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ABSTRACT
The limited driving range and the unavailability or 

insufficiency of battery charging stations cause the so-
called range anxiety issue for traffic assignment involv-
ing battery electric vehicle (BEV) users. In addition, ex-
pected utility theory-based stochastic user equilibrium 
(EUT-SUE) model generates the perfectly rational issue 
when the travellers make route choice decisions. To tack-
le these two problems, this article improves the cumu-
lative prospect theory-based stochastic user equilibrium 
(CPT-SUE) model in a degradable transport network 
through incorporating the constraints of multiple user 
classes and distance limit. In this degradable network, 
the travellers experience stochastic travel times due to 
network link capacity degradations. For this improved 
CPT-SUE model, the equivalent variational inequality 
(VI) model and associated method of successive averages 
(MSA) based solution are provided. The improved CPT-
SUE model is tested and compared with the EUT-SUE 
model with distance limit, with results showing that the 
improved CPT-SUE model can handle jointly the range 
anxiety issue and the perfectly rational issue.

KEYWORDS
stochastic user equilibrium; cumulative prospect 
theory; expected utility theory; distance limit; 
variational inequality; method of successive averages.

1. INTRODUCTION
Electric vehicles (EVs) are believed to be one 

of the evidently promising approaches to reduce 
greenhouse emissions and air pollution. A recent 
report demonstrated that an EV can reduce 55 to 
60 percent CO2 emission, in comparison with the 
conventional internal combustion engine (ICE) car 

in Europe [1]. It is expected that EVs will capture 
an important market share in the near future with 
the maturity of EV technology and increased pub-
lic acceptance. In a recent study, it is predicted that 
EVs on the U.S. roads will account for 5% to 14% 
of the total number of vehicles by 2030 [2]. Despite 
the increasing adoptions of EVs, especially battery 
electric vehicles (BEVs), into the road traffic, the 
limited driving range (e.g. Pearre et al. [3]) and 
scarcity of battery charging/swapping stations (e.g. 
Morrow et al. [4] and Dong et al. [5]) pose a well-
known range anxiety issue [6]. It may be interpreted 
as travellers afraid of being stranded due to a dead 
battery [7]. Even though many cities are planning 
to build and expand the charging infrastructure for 
BEVs, it is generally acknowledged that range anx-
iety may still exist in the near future [8]. 

Traffic assignment is an effective tool for trans-
portation management. The traffic assignment prob-
lem accounting for driving range limit of BEVs is 
initially formulated as user equilibrium (UE) mod-
els. In these UE models, the researchers usually 
convert the driving range limit imposed by range 
anxiety into a path-level side constraint [7, 9]. On 
this basis, the researchers have also investigated 
design and location for charging station [10-12]. 
In addition, there have been research studies on the 
stochastic user equilibrium (SUE) with distance 
limit of BEVs [13]. Generally speaking, traditional 
logit-based SUE models (e.g. Maher [14] and Yang 
et al. [15]) and its extended models (e.g. C-logit sto-
chastic user equilibrium model [16], the cross-nest-
ed logit stochastic user equilibrium [17]) in the  
literature are based on expected utility theory (EUT). 
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distance limit [7], which defines the path flow to be 
zero if the path length exceeds the distance limit. 
Jiang et al. further extended the model in [7] to de-
velop a network equilibrium model with distance 
limit of BEVs [19]. The model in [19] evaluates the 
impacts of the distance limit on destination, route, 
and parking choice behaviours under equilibrium 
conditions. Jiang and Xie formulated a network 
equilibrium problem with mode and route choice 
and analysed how the operation cost and distance 
limit affect vehicle and route choices decisions of 
the travellers [9]. On this basis, a series of other 
studies are also conducted. For example, the traf-
fic assignment problem involving flow-dependent 
electricity consumption for BEVs [8, 10, 20], the 
traffic assignment problem considering BEVs re-
charging [21-24], and the BEV touring, routing and 
scheduling problems [25-27].

The above studies are all extended versions of 
the UE model. The UE model assumes that all trav-
ellers have perfect information regarding travel time 
over the entire network. This assumption may not be 
reasonable. Researchers have relaxed the aforemen-
tioned assumption by incorporating more realism 
into the traditional UE model, and then SUE model 
was proposed. At present, only a limited number of 
studies have focused on SUE with distance limit. 
Jing et al. proposed a SUE model with distance limit 
[28]. On this basis, Jing et al. proposed a bi-level 
public charging location model considering BEV 
range limits and the SUE principle [13]. Ma et al. 
proposed a SUE model for BEVs considering envi-
ronmental costs [29].

These three aforementioned SUE models with 
distance limit are all based on expected utility theo-
ry (EUT). The EUT is based on the assumption that 
travellers are perfectly rational when making route 
choice decisions. In other words, these models have 
a perfectly rational issue. To tackle this problem, 
the researchers have considered embedding the cu-
mulative prospect theory (CPT) (e.g. Tversky and 
Kahneman [30]) in the traffic assignment model 
that does not include the distance limit of BEVs. For 
example, Connors and Sumalee presented a CPT-
based user equilibrium (CPT-UE) model with un-
certain travel time to study route choice behaviour 
of travellers [31]. Lou et al. proposed a bounded 
rational user equilibrium (BRUE) model to inves-
tigate the congestion pricing [32]. However, these 
two studies relied on exogenous inputs of reference 
points, and no guidance was provided on how to  

The EUT has a main assumption, that is, travellers 
are absolutely rational when making route choice 
decisions [9]. More specifically, the travellers seek 
the maximum perceived expected utility by choos-
ing a path with the least expected costs (e.g. travel 
time) [18]. Therefore, these SUE models with dis-
tance limit often have perfectly rational issues. In 
addition, the aforementioned range anxiety issue for 
BEVs will hardly be eliminated in the near future 
[8]. Thus, the range anxiety issue and perfectly ra-
tional issue are critical problems to be addressed in 
BEV-related studies. 

The traditional SUE models involving BEVs 
suffer from the perfectly rational issue and range 
anxiety issue. At present, the research to jointly 
solve these two issues is insufficient. Thus, the ob-
jective of this paper is to improve the cumulative 
prospect theory-based stochastic user equilibrium 
(CPT-SUE) model by incorporating the constraints 
of multiple user classes and distance limit to joint-
ly deal with the range anxiety issue and perfectly 
rational issue. For the improved CPT-SUE model, 
we constructed an equivalent variational inequality 
(VI) model and proved the existence and equiva-
lence of the model solution. Furthermore, numer-
ical investigations are conducted to compare the 
path flows by the improved CPT-SUE model and 
the expected utility theory-based stochastic user 
equilibrium (EUT-SUE) model with distance limit, 
together with the analysis of influence of distance 
limit parameter on path flows of gasoline vehicle 
(GV) and BEV. 

The rest of this paper is organised as follows. 
Section 2 provides a literature overview of traffic 
assignment studies involving range anxiety and 
perfectly rational issues in assignment. Section 3 
revisits link and path travel time distributions and 
cumulative prospect theory. Section 4 formulates 
the improved CPT-SUE model as an equivalent VI 
model. Furthermore, the equivalency and existence 
of model solution are also proved. Section 5 pro-
vides a numerical example to demonstrate the per-
formance of the improved CPT-SUE model. Lastly, 
Section 6 gives the conclusions of the paper.

2. LITERATURE REVIEW
The common modelling approach of network 

flow pattern is the UE model. The UE model consid-
ering the distance limit of BEVs has attracted an in-
creasing attention. For instance, Jiang et al. proposed 
a path-constrained traffic assignment model with 
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stochastic degradation. It is assumed that the link 
capacity follows a uniform distribution [38]. The 
upper bound of the uniform distribution interval 
length of the link capability is the design capability 
c̅

a
, while lower bound is a fraction θa of the design 

capacity. According to Lo and Siu [38], the mean 
and variance of path travel time distribution are ob-
tained as below.
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where w is a specific O-D pair, k is a specific path, 
Tw

k,i is the random variable of travel time of user 
class i on path k between O-D pair w, c̅a is design 
capability on link a, θa is worst-degraded coefficient 
on link a, δw

a,k is the relationship between path k and 
link a. Note that δw

a,k =1 if a is contained by k, other-
wise δw

a,k=0.

3.2 Reference point
The reference point (RP) is the turning point of 

risk attitudes of travellers. More specifically, when 
the path travel time is smaller than the RP, the trav-
ellers may be risk averse. In contrast, the travellers 
could be risk seeking when the path travel time is 
larger than the RP. The endogenous RP proposed by 
Xu et al. [33] is adopted in this article. As noted, we 
know that link capacity degradations cause the varia-
tion of link and path travel time. Travellers, therefore, 
do not know the exact time to arrive at their desti-
nation because of random variation in path travel 
time. Most travellers will choose to depart earlier or 
increase travel time margins based on average trav-
el time to avoid late arrivals. Thus, the travel time 
budget can be defined as the summation of the aver-
age travel time and the travel time margin. The travel 
time budget can be expressed as follows:

, ,b E T w k i, , ,k i
w

k i
w

i k i
w 6m v= +^ h  (4)

where bw
k,i is travel time budget of user class i on 

path k between the O-D pair w, σw
k,i is the standard 

deviation of the random variable Tw
k,i , λi is a param-

eter related to the user class i on-time arrival proba-
bility ρi, written as:

, ,P T b E T w k i, , , ,k i
w

k i
w

k i
w

i k i
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i 6# m v t= + =^ h" ,  (5)

derive these values. Xu et al. extended these two 
models to consider endogenous reference point 
(RP) in a multiclass CPT-UE model for stochastic 
networks [33], which is more competent to predict 
the long-run user equilibrium flow pattern. Wang 
and Xu further encapsulated endogenous RP in [33] 
into a CPT-UE model [34]. In particular, they con-
sidered a degradable transport network caused by 
inevitable natural disasters and traffic accidents. 
Wang and Sun extended the model in [34] to em-
brace stochastic perception error (SPE) in route 
choice decision process of travellers [35]. Yang and 
Jiang developed a CPT-SUE model instead of the 
CPT-UE model by relaxing the assumption of the 
UE model [36]. To the best knowledge of the au-
thors, there is insufficient study on applying CPT to 
describe the route choice behaviour of travellers in 
the SUE model with distance limit. To this end, we 
improved the CPT-SUE model through incorporat-
ing the constraints of multiple user classes (i.e., gas-
oline vehicles (GVs) and BEVs) and distance limit 
of BEVs to handle the range anxiety issue and the 
perfectly rational issue jointly.

3. CALCULATION OF CUMULATIVE 
PROSPECT VALUE
To simplify the complexity of the improved 

CPT-SUE model, a series of assumptions are pro-
posed based on the research of Jiang et al [19].

 – GV users and BEV users are considered for the 
travel demand population.

 – Total travel demand for each type of vehicle at 
each origin is fixed.

 – GV users and BEV users spend the same amount 
of time on the same path.

 – All BEVs are assumed to be fully charged at or-
igins. 

3.1 Path travel time distribution
In this study, the Bureau of Public Roads (BPR) 

function (see [37]) is adopted as the following:

,T x C t C
x a1a a a a

a
a0 6a= +
b^ ah k: D  (1)

where a is a specific link, ta
0 is free-flow travel time 

on link a, xa is flow on link a, Ca is capacity on link 
a, α and β are deterministic parameters.

In a degradable transport network, link capaci-
ty is stochastically changing due to major events, 
such as earthquakes and traffic incidents. Therefore, 
the link capacity is a random variable subject to 
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where ω(p) is perceived weight probability of an 
event, p is actual probability of an event, γ is the 
degree of distortion of the probability judgment 
in the decision process, 0<γ<1.

3) Cumulative prospect value
The cumulative prospect value (CPV) is calcu-
lated by the value function and the probability 
weight function. According to Zhang et al [43], 
the CPV perceived by the user class i on path 
k between the O-D pair w can be described as 
follows:
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where F(Tw
k,i) is distribution function of Tw

k,i, ω
+ 

and ω- are gain area and loss area of probability 
weighting function, respectively, _u w

k,i and u̅w
k,i are 

lower bound and upper bound of the path travel 
time of user class i on path k between the O-D 
pair w, respectively.
In this paper, the former is assumed to be free-

flow travel time. The latter is considered as below.

, ,varu E T T w k i3, , ,k i
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w 6= +^ ^h h  (11)

4. STUDY MODEL

4.1 The improved CPT-SUE model
In this paper, the travellers choose the path based 

on path prospect instead of path travel cost. The 
path prospect Vw

k,i can be regarded as a random vari-
able distributed in the overall travellers, which can 
be expressed as follows:

, ,V v w k i, , ,k i
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where vw
k,i is deterministic part, εw

k,i is random error.
It is assumed that the random error terms are in-

dependently and identically distributed (IID) Gum-
bel variates. The probability that user class i choos-
es path k can be exhibited as follows:
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where θi is familiarity of user class i with the road 
network conditions.

According to SUE assignment theory, the equi-
librium conditions can be expressed as follows:

where ρi is on-time arrival probability within the 
travel time budget. Equation 6 then can be derived 
from Equation 5 and is given by:
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where Φ-1 is the inverse function of the standard 
normal cumulative distribution function. In this ar-
ticle, the minimum travel time budget is regarded as 
endogenous RP, that is 

,minu b w i, ,i
w

k
k i
w

0 6= " ,  (7)

where uw
0,i is RP of user class i between O-D pair w.

3.3 Cumulative prospect theory
The cumulative prospect theory (CPT) provides 

a well-supported descriptive paradigm for decision 
making of individuals under risk or uncertainty 
[33]. The key elements of CPT are the value func-
tion and the probability weight function. CPT has 
three features that have been observed in numerous 
behavioural experiments: (i) People tend to identify 
gains or losses relative to a reference point before 
making a choice [39]. (ii) People are usually more 
concerned about potential losses than potential gains. 
At the same time, they are risk aversion over gains 
and risk seeking over losses [40]. (iii) People tend to 
overweigh small probability events and underweigh 
moderate and high probability events [41].
1) Value function

In this section, we use the value function instead 
of utility function to capture individual’s risk at-
titude. Value function exhibits concave for the 
gain, convex for the loss, and its curve is steeper 
in the loss region than the gain region. Accord-
ing to Xu et al. [33], value function is described 
as below.
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where ϑ and η are the degree of diminishing 
sensitivity of value function, 0<ϑ, η<1, μ is 
loss-aversion coefficient, μ≥1.

2) Probability weighting function
It is assumed that the travellers make decisions 
based on perceived probabilities, which relaxes 
the assumption that decision makers can act ra-
tionally with perfect information about all pos-
sible probabilities. The probability weighting 
function proposed by Prelec [42] is adopted in 
this paper as shown below.

exp lnp p 0 1< <~ c= - - c^ ^h h6 @  (9)



Yan D, Guo J. A Multiclass Cumulative Prospect Theory-Based Stochastic User Equilibrium Model with Path Constraints in... 

Promet – Traffic&Transportation, Vol. 33, 2021, No. 5, 775-787 779

, ,ln lnS v f q v f w k i1 0, ,
*

, ,
*

k i
w

i
k i
w

i
w

k i
w

k i
w$ 6i+ - - =^ _h i: D  (24)

, ,ln lnS v f q v w k i1 0, ,
*

,k i
w

i
k i
w

i
w

k i
w 6$i+ - -^ _h i: D  (25)

, ,f w k i0,
*

k i
w 6$  (26)

When fwk,i>0, we have
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Substituting Equation 22 by Equation 27, we have
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Obviously, Equation 28 is equivalent to the SUE 
condition. Thus, it is proved that the solution of 
VI model is equivalent to the solution of the im-
proved CPT-SUE model.

2) The existence of model solution
Proposition 2: The VI model has at least one 
solution.
Proof: Let

,ln lnS v f q vF f 1
,
*

, ,
*
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i
w
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i= + - -^ ^ _h h i   

and F(f) represents a vector with Fw
k,i(f) as an el-

ement. The distribution function of link travel 
time is assumed to be a continuous function of 
the link flow. According to Equations 4–7, it is easy 
to know that RP is a continuous function of the 
path flow, so F(f) is also a continuous function 
of the path flow. According to constrains 15–19, it 
is certainly true that the feasible path flow set is 
a compact convex set. Based on the VI theorem, 
the solution of Equation 23 exists.

4.3 MSA-based solution to the VI model
The MSA is a popular algorithm for solving 

stochastic user equilibrium model because of its 
simplicity and ease of engineering implementation. 
Based on this, we choose the MSA algorithm to 
solve the equivalent VI model. The steps of apply-
ing the MSA algorithm to solve the VI model are 
presented below.
Step 0: Parameter settings. Determine feasible path 
set. The distance limit of BEVs is set to a certain 
value and the distance limit of the GV is infinity. 
The convergence tolerance ε and other parameters 
are given predetermined values.
Step 1: Initialisation. Calculate travel time 
budget {b(1)=(bk,i

w(1)), 6w,k,i} and CPV  
{v(1)=(vk,i

w(1)), 6w,k,i} based on zero flow. Calculate  
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where qi
w is demand of user class i between the O-D 

pair w, fwk,i is path flow of user class i on path k be-
tween the O-D pair w, Di is distance limit of the user 
class i, lk

w is the length of path k between the O-D 
pair w, xa is flow on link a, xa,i is flow of user class 
i on link a. 

The satisfaction is the expectation of the maxi-
mum utility alternative. In this paper, satisfaction is 
the expectation of the maximum CPV. The satisfac-
tion can also be expressed as a function of the vector 
of measured CPV, that is:

, ,maxS v E w kV i, ,k i
w

k
k i
w 6=^ `h j  (20)

It is noted that the partial derivative of the sat-
isfaction function of CPV of a path is equal to the 
choice probability of that path, that is:

( )S P kV
V Vk
k2

2
6=

^ h  (21)

where V is a vector with vw
k,i as an element.

According to Sheffi [44], the satisfaction func-
tion of the route choice problem is defined as fol-
lows:

, ,ln expS v v w k i1
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4.2 The equivalent VI model
The improved CPT-SUE model is formulated as 

the following equivalent VI model:
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For the proposed VI model, we next prove the 
equivalence and existence of the model solution be-
tween the improved CPT-SUE model and the pro-
posed VI model. 
1) The equivalency of model solution

Proposition 1: The VI model is equivalent to the 
improved CPT-SUE model.
Proof: According to the VI theorem, the VI mod-
el is equivalent to the following complementary 
relaxation conditions:
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Free-flow travel time, capacity (The values 
in Table 1 are adopted from Xu et al. [33]) and the 
worst-degraded coefficient θa for each link on the 
network is also shown in Table 1. The path compo-
sition and path length are exhibited in Table 2 (The 
values in the Table 2 are adopted from Jiang and Xie 
[9]).

5.2 Path flow comparison 
The variational inequality model and the corre-

sponding MSA based solution algorithm are coded 
in MATLAB 2018a. The network equilibrium solu-
tions are shown in Table 3 and Table 4.

On one hand, in Table 3 and Table 4, it can be seen 
that the path flows assigned by the improved CPT-
SUE model is significantly different from path flows 

initial path flow {f(1)=(fk,i
w(1)), 6w,k,i} based on 

Equation 14, and then yield a set of {x(1)=(xa
(1)), 6a}. 

Set iteration counter n=1.
Step 2: Update. Update travel time budget and CPV 
according to Equation 4 and Equation 10.
Step 3: Direction finding. According to Equation 14, 
calculate the auxiliary path flow {g(n)=(gk,i

w(n)), 6w,k,i} 
based on updated CPV. 
Step 4: Move. Update the path flow as 
f(n+1)=f(n)+(1/n)(g(n)-f(n)). 
Step 5: Convergence test. If ǀǀf(n+1)-f(n)ǀǀ/ǀǀf(n)ǀǀ≤ε, 
then stop. If not, set n=n+1 and go to Step 2.

5. NUMERICAL EXAMPLE

5.1 Preliminary
The Nguyen-Dupuis network is selected for test-

ing the purpose of this paper. The Nguyen-Dupuis 
network consists of 4 O-D pairs, 13 nodes, and 19 
links, as shown in Figure 1. For each O-D pair, the 
travel demand is q1-2=660, q1-3=495, q4-2=412.5, 
and q4-3=495, respectively. The coefficients of the 
BPR function are set to α=0.15 and β=4. The pa-
rameters of the value function are assumed to be 
ϑ=η=0.88 and μ=2.25. The parameter of probabili-
ty weighting function is considered as γ=0.74. For 
the GV and BEV users, the on-time arrival proba-
bility is assumed to be ρ=[0.7,0.8] and the disper-
sion parameter (i.e., familiarity of travellers with 
the road network conditions) is set to θ=[0.3,0.5]. 
In addition, the market share of GV and BEV is 
set to τ=[0.7,0.3]. The distance limit of BEV is 
set to D2=40. The iteration accuracy is defined as 
ε=0.0001.

Table 1 – Link characteristics

No. Link ta
0 c̅a θa No. Link ta

0 c̅a θa

1 1-5 7 300 0.8 11 8-2 9 500 0.7

2 1-12 9 200 0.8 12 9-10 10 550 0.6

3 4-5 9 200 0.7 13 9-13 9 200 0.8

4 4-9 12 200 0.8 14 10-11 6 400 0.7

5 5-6 3 350 0.6 15 11-2 9 300 0.7

6 5-9 9 400 0.6 16 11-3 8 300 0.6

7 6-7 5 500 0.7 17 12-6 7 200 0.8

8 6-10 13 250 0.8 18 12-8 14 300 0.7

9 7-8 5 250 0.7 19 13-3 11 200 0.7

10 7-11 9 300 0.7

1 12

6 7 8

211109

13 3

54

Origin node Destination node Ordinary node

Figure 1 – Nguyen-Dupuis network
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Table 2 – Path composition and length

O-D Path Node sequence Path length O-D Path Node sequence Path length

1-2

1 1-12-8-2 32

1-3

9 1-5-9-13-3 36

2 1-5-6-7-8-2 29 10 1-5-6-7-11-3 32

3 1-5-6-7-11-2 33 11 1-5-6-10-11-3 37

4 1-5-6-10-11-2 38 12 1-5-9-10-11-3 40

5 1-5-9-10-11-2 41 13 1-12-6-7-11-3 38

6 1-12-6-7-8-2 35 14 1-12-6-10-11-3 43

7 1-12-6-7-11-2 39 -- -- --

8 1-12-6-10-11-2 44 -- -- --

4-2

15 4-9-10-11-2 37

4-3

20 4-9-13-3 32

16 4-5-6-7-8-2 31 21 4-9-10-11-3 36

17 4-5-6-7-11-2 35 22 4-5-9-13-3 38

18 4-5-6-10-11-2 40 23 4-5-6-7-11-3 34

19 4-5-9-10-11-2 43 24 4-5-6-10-11-3 39

-- -- -- 25 4-5-9-10-11-3 42

Table 3 – The network equilibrium solutions calculated by the improved CPT-SUE model

O-D Path GV flow BEV flow CPV (GV) CPV (BEV) Mean path time Path time st. dev. 

(1, 2)

1 214.98 130.69 2.31 6.80 112.35 16.99 

2 104.82 46.00 -0.09 4.58 115.05 17.09 

3 39.88 10.63 -3.22 1.67 118.49 17.01 

4 9.40 1.16 -7.93 -2.71 123.21 17.33 

5 42.46 0.00 -3.17 -100000000 119.34 14.37 

6 33.91 7.88 -3.56 1.36 118.85 16.99 

7 12.08 1.64 -6.88 -1.71 122.29 16.91 

8 4.47 0.00 -11.83 -100000000 127.01 17.23 

(1, 3)

9 108.93 59.66 3.40 9.92 172.01 25.94 

10 86.30 39.07 2.81 9.14 167.13 38.38 

11 26.25 6.00 -1.04 5.48 171.85 38.53 

12 76.81 32.73 2.38 8.74 167.98 37.29 

13 35.37 11.04 -0.27 6.21 170.93 38.34 

14 12.84 0.00 -4.20 -100000000 175.65 38.48 

(4, 2)

15 111.48 61.88 2.94 8.64 143.81 22.27 

16 94.03 48.33 2.58 8.13 140.08 31.31 

17 38.22 11.91 -0.22 5.47 143.51 31.26 

18 10.76 1.63 -4.28 1.61 148.23 31.44 

19 34.26 0.00 -0.57 -100000000 144.36 29.91 

(4, 3)

20 99.20 58.35 3.98 11.62 196.48 31.02 

21 87.67 45.01 3.69 11.17 192.45 40.99 

22 46.01 22.99 1.56 9.25 197.04 36.89 

23 52.78 18.02 1.77 9.23 192.16 46.49 

24 16.02 4.13 -2.00 5.64 196.88 46.61 

25 44.82 0.00 1.25 -100000000 193.01 45.59 
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the mean travel time on path 5 is larger than that of 
path 3 or path 6, but its standard deviation of path 
travel time is smaller than these two paths. Some 
travellers who require high travel time reliability 
will choose paths with less travel time fluctuation, 
so that the flow on path 5 is higher than that of these 
two routes. Similar situation also occurs in other 
OD pairs. In Table 4, all travellers choose a path with 
a low mean travel time without considering travel 
time standard deviation. In other words, the results 
of the path flow assigned by the proposed mod-
el show that travellers are bounded rational when 
choosing a path, while the results of the path flow 
assigned by the EUT-SUE model with distance limit 
indicate that travellers are perfectly rational when 
choosing a path. Therefore, it can be concluded that 
the proposed model can deal with the perfectly ra-
tional issue.

assigned by the EUT-SUE model with distance 
limit. This may be because these two models have 
different behavioural assumptions. The improved 
CPT-SUE model assumes that travellers are bound-
ed rational when choosing a path. In other words, 
when travellers choose a path, they will first judge 
the gains and losses based on the reference point, 
and then they will combine the gains and losses with 
subjective probability weights to obtain the CPVs 
of different paths. Finally, the travellers choose the 
path based on the CPV of each path. In contrast, the 
EUT-SUE model with distance limit assumes that 
all travellers are perfectly rational when choosing a 
path. They choose a path based on mean path time 
without a series of psychological processes required 
by the cumulative prospect theory.

On the other hand, in Table 3, some travellers 
choose paths with high mean travel time but low 
travel time standard deviation. More specifically, 

Table 4 – The network equilibrium solutions calculated by the EUT-SUE model with distance limit

O-D Path GV flow BEV flow Mean path time (GV) Mean path time (BEV) Path time st. dev. 

(1, 2)

1 213.79 137.61 113.16 113.16 17.05 

2 100.57 41.18 115.71 115.71 17.21 

3 42.50 10.01 118.45 118.45 17.06 

4 11.55 1.16 122.67 122.67 17.34 

5 40.80 0.00 118.66 100000000.00 14.30 

6 33.20 6.47 119.16 119.16 17.02 

7 14.13 1.57 121.90 121.90 16.86 

8 5.46 0.00 126.12 100000000.00 17.15 

(1, 3)

9 103.51 52.12 168.83 168.83 25.18 

10 89.62 42.95 169.09 169.09 39.24 

11 24.60 5.03 173.30 173.30 39.36 

12 85.18 39.46 169.29 169.29 38.12 

13 32.67 8.94 172.54 172.54 39.15 

14 10.92 0.00 176.76 100000000.00 39.28 

(4, 2)

15 100.53 55.78 141.74 141.74 21.93 

16 97.84 53.02 141.94 141.94 31.77 

17 41.04 13.39 144.48 144.48 31.69 

18 11.17 1.56 148.69 148.69 31.84 

19 38.17 0.00 144.68 100000000.00 30.28 

(4, 3)

20 107.50 62.21 192.11 192.11 30.17 

21 90.95 47.75 192.58 192.58 41.59 

22 45.16 15.81 195.11 195.11 36.70 

23 47.02 20.02 194.86 194.86 47.46 

24 12.52 2.71 199.33 199.33 47.56 

25 43.35 0.00 195.32 100000000.00 46.54 
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First, it can be seen that each path carries the 
GV flow under different distance limits because the 
driving range of the GV is not subject to distance 
limit. In contrast, not every path carries BEV flow 
under different distance limits, for example, when 
the distance limit is equal to 27, the BEV flow on 
all paths is zero. This is because the distance limit 
significantly affects the driving range of the BEV. 

Second, it can be observed that path flows of 
the GV and the BEV mainly focus on two paths 
(e.g. path 1 and path 2). Other paths carry very 

5.3 Influence of distance limit parameter 
on path flows

In order to verify the capability of the proposed 
model to deal with range anxiety issue, we analyse 
the influence of distance limit on path flows of GV 
and BEV. More specifically, for all integer values 
of the path length (see Table 2), we studied the influ-
ence of integer value of the distance limit (i.e., 27 
to 45) on the path flows of GV and BEV, as shown 
in Figure 2. 
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Figure 2 – Variations of path flows of GV and BEV with the distance limit
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The free-flow travel time, i.e., ta
0 and capacity of 

each link, i.e., c̅a are shown in Table 5, and the path 
composition and path length are exhibited in Table 6 
(The values in Table 5 and Table 6 are adopted from 
Li and Lang [45]). In addition, the worst-degraded 
coefficient θa for each link is also shown in Table 5.

The improved CPT-SUE model and the EUT-
SUE model with distance limit are run on the small 
network respectively, and then the network equilib-
rium solutions are obtained as shown in Table 7 and 
Table 8. In addition, for this small network, we also 
studied the influence of distance limit on path flows 
of the GV and the BEV, as shown in Figure 4. 

little flows, especially the BEV flow. This may be 
because these two paths have less travel time and 
higher travel time reliability than other paths. In this 
way, the CPVs of these two paths will be greater. 
Therefore, more flow will be assigned to these two 
paths.

Third, when the distance limit becomes tighter, 
the variations of the GV flow and the BEV flow with 
distance limit are opposite on some paths (e.g. path 
1, path 9, and path 15). This may be because route 
choice behaviour of BEV users is strongly restricted 
by distance limit, so they tend to choose paths that 
are not subject to distance limit. In this case, these 
paths chosen by BEV users will become oversatu-
rated. Further, this will cause an important decline 
in the capacity of the links contained in those paths, 
which in turn will lead to a substantial increase in 
travel time and a significant reduction in travel time 
reliability. In this way, GV users prefer to use those 
unsaturated paths to reduce their travel time. There-
fore, on some paths, the changes of GV flow and 
BEV flow with distance limit will be opposite.

Finally, when the distance limit becomes looser, 
the variations of the GV flow and the BEV flow with 
the distance limit are slightly similar on some paths 
(e.g. path 2, path 12, and path 21). This may be be-
cause distance limit gradually loses the restriction 
on BEV users. In this case, there is no difference 
between BEV users and GV users when choosing a 
path, that is, they tend to choose a path with a larger 
CPV.

5.4 Generality analysis of the improved 
CPT-SUE model

In order to verify the generality of the proposed 
improved CPT-SUE model, we run this model and 
the associated algorithm on a small network. The 
small network consists of 1 O-D pair and 5 links, 
as shown in Figure 3. The O-D demand is 1000. The 
distance limit of BEV is set to D2=12. The other pa-
rameters are the same as those in the Nguyen-Du-
puis network.

Table 6 – Path composition and length

Path Node sequence Path length

1 1-2-4 13

2 1-2-3-4 14

3 1-3-4 9

Table 7 – The network equilibrium solutions calculated by the improved CPT-SUE model

O-D Path GV flow BEV flow CPV (GV) CPV (BEV) Mean path time Path time st. dev. 

(1, 2)

1 311.77 0 0.04 -100000000 14.12 0.47 

2 140.74 0 -2.57 -100000000 15.63 0.57 

3 247.48 300 -0.72 -0.56 13.81 2.36 

Origin node Destination node Ordinary node

1

2

4

3

Figure 3 – Small network

Table 5 – Link characteristics

No. Link ta
0 c̅a θa

1 1-2 5 600 0.6

2 1-3 6 500 0.6

3 2-3 7 600 0.8

4 2-4 8 500 0.7

5 3-4 3 700 0.7
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inequality model and associated MSA based solu-
tion are provided, and the existence and equivalence 
of model solution are also proved. 

The numerical test is conducted on the well-
known Nguyen-Dupuis network and small network 
to compare path flows of GV and BEV calculated 
by the improved CPT-SUE model and EUT-SUE 
model with distance limit, and to perform analysis 
of the influence of distance limit on path flows of 
GV and BEV. The network equilibrium solutions 
calculated by the improved CPT-SUE model indi-
cate that the travellers are boundedly rational when 
making route choice decisions. More specifically, 
some travellers choose paths with high mean but 
low standard deviation. In addition, distance limit 
has a significant impact on the assignment results of 
path flows of GV and BEV, that is, the loose or tight 
distance limit determines that the GV flow and the 
BEV flow have opposite or similar trends. There-
fore, it can be concluded that the improved CPT-
SUE model can solve the range anxiety issue and 
perfectly rational issue jointly.

In the future, the improved CPT-SUE model 
can be tested on a larger network to find a balance 
between the computational tractability and model 
complexity. In addition, elastic demand instead of 
fixed demand can also be incorporated to further 
improve the proposed model.
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In Table 7 and Table 8, it can be seen that the trav-
eller’s route choice behaviour is the same as that 
of Table 3 and Table 4. More specifically, the network 
equilibrium solutions calculated by the improved 
CPT-SUE model show that some travellers choose 
paths with high mean but low standard deviation, 
such as path 1 compared to path 3. The network 
equilibrium solutions calculated by the EUT-SUE 
model with distance limit indicate that all travellers 
choose a path with a low mean without considering 
standard deviation. In addition, it can be seen that 
the change trend of path flows of GV and BEV with 
distance limit is similar to that of Nguyen-Dupuis 
network. For example, the variations of the GV flow 
and the BEV flow with distance limit are opposite 
on some paths. Therefore, it can be concluded that 
the proposed improved CPT-SUE model has gener-
al applicability.

6. CONCLUSIONS
With the increasing adoption of BEVs in road 

networks, range anxiety is inevitably considered in 
the process of traffic assignment modelling. In ad-
dition, perfectly rational issue is also to be handled 
for traffic assignment models to provide a better de-
scriptive paradigm for individuals’ decision making 
under risk or uncertainty. In order to deal with these 
two issues, this paper improves the CPT-SUE model 
in a degradable transport network through incorpo-
rating the constraints of multiple user classes and 
distance limit, for which, an equivalent variational 
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Figure 4 – Variations of path flows of GV and BEV with the distance limit

Table 8 – The network equilibrium solutions calculated by the EUT-SUE model with distance limit

O-D Path GV flow BEV flow Mean path time (GV) Mean path time (BEV) Path time st. dev. 

(1, 4)

1 281.75 0 13.93 100000000 0.42 

2 161.76 0 15.75 100000000 0.60 

3 256.48 300 14.24 14.24 2.53 
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路径约束下基于累积前景理论的多用户降级路
网SUE模型

摘要

在纯电动汽车（BEV）的交通分配中，有限的
驾驶范围以及电池充电站的不可用或不充足导致了
范围焦虑问题。此外，出行者路径选择决策时，基
于期望效用理论的随机用户平衡（EUT-SUE）模型
具有完全理性问题。为了解决这两个问题，本文通
过考虑多用户类和距离限制的约束，改进了降级路
网中基于累积前景理论的随机用户平衡 (CPT-SUE)
模型。在该降级路网中，路段通行能力下降导致
出行者出行时间的随机波动。对于改进的CPT-SUE
模型，我们提供了等价的变分不等式(VI)模型和相
继平均法(MSA)的算法。我们测试并比较了改进的
CPT-SUE模型和具有距离限制的EUT-SUE模型，结
果表明，改进的CPT-SUE模型可以同时解决范围焦

虑问题和完全理性问题。

关键词

随机用户平衡；累积前景理论；期望效用理论； 

距离限制；变分不等式；相继平均法
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