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Discrete-Time System Conditional Optimization in the Parameter Space with Nonzero
Initial Conditions

Vladimir ZARIC*, Zoran BUCEVAC, Radisa JOVANOVIC

Abstract: The paper presents a new approach to the design of the classical PD controller for the plant in the closed loop control system. Proposed controller has two
unknown adjustable parameters which are designed by the algebraic method in the two dimensional parameter space, by using the newly discovered characteristic polynomial
of the row nondegenerate full transfer function matrix. The system relative stability, in regard to the chosen damping coefficient is achieved. The optimality criterion is the
minimal value of the performance index and sum of squared error is taken as an objective function. The output error used in the performance index is influenced by all actions
on the system at the same time: by nonzero initial conditions and by nonzero inputs. In the classical approach the output error is influenced only by nonzero inputs.
Experimental results confirm that by taking into account nonzero initial conditions, an optimal solution is obtained, which is not the case with the classical method where
optimization is performed at zero initial conditions.
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1 INTRODUCTION u(k) = —Kx(k). K < R™ M

The system full transfer function matrix enables to
treat the simultaneous actions of initial conditions and of
the input vector. Usually, the region of poles location was
determined by demanded damping coefficient or/and
settling time.

Pioneering work on the problem in the parameter plane
was conducted by Vishnegradski [2] and Neymark [3].
Dusan Mitrovi¢ [4-6] developed grapho-analytical method
for analysis and synthesis of linear control systems where
only the last two coefficients of characteristic polynomial
are considered as varying. Mitrovi¢'s method was
generalized firstly by Siljak who permitted any two
characteristic polynomial coefficients to be adjustable
parameters [7], and just afterwards Siljak [8] and Gruji¢ [9]
considered some characteristic polynomial coefficients to
be linearly dependent on two adjustable parameters. Siljak
presented a method that enables the designer to obtain
information about the effects on the absolute and relative
stability of two adjusting system parameters where all
characteristic polynomial coefficients are linearly
dependent on those two adjusting parameters, [10, 11]. He
established the concept of conditional optimization in the
parameter plane by introducing one extra criterion for the
system, in addition to its relative stability, which is the
minimal value of the performance index in the form of the
integral of squared errors, [8]. This was just designated as
the conditional parameter optimization. In that way, the
system was relatively stable with the desired damping
coefficient or/and settling time, and had the finer transient
state behavior regarding, e.g., overshoot. Gruji¢c went
further in [12, 13] to permit denominator and numerator
polynomial coefficients of a system transfer function to be
dependent linearly on two unknown adjustable parameters.
He gathered together conditional optimization and another
aspect proposed by Raki¢ [14], the system impulse
response through the numerical values calculation of its
transfer function residues.

Quite in a different way, approximately in the same
period of time, Kalman made a great progress in the
discrete-time linear systems optimization [15, 16]. He
developed a matrix synthesis method of the controller
algorithm:

By means of Pontryagin's maximum principle and
Bellman's continuous dynamic programming. His method
does not have constraints to the number of the matrix gain
K coefficients, that is, the number of controls and state
variables. Kalman's great contribution is that his method is
matrix synthesis of all controller parameters at the same
time.

To the present day plant control by the classical control
algorithm has remained very actual and researchers are
dealing with it all the time. Xu et al. [17] determined
stabilizing PID gains region in the parameter space for a
digital system on the basis of pre-developed results for
continuous time systems. Keel et al. [18] have given a
complete solution in the sense that a constructive yes or no
answer to whether stabilization is possible, is given and, in
case it is possible, the entire set is determined by solving
sets of linear inequalities in two variables obtained by
gridding over the third variable. An effective
computational procedure to determine all first order
controllers that stabilize a given discrete-time LTI system
is described in Tantaris et al. [19]. Li et al. [20] have
provided a graphical method to determine the complete set
of all stabilizing PID-type controllers in the parameter
space by analytically determining stabilizing boundaries
using the D-decomposition technique. Gryazinaand Polyak
[21] extend D-decomposition for the matrix case, i.e. for
MIMO systems. That technique can be helpful for design
of low-order controllers and for detailed robustness
analysis. Gryazina and Polyak in [22] provided an
extension of D-decomposition method for polynomials.
Other authors considered optimal PID controller tuning.
Padula and Visioli [23] used standard and fractional-order
PID controllers. They showed that the use of fractional-
order integral action is not advantageous, while the use of
a fractional-order derivative action provides a performance
improvement. Barbosa and Jesus [24] considered fractional
order PID controller and metaheuristic tuning algorithm
Cuckoo Search, inspired by living beings behavior in
nature. Their results revealed that the Cuckoo Search can
outperform some state of the art stochastic  algorithms,
such as the widely used genetic algorithms.
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The results based on all mentioned approaches, except
Kalman's, were developed under decades-long controversy
between the stability concept and the classical system
transfer function. The system stability is by definition the
dynamical property of the system in the free working mode
under all zero inputs and arbitrary initial conditions. On the
other side the transfer function is defined for the system in
the forced working regime under nonzero input and all zero
initial conditions. This controversy has been recently
solved by introducing and developing the full transfer
function matrix [1, 25, 26]. In this paper the conditional
optimization synthesis procedure is carried out by the
characteristic polynomial of the full transfer function
matrix. That characteristic polynomial in the general case
does not have to be the same as the characteristic
polynomial of the classical transfer function as is showed
in [1]. The characteristic polynomial of the row non
degenerate full transfer function matrix [1, 25, 26] is the
only adequate and appropriate to be used for the objective
test of the system stability and optimization.

We use a new form of the performance index in order
to design controller to cope with the real working
conditions. It is the sum of the squared errors occurring in
the most general and realistic circumstances, under
simultaneous influence of the external nonzero inputs and
the nonzero initial conditions.

Both Kalman's regulator and conditional optimization
have their advantages and disadvantages. A significant
progress in the proposed new conditional optimization is
that the controller is dynamic vs static Kalman's regulator.
To get the matrix gain K for Kalman's regulator, it is
necessary to solve the matrix nonlinear Riccati equation,
which is an aggravating circumstance, despite the present
age of digital computers. Furthermore, related to Kalman's
regulator, the right choice of matrices Q and R is not easy.
Estimate procedures are to be applied when the state
variables are not measurable. Conditional optimization
provides relative stability whereas Kalman's method does
not. One part of Kalman's optimality criterion concerns
process quality and another one the energy consumption.
In this way the result is a compromise between the two
requirements. Our dynamic controller optimality criterion
vs Kalman's one, fully concerns process quality, which
leads to a higher degree of process quality than in Kalman's
case.

Relative stability, with respect to the desired damping
coefficient is carried out by using the characteristic
polynomial of the full transfer function matrix which in the
general case does not have to match the classical one, [1].
The choice of optimal parameters in the parameter plane
yields the fine transient state. It is carried out by means of
the new performance index characteristic. The calculated
performance index values are related to the constant
desired damping coefficient.

[lustrative example is given to show the
difference in the system behavior, when it is designed in
the classical and proposed novel way. The differences are
detected by a practical experiment.

2 PROBLEM STATEMENT
2.1 Plant

Design procedure has been applied and tested
experimentally on a DC servomotor with gear and load.
The experiments were performed using a Quanser rotary

servomotor, SRV02. This model is equipped with the
optical encoder and tachometer for measuring motor
position and speed, respectively. The Q8-USB data
acquisition board was used for real-time data acquisition
and control, in the Windows environment, with
Matlab/Simulink and QUARC@, real-time control
software.

At first, a 1,3 s long or 650 £ servo motor works in
open loop to get the initial conditions and afterwards to be
switched to the closed loop operation mode. During that
first 1,3 s nominal input voltage is 1,5 V. At the exact
moment of 1,3 s, a unit step voltage was brought to the
plant to identify its mathematical model by velocity, since
that is a first order plant. The mathematical model of the
plant by position is simply obtained by integrating the
mathematical model by velocity. Model verification of
plant's discrete model is shown in Fig. 1.

4,5 T
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K
Figure 1 Verification of plant's discrete model

Choosing y =@ and u, =U , an identified discrete-

time input-output (I0) model of the plant for the sampling
period 7 = 0,002 s is:

y(k+2)-1,9311y(k+1)+0,9311y (k) =

2
=0,0001242u, (k +1)+0,0001212u, (k) @)

The linear time-invariant discrete-time of the most
general SISO plant is considered and it is described by its
input-output equation,

ava(k+v)+a(v_1)l,y(k+v—1)+---+alpy(k+1)+

+agpy (k) = bopttp (k) -+ b, ypp (k+ 1 =1)+ 3)
+bﬂ(k+,u),avp =lLneN,ueNyu<v,

Whereajp ER,VJ:O,LZ,"',VandbjP ER’
andkENO,
y(k+j)eR is the plant output at time &+ j,

Vj=0,1,2,---,u4 are real numbers
Vj=0,1,2,-,v, up (k+j)eR is the plant input at time
k+j3 v] 20,1,2,"',,U, H < U

The compact form of Eq. (2) is as follows [1, 26]
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AP = B,
AP =[0,9311 -1,9311 1],
B =[0,0001212 0,0001242], @)
P =l yk+) yk+2)],

=[upk) upk+1)] .
2.2 Controller

The general form of the first order PD controller is,

A ()
T

Ag(k)'

+uy (k) = Ke (k) + Ky (5)

By selecting the sample period7 = 0,002 and 7; =1
we obtain,

u, (k+l)—0, 998u,, (k) =

6
=(0,002K — Ky )& (k)+Kye(k+1). ©

The compact form of Eq. (6) is as follows [1, 26],

AVy, = BOE!,
AY =[-0,998 1],

BY =[0,002K K, K], (7)
up =up (k) wp(k+1)]".

g =[ek) ek+D]".

2.3 The Overall Closed Loop System

The overall closed loop system is described in the
compact form by:

( B)y’ (k)=
@) (a,B)i* (k),Vk e Ny,a =K, B =Ky,
y3(k)=[y(k) y(k+1) y(k+2) y(k+3)]',  @®)

(k) (k1) i (ke2)]

~
[}
—
by
~
Il
1
~
—_

V(a.p)=
:[“0(0"/3) a(a.pB) ay(a.p) “3(0‘=ﬂ)]:
2,4250-107 & —1,2125-10* #—0,9292 !
2,4834-107 = 2,9214-107° 4 + 2,8583 ©)

1,2417-107* g -2,9291
1

B (a.p)=[By(2f) Bi(ef) Br(ef)]=

T

T
(242501072 -1,2125:10° 8 ~1,2101-10™ |
(10)

T
= [2,483440*70( -2,9214-10° 8 -2,6731 -10*6}

T
[1,2417‘1045 1,2417~10‘4J

The input-output (I0) system's, given by Eq. (8), full
transfer function matrix F(z) reads [1],

an

S o O

\ 2,4834-10 a +
z3+[1’2417'10 ﬁ+]22+ ~2,9214-10° 5+ |z +
—2,9291 +2,8583

+(2,4250-10‘7a—1,2125-10‘4ﬂ—0,9292)

1,2417-107 g2 +(2,4834-10"7a—2,9214~10'6,B)z+
+2,4250-107 2 —1,2125-107 B
1,2417-10™2% -2,6730-107°2-1,2101-107*
-1,2417-107* gz* —(2,4834-10’70:—2,9214‘10’6,8)2
~1,2417-10*2% +2,6730-107°z (12)
~1,2417-107* Bz
~1,2417-107*z
2 +(1,2417~10*“ﬂ—2,9291)z2 +
+(2,4834-10’7a—2,9214-10’6ﬂ+2,8583)z

22 +(1,2417-10’4ﬂ—2,929l)z

z

2.4 Relative Stability

The full transfer function matrix is row nondegenerate,
which implies that the system characteristic polynomial is:
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. 2,4834-107 a +
z3+[1’224127'110 ﬁ+J22+ 2,9214-10° 8 + |z +
—2,929 +2,8583
(13)
+(z,4250-1o—7a—1,2125-10—4ﬂ—o,9292)E
a (0:,,6’)23 +a, (a,ﬂ)22 +a(a,B)z+ay(a,B),
aj(a,ﬂ):bja+cjﬁ+dj,j =0,1,2,3.

In order to obtain the loci in the a8 parameter plane

of the constant damping coefficient, we choose the
constant value of¢, 0 <¢ <1, change the values of the

natural frequency @, with a numerical step, and use the
following expressions [10, 11],

o= GiD, — G Dy ’
B,C, - B,C,

_B,D -BD,

B -BC

(14)
s

where,

B, (a’mg) =2,4834.1077 ¢ %0020
'COS(O’Ooz“’n 1‘§2)+2,4250-10’7,
B, (a)n,g) =2,4834-1077 ¢ %-002¢en
.sin(O, 002a, 1—g2 )’

G (a)n’g) =1,2417-1074 ¢ 004sen

-cos(0,004a)n 1-¢? )+

—2,9214-107%¢*-00%n cos(O, 0020, /1-¢? )—

~1,2125-107%,
G (a)n’g) =1,2417 1074 e~0-00450n

-sin(0,004a)n l—g2)+
(15)
—2,9214-107%¢*-00%n sin(O, 002a,/1-¢* )

Dy (@,,5) =2,8583¢ "0%n cos(O, 0020, /1-¢> )+

10

2 1 1 I I I
0 10 20 30 40 50 60

(83
Figure 2 The loci in the af8 parameter plane of the constant damping coefficient
(=07

2.4 Performance Index

The proposed form of performance index [ is the sum
of the squared output errors:

Izigz(k),g(k)zr(k)—y(k) (16)

k=0

where error &(k) occurred under the influence of all
actions on the system, external nonzero input and nonzero
initial conditions, at the same time. It is more natural and
realistic in practice than the error ¢ (k) that has been used
in literature so far influenced only by nonzero input but for
all zero initial conditions.

The full block diagram [1, 26] of the system is shown
in Fig. 3.

“l DR “l

Gy @ 0E Gy Ye)

(CXC] e

R@ EQ)

A\

Figure 3 Full block diagram of the overall closed loop system with unity
feedback

From the block diagram, it is easy to obtain:

4T
Gp (2)Gc (2)
~2,9291¢”0%n cos(0,004a)n 1-¢° )+ 1+ Gy (2) G (2)
G
4o 000650n .cos(O, 006, l—g2 )—0, 9292, . (Z)
1+Gp (2)Ge (2)
Y(z) = F(Z)V(z) =
D, (@,,5)=2,8583¢ 0% sin(0,002a)n\/l—g2)+ Gp(2) Gl (2)
1+Gp (2)Ge(2) € (17)
—2,9291¢ 0%4¢n sin(0,004a)n 1—g2)+ | o
G z)
4000650, -sin(0,006a)n l—gz). 1+Gp(2)Ge (2) op |
1(z)
1(z) R(z)
The loci in the af parameter plane of the constant Coc :[G(Z) Gy (Z)}[ ¢, }’I(Z) = {D(z) )
damping coefficient ¢ = 0,7 is shown in Fig. 2. Cop
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E(z) :R(z)—Y(z) =
_ | o
1+Gyp (2)Ge (2)
-Gp (Z)
G ()6 (z) | |1 (18)
-Gy (2) .
1+Gp (2)Ge(2)

L __Gh(2)

| 1+Gp(2)Ge (2) o

Goc (z) Cop

From Eq. (17) follows the equivalent full block
diagram of the system shown in Fig. 3.

Co

'
1) oL Ye)
== G (2) —-(g—'—b

Figure 4 Equivalent full block diagram of the system

After applying Z-transform including all initial
conditions on plant's Eq. (2) we obtain:

7(2)=[Gu(2) G, (z)][UP (Z)},

Cop
1,2417-10*z+1,2125-107*

Gp(z
¢ (2) 22 ~1,93112+0,9311

- 4T

_1,2417-107 2 (19)
z2 —1,9311z+0,9311
2 ”P(O)
G (z): z"=1,9311z - y(O)
o° 22 -1,9311z+0,9311 | ~ " 0
. y
22 -1,9311z+0,9311

After applying Z-transform including all initial
conditions on controller's Eq. (6) we obtain:

ACRCORNE)

Coc

Bz+0,002a - B
Gel2)="""0 008

—pz ! (20)

z-0,998

where 8(0) = r(O)—y(O) .
Using Eqgs. (18), (19) and (20) we obtain:

9244
993 T 9294
6Pz
993 T 9294 R(z)
| s(0)
0193 t 49244 Up
1,2417-10%zg, | |4,
993 T 9294 »(0

) @1)
(-2 +1,9311z)g, | | ¥(1)

9195 + 4924,
—Z4y
9193 9294
¢, =1,2417-102+1,2125-107",

q, =z—-0,998,
gy = Pz+0,002a - S,
qs =z -1,9311z+0,9311.

Performance index can be calculated as follows,

I= zn:Res[E(z)E(z—l)z—l] . 22)

r=1

* . —
where z,. is root from z 'E (2).

Initial nonzero conditions were identified at the end of
a 1,27 s long time interval during which the servo motor is
driven in open loop by voltage U = 1,6 V. These initial
conditions are repeatedly achieved whenever the
experiment is carried out in the same way. Using the

nonzero initial conditions: up (O) =0,1, y(O) =0,2,
»(1)=0,205, »(0)=0, the performance index values

were calculated for 2577 points, but only some of them
were applied to the constant damping coefficient curve, as
shown in Fig. 5.

10 T

Z2757,77671; 77777 (24.341)  (22,491) (20,351)

[1284,5276]  [10,4929] [8,7193] [8,4819]
Gy L(17,141))
Bopt_nonzers=9,4586 I [8,6594]

|

6 1

9,491) 1

[9,8834] !

B 4t ;

(5,491) !

[11,9986] !

2r |

(a) means w,=a |

[b] means /=b |

|

g (0,001) l

[34128013875,4253] l

5 | ‘ M

0 10 20 30 40 50 60
a Olppt nonzero=49,5726

Figure 5 The constant damping coefficient curve with some performance index
values applied to it for nonzero initial conditions. Optimal values of the
parameters o and B are ciopt nonzero = 49,5726, Bopt_nonzero = 9,4586

The sample of the optimal values of parameters a, S,
which gives the optimal minimal value of the performance
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indexX Imin nonzero = 8,4819, is as follows: opt nonzero =
49,5726, Bopt_nonzero = 9,4586.

To highlight the difference between the new and the
classical approach, the performance index values were also
calculated for 2577 points using the zero initial conditions.

Some of these values were applied to the constant
damping coefficient curve, as shown in Fig. 6. The optimal
values of the parameters a and S, which in this case give
the optimal value of the performance index
Inin_zero = 10,5791, are as follows: dlopt zero =
Popt_zero = 9,8749.

11,0438,

10 : : ‘
[ (25,761) [(24,%1) (22,491)
[68.6768] [10,5791] [11,2673]
8 "\ By 7er0=9,8749 17,141)|
[13,0448]
il i
(9,491)
[16,8324]
B ar 1

[23,3022]

(a) means w,=a
[b] means /=b

(0,001)
[82815840259,7499]
, I . | | |
0 10"\/ 20 30 40 50 60
Qopr zer0=11,0438 o

Figure 6 The constant damping coefficient curve with some performance index
values applied to it for zero initial conditions. Optimal values of the parameters
a and B are owopt zero = 11,0439, Bopt_zero = 9,8749

Experimental results are given for the servo motor
closed loop control system functioning with the optimal o,
p parameter values.

The system experimental 0,7 step responses for
nonzero and zero initial conditions, that is, for the new
theory and for the classical theory, respectively, are shown
in Fig. 7.

1 T T T T T T

091 ]

081 |

0,7 1

0,6 ]

O(k) [rad]

0,5 ]

0,4 &

the new theory case
0,3 —— the classical theory case | |

02 . . . . . . .
0 500 1000 1500 2000 2500 3000 3500 4000

k
Figure 7 Experimental 0,7 step responses with new theory optimal parameters
(blue-starting from nonzero initial conditions) and classical theory optimal
parameters (red-starting from nonzero initial conditions)

At first, servo motor works in open loop to get nonzero
initial conditions. After that, as soon as they are achieved
the system is switched to the closed loop operational mode.

The "red" system experimental response is obtained by
the classical theory optimal parameters, "universally
optimal" and "valid" for any initial conditions. The "blue"

system experimental response is obtained by the new
theory optimal parameters valid only for the concrete initial
conditions used. Because of that, we started the "red"
system response from the same nonzero initial conditions
as the "blue" one to make sense in comparing them. It is
observable in Fig. 7 that the "red" system response has the
tendency to approach the reference signal value later than
the "blue" system response. Again, the "blue" system
response is much better than that of the "red" one, what
promotes the new theory as the only right and appropriate
compared to the classical one.

An enlarged segment of Fig. 7 for 0<k <520 is
shown in Fig. 8 to make visible that "blue" and "red"
responses start from nonzero initial conditions.

1

09r

08

0,7

06

O(k) [rad]

05

04l ff

the new theory case
031/ »— the classical theory case |

0,2 . . . . . . . . . .
0 50 100 150 200 250 300 350 400 450 500

k
Figure 8 Augmented part of Fig. 7

From Fig. 9, which shows the amount of control input
given to the plant, it is worth noting that the maximum
value of voltage is contained well below 10 V and it does
not reach the saturation level.

T T T T T

6,4 the new theory case
—>— the classical theory case

4,8

=

—~32r

=
161 4

or —— e

0 500 1000 1500 2000 2500 3000 3500 4000

Figure 9 ContAr:oI signals
3 CONCLUSION

The new conditional optimization procedure of the
linear discrete-time systems is discovered and introduced
in this paper. The optimization is made in the parameter
plane of two unknown and adjustable parameters. Major
controversy between the classical transfer function matrix
and the system stability investigation using it has been
recently solved by developing and introducing the full
transfer function matrix [1, 26], such that during the system
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conditional optimization the characteristic polynomial of
the full transfer function matrix is used but not of the
classical transfer function. That is the characteristic
polynomial of the so called row nondegenerate full transfer
function matrix, the same one as used for the only adequate
and appropriate testing of the system stability. A new form
of the performance index is introduced that is fully
compatible with using the full transfer function matrix. A
new, compact calculus [1, 26] is also used, without which
determining the full transfer function matrix is impossible.

The set of the controller parameters optimal for the
control system behavior under all zero initial conditions is
not optimal for its operation under nonzero initial
conditions. Experimental example is given to show the
difference in the system behavior, when it is designed in
the classical and the proposed novel way. Effect of initial
conditions on behavior of every dynamic system must be
taken into account in the process of finding optimal values
for controller gains. Each time the system is designed in
the classical way and starts from nonzero initial conditions
its response is much worse than when the system is
designed in new way and starts from nonzero initial
conditions too, or when the system is designed in classical
way and starts from zero initial conditions. Figs. 5 and 6
illustrate this concluding statement.

PDS (proportional + difference + sum) like controllers
are still widely used in industry, in their various forms.
Based on the previous experimental results, it is clear that
the proposed method can be applied for optimal control of
any plant, whose linear mathematical model is known, in
the industry that starts operating from nonzero initial
conditions.
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