proper quadrilateral
such that, for example, the point D is the orthocenter of
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ABC. The curve C associated with the complete quadran-
gle on Q is of degree 6 and genus 1, has 9 (isolated) double
points and no further singularities. It is of class 12 and has
no real branch.

Proof. The contents of this theorem can be verified by set-
ting
A=1:0:0,B=1:a:0,C=1:b:c,

and since D has to be the orthocenter of ABC, we have
D=c:bc:bla—Db).
With (@), we find the (homogeneous) equation of C as

C:(xf+x3)°—
—2c¢((a+b)exi +3bcxi x5+ (ab—b*+c?)x3)-
(%% +x3 + abxg)xo + (c*(a® +4dab + b*)x}+

+6(a+ b)bc*xix3 + +4bc(ab — b? + c*)x1x3+
+(a?b? —2ab’> +4abc® +b* — b c* +c*)x3) x5+
+a*b*c? (x] +x3)x§ =0

N

which is obviously of degree 6 and allows us to locate the
singularities (isolated double points) at the three diagonal
points of Q. (According to Thm. [3| the vertices of Q, are
singular points on C in any case.) Although the leading
term in (7) is (x} +y3)?, the absolute points 7 and J are
only double points. (This can be shown at hand or the
ranks of the tensors of the partial derivatives of order 3
of with respect to the three variables x; or using the
singularities command in Maple’s algcurves pack-
age.) Besides A, B, C, D, P, Q, R, 1, J there are no further
singularities.

With the Pliicker formulae (cf. |2} 14, |5, 18, [14]]), we find

for the genus and the class of C. |

Symmetries of the initial quadrilateral may not necessarily
cause a reduction of the degree of C. However, if two di-
agonal points of Q move to the line at infinity, then their
join splits off from C. This yields to the following result:

Theorem 9 Let Q = ABCD be a parallelogram. The
curve C associated with the complete quadrangle on Q
is of degree 6 and genus 3, has 7 (isolated) double points,
is of class 16 and has no real branch.

Proof. We proceed in a similar way as in the proof of Thm.
with
A=1:0:0, B=1:a:0,

C=1l:a+u:c, D=1:u:c.
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It is not necessary to write down the rather lengthy equa-
tion of C. (The reader may convince her-/himself by using
a CAS that it is of degree 6.)

Now, the singularities are still the vertices of Q (according
to Thm. EI), the absolute points /, J are double points, and
the diagonal point Q = [A,B]N[C,D] is the seventh (iso-
lated) double point. Since there are no further singularities,
the genus equals 3 and the class equals 16. ]

We shall make explicit the fact that Thm. [0] contains the
cases of rhombi, rectangles, and squares.

For trapezoids, in general, (no matter if they are symmet-
ric, cyclic, tangential, or bicentric, equipped with right an-
gles, or three equally long sides (as long as they are none
of the above) the degree of C equals 7.

Kites (different from rhombi), cyclic, tangential, and bi-
centric quadrilaterals (as long as they do not fall into one
of the above mentioned classes of quadrilaterals) always
defined a septic C as the locus of points with six conconic
pedal points on the complete quadrangle’s sides.

4.2 Degree less than 6?

Finally, we want to show that the degree of C cannot be less
than 6: Prior to Thm.[9] we have pointed out that a parallel-
ogram has two diagonal points on the line ® at infinity, and
thus, o splits off from C once and deg C = 6. In a classical
projective plane, the diagonal points of a quadrilateral are
never collinear. Therefore, the ideal line will never splits
off with multiplicity 3.

However, by virtue of @) we see that the greatest com-
mon divisor of coefficients g; of Py fori € {0,1,2,5,6,7}
equals x7 4 x3 = Q. The degree of P; would reduce about
2 if ged(g3,q4) = Q. In this case the resultant

r3 :=res(q3,Q,x;), 14:=res(qa,Q,x;)

for any variable x; (i € {0,1,2}) have to be equal to zero.
We build the resultants with respect to x| (and would find
the same results if we would eliminate x»):

ry=x5-13214lsle- (Bl — Lilbls — 21 314+
+1il3ls + Bls — bisls + 31y),
Ty = xg -1 l% l% Iylslg - (ZaFB —el)+ Cl3)2 .
By assumption, /; # 0 for all i € {1,...,6}, hence rs =0
yields

elz —Cl3
a=——7——
2Fp

and after inserting into r3, we find

ry=x5 - BIISFAFSF,S.
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None of the (squares of the) lengths /; and none of the ar-
eas of the subtriangles are allowed to vanish, otherwise Q,
would degenerate. Therefore, neither 3 nor r4 can vanish,
and thus, Q is a common divisor of ¢3 and ¢4. Since there
are no other (non-constant) factors of g5,  cannot split off
from P; and deg C cannot be equal to 5.
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Appendix A. Equation of C
For the sake of completeness, we add the equation of C in terms of inhomogeneous coordinates.

C: (x+yH>
. (4C(02F313 — 2C2Fcl3 + CzFDl3 —ceFgl3 + ceFpls + ceFels — 62F315+
+e*Fple — 4F; +4F2Fc — AFZ Fp)x + (AChls + A lly — 231315 — 23 1+
+16c%eF} — 16c2eFgFe — 2c%ells + c?el3 + Pelsls — 2cel3lg — 16ce* Fp+
+16ce® FgFc — 32aF3 + 16aF3 Fc — 24aF3Fp + 24aFgFcFp — 4cFi b+
+4cFgl—4cFgly+12cFls+8cFglo+8cFpFel,— 12cFgFels—12cFpFels+
+24cFgFpls — 12¢F2l, — 4cFcFpls + 16¢F3l3 + 8eF3h)y) +
—|—2(X2 4 y2)2.
((c*hls — c4l§ —*hle + 16c3eFB2 — 163 eFgFe — Celyls + c3el§ —2c3el3lg—
—16¢22F + 16¢*2 FgFe — 42 F3l — 4P FR 1 + 82 Fls + 42 F o+
+4¢?FpFely+20c FgFols— 12¢ FpFels —8c* FgFpls —4c? F2l, — 122 F2 I+
+24c2FcFpls — SCZF,%I3 + 8ceF3212 + 1266F§l3 — 8ceF3216 — 12ceFgFcl;+
+8ceFpFcls—32F; Fp+16Fg FeF3)x2+(2c3dl3 16— 8¢’ eFpls+8c?e* Fpls+
— 8c?e?Fls — 96¢* FZ Fe + 64c*FpF2 — 32¢*FpFeFp + 10c* Fpla I3+
+4c2Fglyls —2c? Fgl3 —10¢* Fplala+6¢*Fplzls+4c* Fplzle—8c* Felh s +2¢* Fel3+
+ 122 Felsly — 6¢* Felyls + 2¢* Fplals + 4¢*Fpl3 — 6¢2Fplsly + 32ceF;
— 32ceFgF2 — 2ceFpl3 — 6ceFplyls + 2ceFghle — 16F3 1) — S6F3 L+
+40F3 1y + 8F3 Fcly +96FZ Fcly, — 16F3Fply — 40F3 Fpl, — 48F3 Fpls+
+24F2Fply — 8FgF21 + 32FgFeFply + 64FpFeFpls — 16FgFjl—
— 24FpF3l3—24F2 L+ 24F2 Fpl ) xy+(—c*hiz+c* B+ c*lls— 167 e Fg+
+16c%eFgFe+c el ls—cPeli+2c3elslo+16c2€* F — 162 e FyFe+4c* Fj L+
+1262F2 13— 16¢*F3ls—4c? F2lo— 12c* FgFely — 12¢? FpFels +12¢* Fy Fels+
+16c2FgFpl3+ 122 F2 L+ 126 F2 13— 242 FeFpls — 22 b13 — b3 1+ 22 3+
+bhls+c*hlls+c* Bl — 2135 — P2l —8ceFpl+4ceFjly —dceFgFolst
+2cel3l3—2cel 13 —celyl3l6+64F; Fp—32F FeFp+64F3 F3—4F 1 I+
+4FZ L 13— 12F3 bl +4F by +4F; bls—4F; Llo—48Fp Fe Fy+4FgFe 3+
+20FpFchl3+4FpFclhls+8FFplil3—36FpFplhiz+1 ZFBFDI% —4FpFpl3ly—
—12F2bI3+4F2 Lls—4F2bls—4FcFply 3+ 20FcFph s +4FcFplsls+4Fj1 13—
—12F3 LI +AF313—AF311)y?) +
+ (2 +y?):
(1283 FpF2 — 1283 F Fe+ 123 Fglals — 123 Fgl3 —8¢® Fplala+ 123 Fel3+
+24c3 Fplals — 4¢3 Fglle+ 12¢3 Felp s —24¢3 Fpl3 +64c2 ey +64c? e F2 Fo—
—128c%eFpF2 —12c%eFglls—4c?eFglsls+4c? eFglslo—64aF; Fp—32aFg Fj+
+96aF; FeFp+32aFg FcF3—48cF3 1 —96¢F3 13 +32cF3 1y +48cF3 s+ 16¢F3 I+
+80cF Felh+48¢F3 Fels—48cFj Fels —192¢F3 Fpls +48cFg F2 13— 16¢FpF 2 ls—
—32cFgFeFply+64cFpFcFpls—112cFgFjls—48¢F2 b +32cF2 Fplh+16¢F 13+
+48cF2Fply —48cFeFl)x3+ (11263 F2 13— 963 Fls —288¢ FyFels —2¢3 315+
+64¢> FgFcls+96¢ FgFpls+ 73 b 13+ ¢ bizls+2¢3 bhlsle—5¢3 13 — 143 B s+
+73B31s — 48c%eF3 1, — 80ceF 15 +48c%eFjls + 16c%eFls + 80c?eFg Fels —
— 6402€F3Fcl5 + 4C261%l3 — 46‘26121% + 2026121316 + 1661FB311 + 12061F§lg—
—88aFjls—8aFg Fcly—272aF3Fel,—8aFiFply —24aF; Fpl —120aF Fpls+
+104aFpF2l + 112aFgFeFply + 32aFgFeFpls — 48aFpF3ls + 24aF 1 —
—96aF2Fply—72aF2 Fpls+120aFcFjl3+24aF3l;—64cFy —192cFj3 Fo+
+384cF; Fp+192cF FA+192¢F3 FeFp+384cFa Fi+8cF 13 —68cFi b1+
+12cF2bls—8cFahle+56cFzl3l4+64cFgF3 —320cFg FAFp—320cFpFe F+
—24cF¢h13—140cFpFplyls —12cFpFpl3 +44cFgFplslys—4cF313436¢F 3 1314~
+168cFpFclylz+36cF2lhls+40cFcFphls+32cFcFpl — T2cFeFplaly—
28cF3lal3—16cF313+8eF213)x2y+(384¢> F Fo—128¢3 FgF2 —36¢° Fpla I3+
+ 5203 Fgl3 4 24¢3 Fglaly — 40¢ Fplsls — 4¢3 Flzle — 20¢ Felolz + 4cd b 15—
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=203 Fel3 +40c3Fpl? —2c2d1315 — 2¢%d13 — 22 d b lsle + 2¢*di3 16 + 64ceFy —
—192c%eFg Fe+128¢%eFgFZ —8c?eFpl3+16c%eFgls —4c?eFplhyls + 32aF 13—
—16c2eFghle—4c?eFplsls+4c?eFplsle+192aF; Fp—32aF3 FoFp+8aFi hls—
—32aFZF} +40aF21 1 — 24aFZ1 15 — 8aFZ hls — 32aFz b1y + 8aFpFpla—
—32aFhls + 32aFg FeFj — 16aFpFcl b — T12aFgFcl3 — 40aFpFchl3+
+8aFpFchls+32aFgFphls + 16aFgFpl3 +24aF213 — 8aF2hls + 8aF2hls—
— 8aFgFpl3ly + 48aFC21213 + 8aFcFplils — 104aFcFplylz — 32aFcFDl%—
—8aFcFplaly—8aFjl s+16aFj kbl +48aF313 —16¢F; Is+16cFj lo+8aF3l3lu+
+144cFj 1 —32cF3 13 — 96¢F31y — 240cF3 Fel, — 16¢F3 Fels + 16¢F Fels+
+192cF3 Fpls—192cFgF2 L +48¢FgF2l3 — 16¢FpF2ls —4cFpl31s —4cFpl3 s+
+224cFpFcFpl—64cFgFeFpls+80cFpFjls—32cFghl3 —4cFghlile—4cFpl3ls+
+4cFplal3ls+32cFphl3ls+144cF3 1, —160cF2 Fpl, — 144cF2 Fplz+144c Fe F I3+
+44cFcl3 3+ 12¢Feb 3 —16cFelhl3la+16¢Fel3la+-4cFpl3 — 16¢Fpl3ls—4eFpl3+
+16¢Fjl3—12¢Fpl3ls—48¢Fph 3+ 16cFphlsls+12eFpl313+4eFpl3le)Xy> +
(326‘3F3215 — 16C3F§l3 +3263F3Fcl3 —3203F3FDI3 +2C3l%l3 —C3lzl§ —C3lzl3ls+
+16c2eFilh 23 blsle— 313 +23 Bl —3131s—16¢%eF2 13— 16¢%eFals —16aF 11—
+ l6czeFl§l6 +16c%eFgFels — 4czel%l3 + 402elzl§ —2c2elyl3lg — 40aFglz+
+40aF; 1y —8aFg Fcly+112aF Folo—8aF Fply +8aF g Fpl +8aF3 Fply+
—24aFgF2l + 16aFgFeFply — 64aFgFeFpls + 16aFgF3ls — 2aFgl2 1+
+2aFpl313 +2aFpl 13 — 12aFgli b3 + 2aFgl bls — 2aFply 13 — 2aFgl 314
—2aFgl3 + 12aFpl3l5 — 2aFgl31s + 2aFpl3le — 10aFplh13 — 88cFgFehlz+
+ 8aFplylzly — 8aFplylzls — 8aFglylzlg + 2aFBZ%l4 — SaFglz + 32aFgFDlz+
+24aF2Fpls — 40aFcF3ls + 2aFcly 2 +daFcl bls — 2aFcl3ls — 2aFc3ls+
+ SaFclzl§ - lzaFclzl3l4 + SaFclzl315 - 8611*_313 — SaFDl1lzl3 + ZCIFDlll%—
—daFph3+8aFphlils—2aFpli —2aFpl3ly—64cF; +64cF; Fo—128¢F; Fp—
— 64cF2F2 —320cFZ FcFp — 128¢F3F3 — 8cF213 + 12¢F3 L1z — AcF2hls+
+8cFZhle—8cFl3ls+64cFgF2+192cFyFEFp—64cFpFeFj+16¢cFgFcl3—
+36¢FpFphls+8cFgFpl3 —20cFg Fpl3la—20cF212 +24cF2 bl — 12 F 2 bly—
—1 26F§l3 I4+8cFcFplyls— 32CFCFDZ% +24cFcFplsls+ 4CFD21213 — Cl§l3+
+16cF313+T7cl33+cl313144-3cl3 1315 —6ch 15 —8ch3144-3ch 15 +4ch 3 16+
+cl3ly — 8eF212 —2el315 +2el313 + 4el3l316)y> )+

+ (128c?FZF2 —256¢*Fj3 Fe + 1282 F FcFp + 16¢2F3 13 + 8c*F 15—

— 16¢2F3 131y — 8c*Fj 1315 + 128¢* FpF2 — 1282 FgF2Fp + 8c? FgFchl3—
—16¢2FpFcl3+16¢*FpFelzls—8c? FgFplals —8c* FpFpl3 +8c? FyFpl3 s+
+48c2F2 113 —24c* FeFplhls —24c* FeFpl3 +8ceF2 13 — 64F 4 1y — 64 F [h—
+64F514+64F3 Fcly+128F3 Fcla —32F3 Fply +32F; Fplo +96 F3 Fpla+
— 32F3 Fply + 32F2 FcFply — 128F2 FcFply — 96F 3 FcFply + 96 FFAl+
—64FpF3l+64FpF2Fply —32FgF2Fpls+32FpFcFjl, — 128 FgFeFjls—
+32FpFpl3 + 32F3 Fply — 32F2F3l, — 32F2F3l3 + 32FcFl3)x4 +
+(64c?F3l3—64cF3l5+128¢? F2 Fely+64c2 F3 Fels +64¢? FZ Fpls — 8¢ Fpl3—
— 1922 FgF2 1, — 128¢*FpF 213 +64c> FgF2ls+512¢* Fy Fe Fpls+8¢ Fg b I3 14—
— 8¢ Fpl313+8c*Fplal3 — 8¢ Fplal3ls+64cF 2l —64c? Fe 313+ 8¢ Fel3 I+
+ 242 Feb 3 — 162 Feh 3l — 162 Fel3ls —24¢ Fpb 34322 Fpl31s—32F3 L I+
+256F; Fp+256F; F3—32F3 134-32F3 13— 32F3 L1y — 256 FF F2 Fp+32Fg Foly I+
—96FZFcl3 + 160F3 Fply 13 + 160F2 Fplyls — 128F2 Fplaly — 168 Fg FAF3+
+ 128FpF2l1lh + 96FgFE13 — 32FpFcFplil — 32FgFeFplils — 64F2 111, —

— 384FpFcFphls + 64FgF3l1 15 + 64FpFalhls — 32FpF313 + 32F2 Fpli b+
+32F2Fpli 13— 64F213+64F2 14 +64F2 Fplls—32F2 Fplly—32F2 Fpl3ls—
+96FcFjhls + 32FcF313 — 128F313)x3y+
+(256¢* F3 FE —256c2F3 Fo— 1024c*Fg FoFp — 482 Fg b3 +64c F L Is—
—16c2F21314+80c? FgFelyls — 162 FgFel? + 16¢2 FgFelsls —16¢? FpFpl3—
—64c2FpFpl3ls—96c* F2 L3 +48¢* FeFplhls +48c* FeFpl2 +2c2 1313 — 22 L 13—
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— 4215 + 4P I3 + 4L 131s — 4211 + 16ceFZ L3 — 2cel3 13 + 2cel3 3+
+2cel3l3l6—64F ;1| —64Fg 1, +64F5 14+64F; Fcly +128F3 Fely +16F3 71—
—320F; Fpl1—512F3 Fply+64F; Fpls+256F; Fply+64F3 Fe Fply—24F3 1 L5+
+768F; FcFpl—64Fg FeFpla—256FF F3l,+64F 3 Fls—16F2113 —32F21 b1+
+16F2 13+ 16F31 3+24F2 131 —16F3121s— 16F3 L1314 +32F3 013 + 8F315 —
— 64FgF2l, — 64FpF2Fply — 64FgF2Fpls + 64Fg Fc 3l + 16FpFclil—
—48FpFcl; l% + 8FgFclilhls — 16FgFclilrls — 72FBFcl%l3 +1 6F3Fcl%ls +
+320FgFls — 16FpFpl3ls + 8FgFpli 13 + 16FpFply 1314 + 64Fs Fpls 13+
+ 8FpFphl3 — 16FFpl3ls — 192F2 Fply + 192F2F3 1 + 192F2Fj 13+
+ 16F213 + 56F21313 — 24F2 1314 + 16F2 1315 + 8F2 b l3ls — 192FcF 13+
+88FcFplibhls + 24FcFply 13 — 80FcFpl31 — 48Fc Fphl3 — 24FcFpl3ly
+8FcFphlsly — 40F31 3 + 16F3 131 + 16F31214) x?y*+
(64c2F3 13— 64¢? F3ls—128¢* FZ Felo+64c F i Fela+64c? F Fpla+64c? Fg F2 D
— 1282 Fg F213+64¢? Fg FEls+8¢? Fgl3 13— 8¢ Fglh 3—8c* Fpla I3 14+ 8¢ Fglo I35+
+64c2F2lh—64c? FeFjl3+8¢* Fel31i—8c* Fe b 13— 8¢ Fplh 13+ 8¢ Fpl3+2cd 13 15—
—ded33—2cd 3316+ 2cd b 3—2cd b 13— 8ceFpl3 13+ 8ceFplh13+256 Fg Fp— 64F 312+
+256F3 F3+32F313—32F3 11 lh—32F3 13+ 32F; 14— 256 F F2 Fp— 128 Fp F2 1) I+
+32F3 Fely b+ 96F2 Fol3+32F 3 Fplyl3—32F2 Fpl I3+ 256 Fg FAF3—32Fp F 2 13+
+32FgFcFpli h+32F FeFpli 3—64FpF3l1 13+ 32Fp F313— 8Fpl3 15+ 16Fpli b3+
+8Fpl2 13— 16Fl1 313+ 8Fgly [315— 8Fpli L 13+4Fpl1 L3 ls—4Fpl  L13ls—4Fply 13 14—
—8Fpl\ 314 +4Fpl3 13— 4FpI213 —4Fpl3 1315 — AFg 31316+ 4FpL131s— 12Fp b3+
+64F3111,—64F3 bl —32F2 Fpli 1, —32F2 Fply 13 +64F2Fpl3 —64F2 Fpl s+
+32F2Fphls+32F2Fpl3ls—32FcFll3+96 FcF3 13 +4Fcl} 3 —12Fc i bls+
+AFch I3 +8Fcl 31y — 4Fcl 315 — 8Fcl 12 + 16Fcl blsly — AFcl blsls—
—4Fc3ls+ 16Fph I3+ 12Fc 33— 12Fc 3 1314—4Fp 3 i+ 16 Fel3 13 15— 12 Fc b I3 at-
+4Fp L3 +4Fpl13 —20Fply 313+ 12Fpli b13 —4Fpli b3l +4Fpl [3)xy> +
+(128¢?F3FE—128¢? F3FcFp—8c*FF13+8¢* F1315s— 128c* Fp F2+ 128¢? Fp FE Fipt+
+8c2FpFely13+8c FgFplyli—8c? FFpl3—8c? FpFpl3ly—16¢*FE L 13+-8c* FeFpla s+
3L 5548 FeFpl3—2¢* B3+ 2 b3+ 8ceFgbly+2cel3 [—2cel3 53— 2cel5 13 16—
—32F; Fpli—32F; Fplo—32F; Fpla+32F; Fply+32F3 FcFpli+ 128 F3 Fe Fpla+
+32F 3 FeFpls—32F Fjls+ 16F 31 L3+ 8F 313 13— 128 Fg F2 Fpl,— 32 Fg FE Fpls+
+32Fg FeF3 o+ 128 Fp Fe Fls—24Fg Fel L l3—8 Fg Fel3 13+ 32 Fp F I3 +-8 Fg Fply I3+
+16FgFpli 34+8FgFpll3+32F  Fpl, —32F 2 Fj 1 —32F2F3l3+ 16F21 13— 13 13—
—8F21313+3131214+8F21214—8F2 L l314+32Fc Fjl3 — 8 Fc Fply b 13— 8 Fe Fply 12—
—16FcFphI343131315—8Fc Fplal3la+8Fc Fpl3la+8F 3l hIs+8F3 1 13— 16 F L3+
—I—SFDzlg—l—l%lgk—21121%13—2112121%—112121314—112121315 +ll1313—11l%l3l4—lzl§l4—lzl§l4ls+
+20L Bhls+1 LI+ 20 LI I~ L LB s+ 1 hialls— 3 13— 5 3ls— B 114ls— 213 316 y*+
+(32aFg,—32aF;1s—64aF Fel,—32aF Fpls+32aF F2 L +32aFg FeFpl+
+32aFZ FcFpls—32aFgFE Fply+32aFpFeFjl3+256¢F; FeFp—256¢F3 F2Fp—
—32¢F3Fchls—16¢F3Fplals+16¢FZ Fplala+16cFpF2lhl3 —32cFgFeFphlst
+16cFgF33+16cF2 13 —32cF2Fplls+16cFcFalbl)x +
+(8aF311,—16aFy 15+ 16aF; by —8aFg Fel L +48aF; Fel3—8aFg Fply ls—
—56aFpF213+24aF35—48aFpFcFplhlz—8aFpFilhls+32aFpF3l3+24aF3 3+
+24aF2 Fplls—48aFcFjlhls —24aFcF3l3 —64cF3 F2l —128cFi FeFpl—
—64cFEFeFpla+64cFpFRlr+128cFpF2 Fply+64cFpF2 Fpli—64cFg FeFjla+
+8cF315+8cFpFpl3l3—8cFpFphlsls+16cF21513—24cF2 131, —4cFcFpl3 13—
—20cFcFph 3 + 12cFcFpllsls + 12¢FeFpl3ly) x2y +
+(32aFgl,—32aFgls—64aF; Fcl,—32aF; Fpl+32aF F2l,+32aF g FeFpl+
+32aFZ FcFpls—8aFjli5+-8aF3 1 hls —8aF;1313+8aF; 1515 +8aFi hlsls—
—32aFgF2Fply+32aFgFeF3ls+16aFgFely 13 —8aFpFeli bl +24aFg Fol3 i
— 16aFgFcl3ls—8aFpFplilhly—16aFgFpli 13 —8aFgFpl3ls—8aFgFpl I3+
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+16aFpFpl3ly—8aF2li 13+8aF2l b3 —24aF2 13 13+8aF2131s —8aF2 bl lut
+8aFcFpliblz+24aFcFpl3ls+32aFcFphli —8aFcFphlsla—8aFjl [3—
—24aF312 —8aF313+8aF31314+256¢F; FeFp—256cFg FAFp—32cFZ Felyls—
—16¢FZ Fphl3+16cF3 Fplsly+64cFpFE 13+ 16cFpF2 13 —96cFpFeFplla+
+16cFpF313+4cFpl313 —4cFpl3131s—64cFE 13+ 16¢F2 13 +96cF2 Fplls+
+16cFcFjlals —64cFeF12 —4cFcl3 13 —AcFe 3 3 +-4cFe 2l —dcFeb 3 at
+8¢Fpl313 —4cFphb3ls+4cFplils)xy? +

+(8aF3l b +16aF313 —16aF; b1y —8aFZ Fclil, —48aF 2 Fol3 —8aF Fply I+
+16aFgFcFphl—8aFFihls—32aFg F315+4aFpl 112 —2aFgl Lhizlat

+2aFglihl3l5 —ZaFBl§l3 +2aFBl%l32, —ZaFBl%lﬂs +2aF3l%l316 +2aFBlgl%l4—

—8aF313—8aF2Fphls+16aFcFjbls+8aFcFA15 —2aFcli bhI3+2aFcl; 1~
—daFcl313+2aFcl3 314 —2aFcl3 315 +2aFch 31— 8aF 13 +2aFpl b3+
+2aFphl3 —2aFphi3ls—64cFiF2lh+128cF3 FeFpl,—64cFiFeFpls—

+64cFgFEFpls —64cFpFeF3l3+16cFgFol3l3—8cFgFpl3ls —8cF3 13+
+8¢F2blls—4cFeFpl3ls+12cFcFpll2 —4cFeFphlsla—4cFe Fpl2lat
—128¢FgF2Fpl+8cFpFpll3ls+64cFgF2l+40aFpFA 3+
+cl33+cBB+c3 B3 —2c3 s +ch3l)y3 +

+32L13FgFcFp (FB —Fc+ FD) (Xz + yz) =0
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