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ABSTRACT

Geometry of the non cyclic quadrangle in the isotropic
plane was introduced in [2] and [6]. Herein, its diagonal
triangle is studied and some nice properties of it are given.
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1 Introduction

The isotropic plane is a real projective metric plane where
metric is induced by figure consisting of an absolute point
Q and an absolute line ® incident to it. If T = (xo : x1 : x2)
denotes any point in the plane presented in homogeneous
coordinates then usually a projective coordinate system
where Q = (0:1:0) and the line o with the equation x, =0
is chosen.

Isotropic points are the points incident with the absolute
line @ and the isotropic lines are the lines passing through
the absolute point Q.

Metric quantities and all the notions related to the geome-
try of the isotropic plane can be found in [S]] and [4]]. Now,
we recall few facts that will be used further on wherein we
assume that x = x—o and y = x—l.

X
Two lines are parazllel if they hzave the same isotropic point,
and two points are parallel if they are incident with the
same isotropic line.

For two non parallel points 7} = (x1,y;) and T» = (x2,y2),
a distance between them is defined as d(T1,T3) := xy — xj.
In the case of parallel points 77 = (x,y;) and T» = (x,y2), a
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span is defined by s(T,T») := y» — y1. Both quantities are
directed.

Two non isotropic lines p; and p; in the isotropic plane
can be given by y =kix+1;, k;,l; € R;i = 1,2, labelled
by pi = (ki,l;), i= 1,2 in line coordinates. There-
fore, the angle formed by p; and p, is defined by ¢ =
Z(p1,p2) := ko — ki1, being directed as well. Any two
points 71 = (x1,y1) and T = (x2,y2) have the midpoint

1 1
M= ((xl +x2), =(y1 +yz)> and any two lines with the

2 2

equations y =k;x+1; (i =1,2) have the bisector with the

: 1 1
equation y = E(kl +ko)x+ 5(11 +h).

A triangle in the isotropic plane is called allowable if none
of its sides is isotropic (see [3]]).

The classification of conics in the isotropic plane can be
found in [1] and [4]. To recall, the circle in the isotropic
plane is the conic touching the absolute line ® at the ab-
solute point Q. The equation of such a circle is given by
y=ux>+vx+w, u#0, wuv,wcR.

As the principle of duality is valid in the projective plane,
it is preserved in the isotropic plane as well.
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2 Non cyclic quadrangle in isotropic plane

We consider a complete quadrangle ABCD in the isotropic
plane. The points A, B,C, D are the vertices of the quadran-
gle, and lines AB,AC,AD,BC,BD,CD stand for the sides of
the quadrangle ABCD. The pairs of sides AB,CD; AC,BD
and AD,BC are called the opposite sides. There is ex-
actly one conic incident to five points A,B,C,D and Q. If
that conic touches the absolute line ® at the point Q, the
conic is a circle and the considered quadrangle ABCD is
the cyclic quadrangle. In the case, when the conic inter-
sects the line @ at the point Q and residually at the point
I" (different from ), then the conic is a special hyperbola
circumscribed to the quadrangle ABCD. In this case, the
quadrangle ABCD is called a non cyclic quadrangle. More
on the geometry of such quadrangle is given in [2] and
[6]. Let us denote the circumscribed special hyperbola by
H. Tangents to H at points Q and I are the asymptotes
of this special hyperbola, § is the isotropic one and Yy is a
non-isotropic line. The intersection point S of lines & and
v is the center of hyperbola #. Without loss of general-
ity affine coordinate system can be chosen in a way: § is
the origin, and y and & stand for the coordinate axes. Al-
though the right angle does not have any geometric sense in
the isotropic plane, in the Euclidean model of the isotropic
plane the coordinate system is presented as the rectangular
one. Hence, due to [2] the following is valid:

Theorem 1 Any non cyclic quadrangle ABCD, by the ap-
propriate choice of an affine coordinate system, has the
vertices given with

1 1 1 1
A= (a7a> 7B: <b7b> 7C: <C7C> 7D: (d7d>7 (1)

sides of the form

1 a+b
AB...y=—— _
Y abx+ ab ’
AC. y— —dypate
ac ac
1 a+d
AD...y=—— _
Y adx+ ad ’ @
1 b+c
BC..y=——
Y beJr bc ’
1 b+d
BD...y=—— —_—
Y= "0d T ha
1 c+d
CD..y=—— —_—
Y cdx+ cd ’

and the circumscribed special hyperbola with the equation

xy=1. 3)

For such quadrangle ABCD from Theorem I]it is said to be
in standard position or it is a standard quadrangle. Due to
Theorem|[I]every non cyclic quadrangle can be represented
in the standard position. So, it is sufficient to prove the
properties for the standard quadrangle.

The following symmetric functions of numbers a,b,c,d
will be of great benefit:

s=a+b+c+d,
q=ab+ac+ad+bc+bd+cd,

r = abc +abd + acd + bed,, “
p =abcd.
The study so far ([2]]) has shown several facts:
Euler circle of the triangle ABC (see [3])) is given by
Ep...abcy = —2x* + (a+b+c)x. (35)

Because of symmetry on a,b,c,d circles E4, Ep, Ec are
easy to obtain.

Due to Theorem 2 in [2] Euler circles are intersected in one
point O = (0,0), Euler center of the non cyclic quadrangle
ABCD.

In [2], the forms of circumscribed circles and inscribed
circles of triangles BCD,ACD,ABD,ABC are obtained as
well. On the example of the triangle ABC, its circum-
scribed circle is

Oy...abcy =x* — (a+b+c)x+bc+ca+ab, (6)
and its inscribed circle is given by
Uy...4abcy = x> —2(a+b+c)x+ (a+b+c)%. )

For the triangle ABC, the radical axis of Op and ‘Ep is an
orthic of that triangle,

Hy...3abcy = —(a+b+c)x+2(bc+ca+ab). (8)

Theorem 2 The median of the quadrilateral formed by the
orthics of triangles BCD,CDA, DAB,ABC of the standard
quadrangle has the equation

Hoy=—sxt . ©)

3r 3p

The principle of duality is preserved in the isotropic plane
and due to [2] the medial point and the focal line of the non
cyclic quadrangle are obtained as well:

Theorem 3 Bisectors of the pairs of opposite sides of the
non cyclic quadrangle are passing through the one point

P
N= (0’zp> . (10)

The point N from Theorem [3]is called a medial point of the
standard quadrangle.

The common tangent of the inscribed circles Uy, U, Uy
and U, of the triangles ABC,ABD,ACD,BCD is a focal
line of the quadrangle ABCD with equation

M...y=0. (11)
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3 On diagonal triangle of standard non
cyclic quadrangle

In this chapter we study diagonal triangle of the stan-
dard non cyclic quadrangle in the isotropic plane. The
vertices of such diagonal triangle are intersection points
of the opposite sides of quadrangle Tapcp = AB N
CD, Tycpp = ACNBD te Tappc = ADNBC. The
joint lines of these points are sides of diagonal trian-
gle: Tapcp = Tac,apTap,pc, Zac,sp = Tap,coTap,pc and
Tap,ac = Tap,coTac,Bp-

The following theorems give the forms of vertices and
sides of the diagonal triangle.

Theorem 4 The vertices of the diagonal triangle of the
standard quadrangle ABCD are given by

ab(c+d)—cd(a+D) a+bcd>

T =
ABCD ( ab—cd ab—cd

ac(b+d)—bd(a+-c) a—l—c—b—d)

T =
AC,BD ( ac —bd " ac—bd

ad(b+c)—bcla+d) a+d—b—c>

T =
AD.BC ( ad — be " ad—bc

(12)
Proof. Following equalities

ab(a+b—c—d) = (a+b)(ab—cd) + cd(a+b)—ab(c+d),

cdla+b—c—d)=(c+d)(ab—cd) + cd(a+b)—ab(c+d)
prove that Typ cp is the intersection point of the sides AB
and CD. U

Theorem 5 The diagonal triangle of the standard quad-
rangle ABCD has the sides

Tapcp---[cd(a+b)—ab(c+d)ly=(a+b—c—d)x—

—2(ab—cd),
Tacap--.bd(a+c)—ac(b+d)ly=(a+c—b—d)x—

—2(ac—bd),
Tappc---[bc(a+d)—ad(b+c)ly=(a+d —b—c)x—

—2(ad — bc). (13)

Proof. According to
(a—b+c—d)[cd(a+b)—ab(c+d)] =
—2(ab—cd)(ac —bd)
+(a+b—c—d)ac(b+d)—bd(a+c)],
and
(a—b—c+d)cd(a+b)—ab(c+d)] =
—2(ab—cd)(ad — bc)
+a+b—c—d)ad(b+c)—bc(a+d)]
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points Tyc gp and Typ pc are incident to the side Typ cp. O

Theorem 6 The circle Kp circumscribed to the diagonal
triangle has the equation

Kp...lab(c+d)—cd(a+Db)|lac(b+d)—bd(a+c)]
[be(a+d)—ad(b+ c)]y = 2(ab—cd)(ac—bd)(ad—bc)x*
+{a?b*(a+b+c)+a*b*d*(a+b+d)
+a’cd?*(a+c+d) +b*c*d*(b+c+d) —2plab(a+b)
+ac(a+c)+ad(a+d)+bc(b+c)+bd(b+d)
+cd(c+d)]+3pr]}x

(14)

The proof of the Theorem|[6]is very similar to one in Theo-
rem

Corollary 1 The circumscribed circle Kp is incident to
Euler’s center of the standard quadrangle.

Figure 1 presents the non cyclic quadrangle with its diago-
nal triangle and illustrates Corollary [T|as well.
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Figure 1: Non cyclic quadrangle with its diagonal trian-
gle
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Theorem 7 If we join the points parallel to the ver-
tices A,B,C,D and incident to the sides of the diagonal
triangle ‘Tap cp, Tac.ap, Tapcp to the diagonal points
Tap.cp, Tac,sp, Tap pc of the standard quadrangle ABCD,
then they form four lines in a group Ap,Ba, Cp,Dc;
Ac,Bp,Ca, D, Ap,Bc,Cp,Da. If A,B,C,D are tan-
gents to the special hyperbola circumscribed to the stan-
dard quadrangle at points A,B,C,D then the quadraples
Of lines lev $A7 CAv @A; @,.ﬂg, CBa @B; Cv/qCa $C7 @C,’
D, Ap,Bp, Cp are incident to four points parallel to the
medial point.

Proof. The point

B ala+b—c—d)—2(ab—cd)
Ap = (a, cd(a+b)—ab(c+d) )

is obviously parallel to A and incident to Ty cp from (13).
The line Ap is of the form

ab—b*+bc+bd —2cd L2
x4z
b(abc + abd —acd — bed)” b

y==-

and it is joint line of the points Ap and Typ cp because of

al(a+b—c—d)—2(ab—cd)
cd(a+b)—ab(c+d)
ab—b*+bc+bd—2cd 2
" “blabe+abd —acd—bed) | b’

at+b—c—d
ab—cd

_ _ab=bltbetbd—2ed 2
B b(ab — cd) b

Analogously, lines Cg i Dp

be—b+ab+bd—2ad 2
b(abc+ bed — acd —abd)” b’

CB...y:—

bd — b* +bc + ab —2ac x—|—%
b(bcd + abd — acd —abc)” b’

@B...y:—

2
obviously pass through the point Kz = (O, b) parallel
to the medial point N = (0, 2r> The line B given by
P
2
y= —ﬁx + 5 is incident to the point Kp as well. |

Theorem 8 The circle that touches the focal line and the
side AB at the point A has the common tangents to the cir-
cle U, consisting of the focal line and the line that passes
through the diagonal point Tyg cp. There are twelwe such
lines where each four of them pass through each diagonal
points Tap.cp, Tac,Bp, Tap Bc-

Proof. The circle 7, similar to (7)
4bedy =x* —2(b+c+d)x+ (b+c+d)?,
and a circle
4ab®y = x* —2(a+2b)x+d® +4ab + b? (15)

have the common tangents, the focal line and the line with
equation

c+d—a—>b
= lab—cd) T (16)
+(a+b—c—d)(ab2+abc+abd—acd—2bcd)

b(ab —cd)?
Indeed, the equalities

(a+b—c—d)(ab*+abc +abd — acd — 2bcd) n
b(ab —cd)?
(—a—b+c+d)x

4bed~——"— " =x>-2 2
+4bcd b(ab—cd) x=2(b+c+d)x+(b+c+d)7,

4bcd

i.e.

_ ab’f-abe+abd —2acd —3bed +*d +ed\*_
ab—cd N
and

x* —2(a+2b)x+a* +4dab+4b* =
— aap? ((—a—b+c—|—d)x

b(ab —cd)
N (a+b—c—d)(ab* +abc + abd — acd — 2bcd)
b(ab —cd)? ’

respectively,
2
=0

e —a?b+2bc+2abd — acd — 2bed
ab—cd

show that the line touches the circle U, and the circle

as well.

Furthermore, out of

atb—c—d
ab—cd
(a+b—c—d)(ab*+abc + abd — acd — 2bcd)
N b(ab —cd)?
(—a—b+c+d)ab(c+d)—cd(a+b)]
* b(ab —cd)?
it follows that the diagonal point T4p cp is incident to the
line (T6).
It is easy to prove that the line AB touches the circle (15)
exactly at the point A. (|
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Theorem 9 The intersection points of the bisectors of the
angles of the diagonal triangle of the standard quadrangle
ABCD are incident to its circumscribed special hyperbola.

Proof. It is easy to show that the bisector at the vertex
Tu,cp from (12)) of the lines Tyc pp and Zap pc given in
(13) is of the form

at+c—b—d
bd(a+c) —ac(b+d)]

Sagcp .-y = {2[

a+d—b—c
2[bc(a+d) —ad(b+c)] }

ab(a+b)(c—d)? —cd(c+d)(a—Db)?
a*b?(c —d)? — 2d*(a— b)? '

Analogously, there are two more bisectors

a+b—c—d
cd(a+b)—ab(c+d)]

SacBp -y = {2[

a+d—-b—c
2[bc(a+d) —ad(b+c)] }

ac(a+c)(b—d)*—bd(b+d)(a—-c)?
+ a’c2(b—d)? — b2d*(a —c)? ’

a+c—b—d
bd(a+c) —ab(c+d)]

a+b—c—d }
led(atb)—ableta) |

SapBC---y = {2[

ad(a+d)(b—c)*>—bc(b+c)(a—d)?
a’d*(b—c)? — b2c2(a—d)? '

The point of intersection Sap gc = Sap,cp N Sac,BD 15

ad(b+c)—bc(a+d)
ad — bc

Sap,pc = (

For example, the equality

ad — bc a+b—c—d
ad(b+c)—bc(a+d) {Z[Cd(aer) —ab(c+d)]
at+d—b—c ad(b+c)—bc(a+d)
2[bc(a+d) —ad(b+c)] } ad — bc
ac(a+c)(b—d)* —bd(b+d)(a—c)?
a*c2(b—d)? —b*d?*(a —c)?

+

proves that Sup pc is incident to the bisector Ssc pp-
Because of symmetry a,b,c,d there are two more similar
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intersections

S _ (ac(b+d)—bd(a+c) ac—bd

ACBD = ac —bd "ac(b+d)—bd(a+c))’
S _ (ab(c+d)—cd(a+D) ab—cd

ABCD = ab—cd “ab(c+d)—cd(a+b))

Obviously, they all lie on the special hyperbola xy =1. O

All Theorems [7}9] have no analogous in Euclidean plane.
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