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ABSTRACT
In this paper, we develop a new technique for constructing fuzzy ideals of a semigroup. By
using generalized Green’s relations, fuzzy star ideals are constructed. It is shown that the new
fuzzy ideal of a semigroup can be used to investigate the relationship between fuzzy sets and
abundance and regularity for an arbitrary semigroup. Appropriate examples of such fuzzy ide-
als are given in order to illustrate the technique. Finally, we explain when a semigroup satisfies
conditions of regularity.
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1. Introduction

Many problems in engineering, economics and mathe-
matics involve uncertainty. Zadeh [1] and others (see,
[2, 3]) have proposed some theories to deal with uncer-
tainty. Let X be a non-empty set. Following Zadeh [1],
a fuzzy subset μ of X is a function of X into the closed
interval [0, 1]. In the past few decades, due to the wide
applications of fuzzy sets in many areas, such as fuzzy
structure multi-agent systems, formation control, fuzzy
automata, fuzzy algebra, fuzzy graph and so on, the
fuzzy set theory has been a hot topic (see, [3–10]).
In fuzzy algebra and fuzzy logic, many authors (see
[11–16]) studied fuzzy groups, fuzzy subsemigroups,
fuzzy ideals, fuzzy relations, etc. Budimirorić andothers
[12] studied fuzzy algebra identities with applications to
fuzzy semigroups. It is shown that for every fuzzy sub-
algebra there is a least fuzzy equality such that a fuzzy
identity holds on it. In contrast to the fuzzy identities,
fuzzy ideals of semigroups play an important role in
the characterization of semigroup structures. Recently,
a lot of scholars investigated some classes of fuzzy ideals
of a semigroup. For example, Khan et al. [15] defined
generalized fuzzy ideals in ordered semigroups. Ibrar
et al. [14] focussed on the characterization of an ordered
semigroups in the frame work of generalized bipolar
fuzzy interior ideals.

Motivated by the study of fuzzy ideals in ordered
semigroups and regular semigroups in terms of fuzzy
subsets, this paper shall give the notion of fuzzy star
ideals of a semigroup to investigate conditions of
abundance and regularity of an arbitrary semigroup.

We proceed as follows: Section 2 provides some basic
concepts and some known results. Section 3 advances
definitions of fuzzy left (right)star ideals and fuzzy star
ideals of a semigroup and give some concrete con-
structions. The main result of this paper is presented
in Section 4. In particular, some equivalent condi-
tions for an arbitrary semigroup to be abundant are
proved in this section. In Section 5, some applications
are obtained and some examples are given. In the last
section, some remarks are provided.

2. Preliminaries

We follow the notions adopted in [1, 17, 18]. First, we
recall some known facts about the generalized Green
relations L∗ andR∗.

Let S be a semigroup and a, b ∈ S. We say a, b areL-
related in S if there exist x, y ∈ S1 satisfying a = xb and
b = ya. The relation R is defined dually. A semigroup
S is regular if for all a ∈ S there is x ∈ S such that a =
axa. It is well known that the relations L∗ and R∗ are
generalized Green’s L andR, respectively.

Lemma 2.1 ([17]): Let S be a semigroup and a, b, e =
e2 ∈ S. Then the following statements are true:

(1) aL∗b [aR∗b] ⇐⇒ (∀ x, y ∈ S1) ax = ay [xa =
ya] if and only if bx = by [xb = yb];

(2) aL∗e [aR∗e] ⇐⇒ ae = a [ea = a] and for all
x, y ∈ S1, ax = ay[xa = ya] implies ex = ey[xe =
ye];
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(3) L∗ and R∗ are right and left congruences on S,
respectively.

Evidently, in an arbitrary semigroup, we have L ⊆
L∗ andR ⊆ R∗. But for regular elements a, b, it is easy
to check that aL∗b [aR∗b] if and only if aLb [aRb].

Recall from Fountain [17] that a+ and a∗ are the
idempotents in R∗-class and L∗-class containing a,
respectively. For convenience, we denote by E(S) the set
of idempotents of S; L∗

a and R∗
a denote the L∗-class

and R∗-class of S containing a, respectively. A semi-
group S is called abundant if eachL∗ class and eachR∗
class of S contains at least one idempotent. Let S be a
semigroup. A left ideal I of S is said to be a left ∗-ideal
of S if for all a ∈ I, L∗

a ⊆ I. A right ∗-ideal of S can be
defined in the dual way. In particular, a subset I of S is
called a ∗-ideal of S if it is both a left ∗- and right ∗-ideal
of S. Usually, for a ∈ S, we simply denote by L∗(a) and
R∗(a) the smallest left and right ∗-ideal containing a,
respectively. If e ∈ E(S), then Se and eS are the small-
est left and right ∗-ideal containing e, respectively. It
is easy to check that a semigroup S is abundant if and
only if for each a ∈ S, there are e, f ∈ E(S) such that
L∗(a) = Se and R∗(a) = fS. Recently, many authors
have considered the structure of abundant semigroups
(see, [19–22]). However, it is not common to study
abundant semigroups by fuzzy sets. Therefore, it is an
interesting thing to characterize properties of abundant
semigroups by fuzzy set theory.

Now, we recall some basic concepts and notations in
the fuzzy set theory.

Let A be a subset of a nonempty set X. The charac-
teristic function of A is the function CA of X defined by
CA(x) = 1 if x ∈ A and CA(x) = 0 if x /∈ A. Let μ and
ν be two fuzzy subsets of a semigroup S. Then μ ⊆ ν

[ resp., μ ∩ ν ] is defined by μ(x) ≤ ν(x) [ resp., (μ ∩
ν)(x) = μ(x) ∧ ν(x) ] for all x ∈ S, and the product
μ ◦ ν is defined by the rule μ ◦ ν(x) = ∨x=yz{μ(y) ∧
ν(z)} if there are y, z ∈ S such that x = yz; otherwise,
μ ◦ ν(x) = 0.

A fuzzy subset μ of a semigroup S is called a fuzzy
left (right) ideal of S if μ(ab) ≥ μ(b) ( μ(ab) ≥ μ(a) )
for all a, b ∈ S. In particular,μ is called a fuzzy ideal of S
if it is both a fuzzy left ideal and a fuzzy right ideal of S.

Lemma 2.2 ([18]): Let μ, ν be a fuzzy left ideal and a
fuzzy right ideal of a semigroup S, respectively. Then, for
all a, b ∈ S, the following statements are true:

(1) aLb ⇐⇒ μ(a) = μ(b);
(2) aRb ⇐⇒ ν(a) = ν(b).

3. Definitions and constructions

In this section, we shall give definitions of a fuzzy
left (right) star ideal, fuzzy star ideal of a semigroup

and some concrete constructions. In particular, some
examples are provided to explain such new fuzzy ideals.

Definition 3.1: Let μ be a fuzzy subset of a semigroup
S. Then μ is called a fuzzy left [resp., right] star ideal of
S if it satisfies:

(i) (∀ a, b ∈ S) μ(ab) ≥ μ(b) [resp., μ(ab) ≥ μ(a)];
(ii) (∀ a ∈ S) L∗

a ∩ E(S) �= ∅ [resp., R∗
a ∩ E(S) �=

∅] ⇒ μ(a∗) = μ(a) [resp., μ(a+) = μ(a)].

Especially, we say that μ is a fuzzy star ideal of S if it
is both a fuzzy left star ideal and a fuzzy right star ideal
of S.

By Definition 3.1, it is easy to see that, in an arbi-
trary regular semigroup S, a fuzzy left [resp., right] ideal
of S is a fuzzy left [resp., right] star ideal of S. Here,
we give two non-regular semigroups which satisfy the
conditions of Definition 3.1.

Example 3.1: Let S = {0.e, h, a}. Define a multiplica-
tion on S by the rule e2 = e, h2 = h, eh = ea = ah =
a, he = ha = ae = a2 = 0 and 0x = x0 = 0 for all
x ∈ S.

It is easy to check that S is a semigroup with E(S) =
{0, e, h}. On the other hand, it is routine to check that
the L∗ classes of S are {0}, {e}, {h, a}, and that the R∗
classes of S are {0}, {h}, {e, a}. These imply that L∗

x ∩
E(S) �= ∅ and R∗

x ∩ E(S) �= ∅ for all x ∈ S. There-
fore, S is abundant. Moreover, for all x ∈ S, a �= axa =
0. This means that S is non-regular. That is, S is a
non-regular abundant semigroup. Consider two fuzzy
subsets of S as follows:

μ : S −→ [0, 1], μ(0) = 1, μ(e) = 1/2,

μ(h) = μ(a) = 1/3;

ν : S −→ [0, 1], ν(0) = 1, ν(h) = 1/3,

ν(e) = ν(a) = 1/2.

It is evident that μ and ν are a fuzzy left star ideal and a
fuzzy right star ideal of S, respectively.

Example 3.2: Let

S =
{(

a 0
b 1

)∣∣∣∣ a, b ∈ R, 1 ≥ a ≥ 0, b ≥ 0
}
,

where R is the set of all real numbers. Then it is easy
to see that S is a non-regular abundant semigroup with
respect to the general matrix multiplication, and that
the set of idempotents of S is

E(S) =
{(

0 0
b 1

)∣∣∣∣ b ∈ R

} ⋃ {(
1 0
0 1

)}
.
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In fact, it is routine to check that the L∗ classes of S are

S\E(S)
⋃ {(

1 0
0 1

)}
,

{(
0 0
b1 1

)}
,

{(
0 0
b2 1

)}
, . . .

and that theR∗ classes of S are

S\E(S)
⋃ {(

1 0
0 1

)}
,

{(
0 0
b 1

)∣∣∣∣ b ∈ R

}
.

On the other hand, we choose 1>a>0 and b > 0, then(
a 0
b 1

)
�=

(
a 0
b 1

) (
s 0
t 1

)
(
a 0
b 1

)
=

(
asa 0

bsa + ta + b 1

)
,

where 0 ≤ s ≤ 1 and 0 ≤ t. In fact, if 0<a<1 and
b > 0, then a �= asa for all 0 ≤ s ≤ 1. This means that
S is not regular. Therefore, S is a non-regular abundant
semigroup.

Note that for all A ∈ S, A∗ = A+ is not true. How-
ever, |A∗| = |A+| for all A ∈ S, where |A| denotes the
determinant of the matrix A. Consider a fuzzy subset ν
of S as follows:

ν : S −→ [0, 1],

ν(A) = 1 − |A+| =
{
0 if |A| �= 0
1 if |A| = 0

. (1)

It is easy to check that ν is a fuzzy star ideal of S.

Remark 3.1: A fuzzy left (right) star ideal of a semi-
group S is a fuzzy left (right) ideal of S, and the converse
is not true. In fact, in our Example 3.2, consider a fuzzy
subset μ of S as follows:

μ : S −→ [0, 1], μ(A) = 1 − |A|,
where |A| denotes the determinant of the matrix A.

Obviously, μ is a fuzzy ideal of S. However, μ is not
a fuzzy star ideal of S. In fact,

μ

[( 1
2 0
1 1

)]
= 1 − 1

2
= 1

2
> 0 = μ

[(
1 0
0 1

)]

= μ

[( 1
2 0
1 1

)∗]
,

which implies that μ(A∗) = μ(A) is not true for all
A ∈ S.

Next, we give some constructions of fuzzy left [right]
star ideals of an arbitrary semigroup.

Theorem 3.2: Let A be a left [right]∗-ideal of an arbi-
trary semigroup S. Then CA is a fuzzy left [right] star
ideal of S.

Proof: Let A be a left ∗-ideal of S. Then it is easy to see
that CA is a fuzzy left ideal of S. Suppose that a ∈ S and
L∗

a ∩ E(S) �= ∅. Consider the following two cases:

(1) if a ∈ A, then a∗ ∈ L∗
a ⊆ A sinceA is a left ∗-ideal

of S, and so CA(a∗) = 1 = CA(a);
(2) if a /∈ A, then CA(a∗) ≥ 0 = CA(a). In fact, a /∈ A

implies a∗ /∈ A since A is a left ∗-ideal of S. Hence,
CA(a∗) = 0 = CA(a).

Thus CA is a fuzzy left star ideal of S. Dually, CA is
a fuzzy right star ideal of S for any right ∗-ideal A of S.

�

Remark 3.2: Generally, A is a left [resp., right]-ideal
of a semigroup S if and only if CA is a fuzzy left [resp.,
fuzzy right]-ideal of a semigroup S. In our Theorem 3.2,
the converse is not true. However, if S is an abundant
semigroup, then the converse holds (see, Theorem 3.7).

Proposition 3.3: Let S be an arbitrary semigroup and
a ∈ S. Define two fuzzy subsets μ and ν of S as follows:

μ(x) =
{
t if x ∈ R∗(a)
0 otherwise

, where 0 < t ≤ 1; (2)

ν(x) =
{
t if x ∈ L∗(a)
0 otherwise

, where 0 < t ≤ 1. (3)

Then μ [resp., ν] is a fuzzy right star ideal [resp., a fuzzy
left star ideal] of S.

Proof: Obviously, μ and ν are well-defined. Let x, y ∈
S. If x ∈ R∗(a), then xy ∈ R∗(a) sinceR∗(a) is a right
∗-ideal of S. Hence μ(xy) = t = μ(x); If x /∈ R∗(a),
then μ(xy) ≥ 0 = μ(x). Therefore, μ is a fuzzy right
ideal of S.

Now, we prove that μ is a fuzzy right star ideal of S.
Suppose x ∈ S and R∗

x ∩ E(S) �= ∅, then for all x+ ∈
R∗

x ∩ E(S), we consider the following two cases:

(1) if x /∈ R∗(a), then x+ /∈ R∗(a) and so μ(x+) =
0 = μ(x);

(2) if x ∈ R∗(a), then xR∗a, and so x+R∗a. Hence
x+ ∈ R∗

a ⊆ R∗(a) since R∗(a) is the smallest
right ∗-ideal of S containing a. Therefore,μ(x+) =
t = μ(x).

Summing the above arguments, we conclude that μ

is a fuzzy right star ideal of S. Dually, ν is a fuzzy left
star ideal of S. �

Proposition 3.4: Let μ1 be a fuzzy right star ideal of an
arbitrary semigroup S with idempotents and e ∈ E(S1)
such that μ1(e) > 0. Define a fuzzy subset μ of S as
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follows:

μ(x) =
{

μ1(x) if x ∈ eS1

0 otherwise
(4)

Then μ is a fuzzy right star ideal of S.

Proof: Clearly, for all e ∈ E(S1), eS1 = eS ∪ {e}, and so
μ is well-defined. We first show that μ is a fuzzy
right ideal of S. To see it, let x, y ∈ S. If x ∈ eS1, then
xy ∈ eS1. Hence μ(xy) = μ1(xy) ≥ μ1(x) = μ(x); If
x /∈ eS1, then μ(xy) ≥ 0 = μ(x). This means that μ is
a fuzzy right ideal of S.

Next, we prove that μ is a fuzzy right star ideal of
S. Suppose x ∈ S and R∗

x ∩ E(S) �= ∅. Consider the
following two cases:

(1) if x /∈ eS1, then μ(x+) = 0 = μ(x);
(2) if x ∈ eS1, then x+ ∈ R∗

x ⊆ eS1 since eS1 is a right
∗-ideal of S. Hence μ(x+) = μ1(x+) = μ1(x) =
μ(x) since μ1 is a fuzzy right star ideal of S.

From the above arguments, we conclude that μ is a
fuzzy right star ideal of S. �

Proposition 3.5: Let μ1 be a fuzzy right star ideal of an
arbitrary semigroup S with idempotents and e, h ∈ E(S1)
such that μ1(e) > 0,μ1(h) > 0.Define a fuzzy subsetμ
of S as follows:

μ(x) =
{

μ1(x) if x ∈ eS1 ∪ hS1

0 otherwise
(5)

Then μ is a fuzzy right star ideal of S.

Proof: It is similar to the proof of Proposition 3.4. �

Proposition 3.6: Let μ1,μ2 be two fuzzy right star ide-
als of an arbitrary semigroup S with idempotents and
e, h ∈ E(S1) such that μ1(e) > 0,μ2(h) > 0 and eS1 ∩
hS1 = ∅. Define a fuzzy subset μ of S as follows:

μ(x) =

⎧⎪⎨
⎪⎩

μ1(x) if x ∈ eS1

μ2(x) if x ∈ hS1

0 otherwise
(6)

Then μ is a fuzzy right star ideal of S.

Proof: Evidently, for all e, h ∈ E(S1), eS1 = eS ∪ {e}
and hS1 = hS ∪ {h}. Thus μ is well-defined. Let x, y ∈
S. If x ∈ eS1, then xy ∈ eS1. Hence, μ(xy) = μ1(xy) ≥
μ1(x) = μ(x) since μ1 is a fuzzy right star ideal of S;
If x ∈ hS1, then xy ∈ hS1. Hence, μ(xy) = μ2(xy) ≥
μ2(x) = μ(x) since μ2 is a fuzzy right star ideal of S;
If x /∈ eS and x /∈ hS, then μ(xy) ≥ 0 = μ(x). Thus μ

is a fuzzy right ideal of S.
Now, we show that μ is a fuzzy right star ideal of S.

To see it, let x ∈ S and R∗
x ∩ E(S) �= ∅. Then for all

x+ ∈ R∗
x ∩ E(S), we have the following three cases:

(1) if x ∈ eS1, then x+ ∈ R∗
x ⊆ eS1 since eS1 is a right

∗-ideal of S. Hence μ(x+) = μ1(x+) = μ1(x) =
μ(x) since μ1 is a fuzzy right star ideal of S;

(2) if x ∈ hS1, then x+ ∈ R∗
x ⊆ hS1 since hS1 is

a right ∗-ideal of S. Hence μ(x+) = μ2(x+) =
μ2(x) = μ(x) since μ2 is a fuzzy right star ideal of
S;

(3) if x /∈ eS1 and x /∈ hS1, then μ(x+) = 0 = μ(x).

From the above arguments, it is easy to observe that
μ is a fuzzy right star ideal of S. �

In the remaining of this section, we consider a con-
struction of a fuzzy left [right] star ideal of an abundant
semigroup.

Theorem 3.7: Let A be a subset of an abundant semi-
group S. Then A is a left [right] ∗-ideal of S if and only if
CA is a fuzzy left [right] star ideal of S.

Proof: Obviously, A is a left [right] ideal of S if and
only if CA is a fuzzy left [right] ideal of S. The neces-
sity is clear from Theorem 3.2, so we only show the
sufficiency.

Let CA be a fuzzy left star ideal of S and a ∈ A.
ThenL∗

a ⊆ A. In fact, if x ∈ L∗
a, then there exists a∗ ∈

L∗
a ∩ E(S) satisfying xL∗aL∗a∗ since S is an abun-

dant semigroup. Hence, by Lemma 2.1(2), CA(x) =
CA(xa∗) ≥ CA(a∗) = CA(a) = 1, that is, CA(x) = 1,
and so x ∈ A. This means that L∗

a ⊆ A. Therefore, A
is a left ∗-ideal of S. Dually, it is easy to check that A is a
right ∗-ideal of S ifCA is a fuzzy right star ideal of S. �

4. Properties

In this section, we shall investigate properties of fuzzy
left [resp., right] star ideals and fuzzy star ideals of
abundant semigroups. Especially, we give sufficient and
necessary conditions for an arbitrary semigroup to be
abundant in view of fuzzy star ideals.

Proposition 4.1: Let S be an abundant semigroup and
a, b ∈ S. Then for all fuzzy left [resp., right] star ideals μ

of S, aL∗b [resp., aR∗b] implies μ(a) = μ(b).

Proof: Suppose that μ is a fuzzy left star ideal
of S, and suppose that a, b ∈ S with aL∗b. Then
there are a∗ ∈ L∗

a ∩ E(S) and b∗ ∈ L∗
b ∩ E(S) such

that a∗L∗aL∗bL∗b∗ since S is abundant. Hence,
by Lemma 2.1(2), μ(a) = μ(ab∗) ≥ μ(b∗) = μ(b) =
μ(ba∗) ≥ μ(a∗) = μ(a) sinceμ is a fuzzy left star ideal
of S, which implies that μ(a) = μ(b). Dually, aR∗b
implies μ(a) = μ(b) for all fuzzy right star ideals μ

of S. �

Theorem 4.2: Let μ and ν be a fuzzy right star ideal
and a fuzzy left star ideal of an abundant semigroup S,
respectively. Then the following statements are true:
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(1) μ ◦ ν = μ ∩ ν;
(2) μ ◦ μ = μ and ν ◦ ν = ν.

Proof: (1) Obviously, for all a ∈ S, L∗
a ∩ E(S) �= ∅

andR∗
a ∩ E(S) �= ∅ since S is an abundant semigroup.

Hence

μ ◦ ν(a) = ∨a=xy{μ(x) ∧ ν(y)}
≥ {μ(a+) ∧ ν(a)} ∨ {μ(a) ∧ ν(a∗)}
= {μ(a) ∧ ν(a)} ∨ {μ(a) ∧ ν(a)}
= μ(a) ∧ ν(a) = (μ ∩ ν)(a),

which implies that μ ◦ ν ⊇ μ ∩ ν. On the other hand,
μ ◦ ν ⊆ μ ◦ S ⊆ μ and μ ◦ ν ⊆ S ◦ ν ⊆ ν, that is, μ ◦
ν ⊆ μ ∩ ν. Therefore, (1) holds.

(2) By hypothesis,R∗
a ∩ E(S) �= ∅a ∈ S.R∗

a ∩ E(S) �=
∅a ∈ S. Hence, by Definition 3.1(ii), (μ ◦ μ)(a) =
∨a=xy{μ(x) ∧ μ(y)} ≥ μ(a+) ∧ μ(a) = μ(a) ∧ μ(a) =
μ(a), which implies μ ◦ μ ⊇ μ. On the other hand,
μ ◦ μ ⊆ μ ◦ S ⊆ μ since μ is a fuzzy right star ideal of
S. Therefore, μ ◦ μ = μ. Dually, ν ◦ ν = ν. �

As an immediate result of Theorem4.2, the following
theorem holds.

Theorem 4.3: Every fuzzy star ideal of an abundant
semigroup is idempotent.

Remark 4.1: (1) The condition “fuzzy star ideal” in
Theorem 4.3 can not be weakened to “fuzzy ideal”.
In fact, in our Example 3.2, we have proved that S
is an abundant semigroup. Define a fuzzy subset of
S as follows:

μ : S −→ [0, 1], μ(A) = 1 − |A|,
where |A| denotes the determinant of thematrixA.
It is easily seen thatμ is a fuzzy ideal of S. However,
for all A ∈ S, if |A| �= 0 and |A| �= 1, then it is easy
to check that

μ ◦ μ(A) =
∨

A=BC

{μ(B) ∧ μ(C)}

= 1 −
√

|A| �= 1 − |A| = μ(A),

that is, μ ◦ μ �= μ. Therefore, there exists a fuzzy
ideal of an abundant semigroup which is not
idempotent.

(2) By Theorem 4.3, it is evident that every fuzzy ideal
of a regular semigroup is idempotent since an arbi-
trary regular semigroup is abundant and its fuzzy
ideals are fuzzy star ideals.

Example 4.1: Let

S =
{(

a 0
b 1

)∣∣∣∣ a, b ∈ R, a ≥ 0, b ≥ 0
}
,

whereR is the set of all real numbers. Then it can be eas-
ily seen that S is a semigroup with respect to the general

matrix multiplication, and that

E(S) =
{(

0 0
b 1

)∣∣∣∣ b ∈ R

} ⋃ {(
1 0
0 1

)}
.

Moreover, it is routine to check that the L∗ classes of S
are

S\E(S)
⋃ {(

1 0
0 1

)}
,

{(
0 0
b1 1

)}
,

{(
0 0
b2 1

)}
, . . .

and that theR∗ classes of S are

S\E(S)
⋃ {(

1 0
0 1

)}
,

{(
0 0
b 1

)∣∣∣∣ b ∈ R

}
.

Obviously, S is abundant. However, for all 0 �= a ∈
R, 0 �= b ∈ R, x, y ∈ R,(

a 0
b 1

) (
x 0
y 1

) (
a 0
b 1

)
�=

(
a 0
b 1

)
.

Therefore, S is a non-regular abundant semigroup.
Define a fuzzy subset μ of S as follows:

μ : S −→ [0, 1], μ(A) =
{
1 if A = E2×2

1/3 otherwise
(7)

where

E2×2 =
(
1 0
0 1

)
.

It is easy to see that μ is a fuzzy star ideal of S. On the
other hand, let A ∈ S. If A ∈ E(S) and A �= E2×2, then

μ ◦ μ(A) = ∨A=BC{μ(B) ∧ μ(C)}

=
(
1
3

∧ 1
3

)
∨

(
1
3

∧ 1
)

= 1
3

= μ(A);

IfA = E2×2, thenμ ◦ μ(A) = ∨A=BC{μ(B) ∧ μ(C)} =
( 13 ) ∨ (1) = 1 = μ(A); IfA ∈ S \ E(S), thenμ ◦ μ(A) =
∨A=BC{μ(B) ∧ μ(C)} = ( 13 ) ∨ ( 13 ) = 1

3 = μ(A). There-
fore, μ ◦ μ = μ, as required.

Theorem 4.4: Let S be an abundant semigroup and
a, b ∈ S. Put A = a+S [resp., Sa∗] and B = b+S [resp.,
Sb∗]. Then the following statements are equivalent:

(1) aR∗b [resp., aL∗b];
(2) CA(b) = CB(a) = 1;
(3) CI(a) = CI(b) for all right [resp., left]∗-ideals I of S;
(4) μ(a) = μ(b) for all fuzzy right [resp., left] star ide-

als μ of S.

Proof: By Theorem 3.7 and Proposition 4.1, (4) ⇒
(3) ⇒ (2) and (1) ⇒ (4) are evident. We only need to
show that (2) ⇒ (1).
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Let a, b ∈ S be such that CA(b) = CB(a) = 1, where
A = a+S, B = b+S. Then a ∈ b+S and b ∈ a+S. Hence,
a+ ∈ R∗

a ⊆ b+S and b+ ∈ R∗
b ⊆ a+S since a+S and

b+S are right ∗-ideals of S. Thus a+ = b+a+ and b+ =
a+b+, and so a+Rb+. Therefore, aR∗a+Rb+R∗b.
That is, aR∗b sinceR ⊆ R∗. Dually, aL∗b. This com-
pletes the proof. �

Next, we shall study the relationship between fuzzy
star ideals and abundance for an arbitrary semigroup
with idempotents.

Theorem4.5: Let S be an arbitrary semigroup. Then S is
abundant if and only if for every a ∈ S, there exist e, h ∈
E(S) such that CI(a) = CI(e) and CJ(a) = CJ(h), where
I and J are an arbitrary left ∗-ideal and an arbitrary right
∗-ideal of S, respectively.

Proof: Let S be abundant and a ∈ S. Suppose that I and
J are an arbitrary left ∗-ideal and an arbitrary right ∗-
ideal of S, respectively. Then there are e, h ∈ E(S) such
that aL∗e and aR∗h. Hence, by Theorem 4.4, CI(a) =
CI(e) and CJ(a) = CJ(h).

Conversely, if for all a ∈ S, there are e, h ∈ E(S) such
that CI(a) = CI(e) and CJ(a) = CJ(h) for all left ∗-
ideals I and all right ∗-ideals J of S. Choose Se to replace
I. We have a ∈ Se. HenceL∗(a) ⊆ Se sinceL∗(a) is the
smallest left ∗-ideal of S containing a. Choose L∗(a)
to replace I. We have e ∈ L∗(a), and so Se ⊆ L∗(a)
since Se is the smallest left ∗-ideal of S containing
e. This means that L∗(a) = Se. Dually, R∗(a) = hS.
Therefore, S is an abundant semigroup. �

As an immediate corollary of Proposition 4.1, Theo-
rems 4.4 and 4.5, we have

Corollary 4.6: Let S be an arbitrary semigroup. Then S
is abundant if and only if for every a ∈ S, there exist e, h ∈
E(S) such that μ(a) = μ(e) and ν(a) = ν(h), where
μ and ν are an arbitrary fuzzy left star ideal and an
arbitrary fuzzy right star ideal of S, respectively.

5. Applications

In this section, we shall consider some concrete appli-
cations of Corollary 4.6 and Theorem 4.4. In particular,
some examples are given to explain the advantages of
the described fuzzy ideals.

Corollary 5.1: Let S be an arbitrary semigroup. Then S
is regular if and only if for every a ∈ S, there exist e, h ∈
E(S) such that μ(a) = μ(e) and ν(a) = ν(h), where
μ and ν are an arbitrary fuzzy left star ideal and an
arbitrary fuzzy right star ideal of S, respectively.

Proof: The sufficiency is clear from Lemma 2.2, so we
only show the necessity. Note that a regular semigroup

is abundant, and that a fuzzy ideal of a regular semi-
group is a fuzzy star ideal. We have that the necessity is
true from Corollary 4.6. �

Example 5.1: Let

S =
{(

1 0
a b

)∣∣∣∣ a, b ∈ R

}
,

where R is the set of all real numbers. Then it is easily
seen that S is a semigroup with respect to the general
matrix multiplication, and that

E(S) =
{(

1 0
a 0

)∣∣∣∣ a ∈ R

} ⋃ {(
1 0
0 1

)}
.

Obviously, if b �= 0, then

(
1 0
a b

) ⎛
⎝ 1 0

−a
b

1
b

⎞
⎠ (

1 0
a b

)
=

(
1 0
a b

)
;

if b = 0, then(
1 0
a b

)
=

(
1 0
a 0

)
=

(
1 0
a 0

) (
1 0
a 0

) (
1 0
a 0

)
.

Therefore, S is a regular semigroup. Let μ and ν be a
fuzzy left ideal and a fuzzy right ideal of S, respectively.
If A ∈ E(S), then μ(A) = μ(A) and ν(A) = ν(A); If
A ∈ S \ E(S), then there is B ∈ S such that A = ABA
and AB = BA = E2×2, where

E2×2 =
(
1 0
0 1

)
.

Hence μ(A) = μ(ABA) ≥ μ(BA) ≥ μ(A) since μ is a
fuzzy left ideal. Similarly, ν(A) = ν(ABA) ≥ ν(AB) ≥
ν(A) since ν is a fuzzy right ideal. This means
that μ(A) = μ(BA) = μ(E2×2) and ν(A) = ν(AB) =
ν(E2×2). Therefore, S satisfies the conditions of
Corollary 5.1.

Note that a regular semigroup S is inverse if each L
class and each R class of S contains a unique idempo-
tent. As an immediate corollary of Corollary 5.1 and
Theorem 4.4, we have

Corollary 5.2: Let S be an arbitrary semigroup. Then S
is an inverse semigroup if and only if for every a ∈ S, there
exists a unique element e ∈ E(S) such that μ(a) = μ(e)
and there exists a unique element h ∈ E(S) such that
ν(a) = ν(h), where μ and ν are an arbitrary fuzzy left
star ideal and an arbitrary fuzzy right star ideal of S,
respectively.

Example 5.2: Let

S =
{(

1 0
a b

)∣∣∣∣ a, b ∈ R and b �= 0
}
,

where R is the set of all real numbers. Then it is easy
to see that S is a semigroup with respect to the general
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matrix multiplication, and that E(S) = {E2×2}, where

E2×2 =
(
1 0
0 1

)
.

Obviously,

(
1 0
a b

) ⎛
⎝ 1 0

−a
b

1
b

⎞
⎠ (

1 0
a b

)
=

(
1 0
a b

)
;

⎛
⎝ 1 0

−a
b

1
b

⎞
⎠ (

1 0
a b

) ⎛
⎝ 1 0

−a
b

1
b

⎞
⎠ =

⎛
⎝ 1 0

−a
b

1
b

⎞
⎠ .

However, for all
⎛
⎝ 1 0

−a
b

1
b

⎞
⎠ �=

(
1 0
x y

)
∈ S,

(
1 0
a b

) (
1 0
x y

) (
1 0
a b

)
�=

(
1 0
a b

)
;

(
1 0
x y

) (
1 0
a b

) (
1 0
x y

)
�=

(
1 0
x y

)
.

Therefore, S is an inverse semigroup. Let μ and ν be a
fuzzy left ideal and a fuzzy right ideal of S, respectively.
Let A ∈ S. By a similar proof of Example 5.1, there
exists only one idempotent E2×2 of S such that μ(A) =
μ(E2×2) and ν(A) = ν(E2×2). Therefore, S satisfies the
conditions of Corollary 5.2.

6. Conclusions

Recently, considerable attention has been paid to study
of fuzzy semigroups such as fuzzy ordered semigroups,
fuzzy regular semigroups, and so on. As a generalized
regular semigroup, the class of abundant semigroups
encompasses a wide variety of semigroups, from reg-
ular semigroups and abundant monoids first arose in
connection with the theory of S-systems. It is natural
in this paper to consider these semigroups which satis-
fies abundance. Here we develop an approach to fuzzy
semigroups, in the framework of fuzzy star ideals. In
particular such as an approach based on the use of L∗
andR∗ is strong and completable. By fuzziness of cer-
tain ideal of a semigroup, it is possible to deal with fuzzy
semigroup structure and to establish the relationships
between fuzzy star ideals and semigroup abundance
and semigroup regularity for an arbitrary semigroup.
This is also the highlight of this paper. As a concrete
application, we advance sufficient and necessary con-
ditions for an arbitrary semigroup to be regular and
inverse, respectively. Fuzzy star ideals introduced in this
paper could improve applications of the theory of reg-
ular semigroups, and might be important for further
study of fuzzy semigroup theory.
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