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Calibration of Undrained Shear Strength Partial Factor Using Probability Theory

Filip Dodigovi¢*, KreSo Ivandi¢, Bozo Soldo, Kristijan Grabar

Abstract: Design in accordance with Eurocode 7 applies the partial factors of geotechnical parameters to take into account uncertainties of various sources. The prescribed values
of partial factors are unique, even though the degree of uncertainty can vary significantly. This can lead to an unequal reliability level of structures designed using the same
procedures and methods. This paper analyses the influence of undrained shear strength variability on the reliability index (8), using reliability theory and statistical methods.
Analyses were performed in the case of a shallow footing designed in accordance with Eurocode 7, design approach 3. It is shown that reliability indexes of a shallow footing could
be lower than the target values prescribed in Eurocode. To meet these values, additional elaboration and calibration of undrained shear strength partial factor () was proposed.
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1 INTRODUCTION

The measure of safety of geotechnical structures
designed in accordance with Eurocode is regulated by the
application of partial factors (PF) to actions, materials, and
resistances. In this way, instead of one uncertainty applied to
the whole model, they are considered separately for each
component of that model [1]. The influence of PF values on
structural reliability has been investigated by several authors
[2-6]. These studies can generally be divided into two groups:
direct studies, which directly calculate the reliability of
structures using the prescribed values of PF, and indirect
studies, which calibrate PF values to achieve the target value
of the reliability index (f) [7]. The reliability index is defined
as the negative value of the inverse Gaussian distribution of
probability failure. Calibration of PF wvalues can be
performed using reliability methods [8]. However, almost all
values used in modern codes have been calibrated against
previous successful experience, with very little use of
reliability methods [9].

One of Eurocode’s objectives is to provide a similar level
of structural reliability, regardless of the relationship between
actions, material strengths, and resistances. Tab. 1 shows the
three reliability classes associated with the recommended
minimum reliability index (f) values for two reference
periods [8].

Table 1 Recommended minimum values for reliability index for ULS
Minimum values for £

Reliability Class 1 year reference period | 50 years reference period
RC3 5.2 4.3
RC2 4.7 3.8
RCl1 4.2 33

A common reliability class considered in everyday
practice is the RC2, which includes residential, commercial,
and public buildings with medium failure consequences
(e.g. office buildings). Reliability indexes shown in Tab. 1
are recommended minimum values for structures designed
in accordance with the Eurocodes.

It can be noted that the reliability indexes for a lower
reference period are higher, which may seem illogical at first
glance. In geotechnical engineering, this can be interpreted

as the influence of time on soil degradation due to softening.
This problem is addressed by [10]. In the example of a
retaining wall, they showed that due to soil degradation, the
reliability index would decrease from 4.7 to 3.8 over a period
of 30-40 years. Analyses were performed using partial
factors, which were calibrated to a reference period of 50
years.

Meyerhof [11] claims that the probability of failure of
retaining structures and foundations, designed with the
typical values of the overall factor of safety, is 107 to 107
(3.1 < p<3.7), which he finds satisfactory.

Compared to Eurocode 7, which prescribes a unique
partial factors value, the Canadian Standards Organization
[12] distinguishes their values with respect to the "degree of
understanding". The "degree of understanding" adjusts
resistance factors as a function of site and model
understanding. Concerning the above, three classes are
defined: low, typical, and high "degree of understanding". A
similar categorization of site variability in piles bearing
capacity analysis, based on the values of the coefficient of
variation (COV) of geotechnical parameters, is proposed by
Paikowsky et al. [13]: low (COV < 25%), medium (25% <
COV < 40%) and high (COV > 40%) site variability. The
coefficient of variation is defined as the ratio between the
standard deviation and the mean value of a random variable.

Based on several calibration studies, Phoon [14]
proposes three categories of parameter variability (low,
medium, and high) to achieve reasonable, uniform reliability
levels of geotechnical structures (Tab. 2).

Table 2 Ranges of soil property variability for reliability calibration [14]

Geotechnical parameter Property variability COV (%)
Low * 10-30
Undrained shear strength Medium * 30-50
High © 50-70
Low * 5-10
Effective stress friction angle Medium ® 10-15
High ¢ 15-20
Low * 30-50
Horizontal stress coefficient Medium ° 50-70
High ¢ 70-90

“typical of good quality direct lab or field measurements; ° typical of indirect
correlations with good field data, except for the standard penetration test
(SPT); “typical of indirect correlations with SPT field data and with strictly
empirical correlations.
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2 STATEMENT OF THE PROBLEM

Regardless of the uncertainty degree, Eurocode 7
prescribes a unique value of a partial factor for a geotechnical
parameter. The consequence is an unequal level of structural
reliability, which does not correspond to the initial
Eurocode’s intention to ensure an equal reliability level.

In addition to the above, results presented by several
authors ([3, 6]) indicate that the reliability index (f) of
shallow foundations designed in accordance with EC7 could
be lower than values prescribed in Tab. 1. Murakami et al.
[6] investigated the relationship between the PF and £ in the
case of an open channel. They showed that the Ve, value

prescribed in Eurocode 7 is not sufficient to ensure the
recommended minimum reliability index, i.e. its value should
be increased. More specifically, for the CO Vi = 0.3, toreach

F=3.8, Ve, ®2.8 is required. Similar results were presented

by Forrest & Orr [3], on the example of a shallow foundation
designed according to Eurocode 7.

This paper considers a shallow foundation which is
centrally loaded with permanent action. In order to define the
relevant random variables, the Sobol sensitivity analysis was
conducted. The analysis determined the contribution of
individual random variables to the total system response
variance. The variables with a smaller Sobol index (S7) value
can be frozen. In this case, the overall factor of safety (FS)
was chosen for system response, and the analysis considered
three random variables: undrained cohesion (cu), permanent
and (V) 1 variable (V) load. The following Sobol indices
values were obtained: SI, =0.98, S/, =0.013 and S[VQ =

0.007. The results show that ¢, is the dominant variable,
whereas the contributions from V¢ and V) are negligible. For
the graphic presentation of the results, only two random
variables were chosen (¢, and V), while Vp was excluded
from further analyses due to its negligible SI value.

The main goal of this paper is additional elaboration and
calibration of the Ve, value prescribed in Eurocode 7, design

approach 3. The partial factor is calibrated for the ULS
(GEO) of shallow footing, RC2 reliability class and a 50-year
reference period. To ensure a y, - value that will provide the

minimum recommended reliability index of 3.8, calibration
was performed for the critical combination of geometry, load,
and soil parameters. Additional y,  elaboration was

proposed based on the uncertainty degree of ¢, that is
quantified by the coefficient of variation (cov, ).

To meet the main goal, the following subsidiary goals are

defined:

o the critical combination of geometry and load parameters
determination using multiparameter analysis

e undrained shear strength variability quantification

e investigation of the influence of the marginal distribution
of undrained shear strength on f and Yeu

o selection of the appropriate calibration method

e comparison of results obtained using calibrated partial
factor values, with the results obtained using partial
factors prescribed in EC7, DA3.

3 MATERIALS AND METHODS

Calibration of Vey is performed in the case of the

ultimate limit state (GEO) of a square footing under a
permanent vertical load. The footing is analyzed in
accordance with Eurocode 7, DA3. The influence of the force
eccentricity on the £ value was also considered. In this case,
a permanent vertical force, along with moments, is applied
on the footing.

In all analyses, the following equality is satisfied: the
design action is equal to the design resistance, i.e. Eq = Rq.
The model geometry is shown in Fig. 1.

Reliability analyses are performed using the following
assumptions:

e ¢y, yand E4 are uncorrelated random variables
« foundation soil is coherent, homogeneous and isotropic
o the foundation soil is saturated.

///// g

7

Figure 1 Geometry of the model

Ya Cu /

The First Order Reliability Method (FORM) was
selected as the calibration method, and the design values of
the random variables for partial factor calibration were
determined from the graphical representation of the problem
in the standard normal (U) space. The above is practicable
due to the number of random variables. The performance
function is relatively simple, so it is expected that the
iterative procedure within the FORM analysis will converge
relatively quickly, with negligible error. Based on FORM
results, the calibrated PF values were calculated as follows:

Cup

Vey = (1
Cug

where: Yoy - undrained shear strength partial factor; ¢, 4

the design value of ¢,; ¢ - the characteristic value of c.

u

Partial factor value for the permanent load is taken from
Eurocode 7.
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3.1 Random and Deterministic Variables in the Reliability
Analysis

The reliability integral of the problem consists of two
random variables: undrained shear strength (c¢,) and
permanent vertical load (V). The soil unit weight (y) is
considered to be a deterministic variable since its prescribed
partial factor (y,) value equals to one [15], i.e. COV, = 0.
Similarly, Murakami et al. [6] showed that y, for shallow
foundation is in the range of 1-1.05. All other parameters are
considered to be deterministic variables. The characteristics
of random variables are shown in Tab. 3.

Table 3 Characteristics of random variables

Raqdom Designation Statistical distribution cov
variable

Vs X1 Normal 0.1

Cu X2 Normal, Lognormal* changeable

* reliability analyses are performed both for normally and lognormally
distributed ¢,

Due to low variability, a permanent load can be assumed
to be normally distributed, and its characteristic value equals
the mean [8].

Relevant literature gives different recommendations on
the ¢, statistical distribution. According to [16, 17], ¢, is
lognormally distributed, and the value of COV depends on
the determination method. Hooper & Butler [18] investigated
the properties of London clays. Based on the histograms, they
concluded that the probability density function (PDF) of ¢, is
probably normal. Murakami et al. [6] concluded the same,
but in the case of large variability, they recommend the use
of lognormal PDF. Reliability analyses with both (normal
and lognormal) assumptions were performed in this paper.

Characteristic values of geotechnical parameters were
calculated from the mean values using Eq. 2 [19].
Corresponding design values are determined according to
EC7, DA3 [15].

COVXJ @)

Xy =vm(1— 2

where: xp, - is the mean value of X; COV; - is the coefficient
of variation of X.
3.2 Reliability Integral

The reliability integral is approximated using First Order
Reliability Analysis (FORM). Because of a relatively simple
mathematical expression of the performance function,
relatively fast convergence and small error are expected.
3.2.1 Performance Function (PF)

Performance function is defined as follows [20]:

g=R-S§ (€))

where R = r(R), and S = 5(s) - random variables related to
resistances and actions.

In the case of a shallow foundation, R and S can be
expressed in the following way [15]:

S=E;=y;V;=135V, @)
R . ,
Rznyszd=[(n+2)~cu7d-sc-zc+q]-/l %)

where: Eq - design value of the effect of actions, Vg -
characteristic value of permanent load, y¢ - partial factor for
a permanent action, ¢4 - undrained shear strength design
value; sc, ic - dimensionless factors for the shape of the
foundation and the inclination of the load; ¢ - the design total
overburden pressure at the level of the foundation base.

Dimensionless factors s. and i, are calculated using
equations from [15].

Substituting the terms in the expressions (3) with the
expressions (4) and (5), and by replacing the designation of
random variables in accordance with Tab. 3, the performance
function in the physical space (X space) yields:

g(xl,xz):[(n+2)-x2-sc-ic+q]-A’—x1 (6)

To simplify the reliability analysis, random variables are
transformed from the X space to the standard normal space
(U space). The Nataf transformation is used to construct a
normal cumulative probability density function (Nataf
model) by transforming original variables into standard
normal variables [21]. The Nataf transformation is an
approximate method, for which the following input
parameters are required: the covariance matrix and marginal
cumulative density functions (CDF) of random variables [22,
23]. Because all variables are uncorrelated, and either normal
or lognormal, the Nataf transformation is very efficient.
Since analyses are performed with the assumptions that c,, is
both normally and lognormally distributed, results of the
transformations are two performance functions in the
standard normal space, Eq. (7) and Eq. (8).

800, X =[ (T +2)- (1, +0, 1) b5 i+ |- A= o
_(/uxl +O—x1 '141)

g0, xy) = [ (m+2)-e"22"2 s i 4 g A ®

_(:uxl + Oy - ul)

X; = .
1 X; .

where: u; =— - transformed random variable; .. -
o, !
1

mean value of the random variable x; o, - standard

deviation of the random variable x; 42, & - lognormal
distribution parameters of variable x,.

10
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3.2.2 Integrand

Since two different analyses are performed, it is
necessary to define two reliability integrals, and thus two
integrands. Both integrands were transformed into the
standard normal space using Nataf transformations. In the
standard normal space, their contours are concentric circles.
The first integrand is a bivariate joint PDF (Eq. 9), and the
second hybrid joint PDF of the normal and lognormal
distribution (Eq. 11).

X1x (xl > Xy )* =

* —

1 1 5 2} )
=P\~ 5| U — 2Py, —U)
2m1- p?, { 2(1—p2)[ ]

where:

X; — .
=" (10)

p12 - correlation coefficient between x; and x;

fxlxz (xl > X )* =

_ 11
2no1 5\ 1= pirx, V1=-m 2
where:
X — Hy
" _ Ty (12)
oy
1 -2
uy =02 A (13)
oy
K
7, _ Pk (14)
&

pi2 - correlation coefficient between x; and x;

Reliability integrals for the normally and lognormally
distributed ¢, are shown in Eq. 15 and Eq. 16, respectively.

]erlxz (x1, x,) *dx;dx, (15)

Sy (15 X5 )dx dx, (16)

P =
f g(x1,x2)*<0

P =
4 J.g(X1,X2)<0
3.3 First Order Reliability Method (FORM)

The method was developed by [24], to address the main
shortcomings of the First Order Second Moment (FOSM)
method. Unlike the FOSM, in which limit state function is
linearized at the point where all variables have a mean value,
in the FORM, it is linearized at the point on the failure surface
(or linearized at point A, or at the point OF). The procedure

includes the random variables and limit state function
transformation from the physical to the standard normal
space. Rosenblatt or Nataf transformations can be used for
this purpose [25]. Reliability analysis using FORM requires
knowledge of statistical distributions of random variables.

In this paper, the Nataf transformation is used for
transformations of random variables and the limit state
function into the standard normal space. Then, the reliability
index () is calculated performing the iterative procedure
shown in Fig. 2. The reliability index is defined as the
shortest distance from the origin to the failure surface (Fig.
3). The point on the failure surface closest to the origin is
named the Most probable Point (MPP). FORM analyses were
performed using a script written in the MATLAB
programming language.

///Input starting point /

v

u=u0, B=|ju]

PO

> 2= g
v

o, ve(m)

Prev=Bt 10w

U = Unew, B = Bnew

Y.
N * Unew-ulsgy
o lvelmed - veW S g
S IBen-Blsey
Stop
Figure 2 Flowchart of the FORM [26]
U}
g(ul,u2)>0

N

g(ul,u2)<0

Figure 3 Geometry representation of the reliability index ()

g(ul ,U.z):O
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3.4 Geotechnical Parameter Degree of Variability
Quantification

Degree of geotechnical parameter variation is quantified
by the values of the corresponding coefficient of variation
(COV). In this paper, the classification by Phoon [14] is
adopted (Tab. 2). Values of COV are divided into 3 classes,
and reliability indexes were calculated for the mean of each
class. Regarding the undrained shear strength, low, medium,
and high variability corresponds to the following cor,,

ranges: 10-30%, 30-50% and 50-70% respectively.
3.5 Partial Factor Calibration

The undrained shear strength partial factor (y.,) is
calibrated using the First Order Reliability Method (FORM).
Calibration was performed iteratively, by conducting a series
of reliability analyses to determine Vey> which corresponds

to the recommended minimum reliability index value of 3.8.
Analyses were performed using a script written in the
MATLAB programming language.

4 RESULTS AND DISCUSSION
4.1 Results of Multiparameter Analyses

Multiparameter analyses results are shown in Figs. 4 and
5. Influences of foundation geometry, load eccentricity, and
Cov, on the reliability index value were examined.

Analyses were performed for COVCu =0.2, 0.4, and 0.6, but
only the results for the case of cov, = 0.2 are presented.

The reason are similar trends obtained from the other two
analyses. The influence of load eccentricity on the f value is
shown in Fig. 4. The difference between the extreme f values
is in the 3" decimal place, so its influence was excluded from
further consideration. The B/L ratio also has no significant
impact on f (Fig. 5). The depth of the foundation base has a
significant effect on the § value, which can be seen in Fig. 5.
Regarding the foundation reliability index, the most
unfavorable depth is d = 0. The reason for this is the absence
of the total overburden pressure from soil bearing capacity,
at the foundation base level.

COV,,=02
3
25 2,668
: g
2,666 _cé
B
1,5 2
2664 F
=]
1 2
2,662
0,5
2,66
0
0 0,5 1 1,5 2 2,5 3

X
Figure 4 The influence of the load eccentricity on 4 value

COV,,=0.2

03 04 05 06 07 08 09 1
B/L
Figure 5 The influence of B/L ratio and the foundation base depth on j3 value

255

[}

15

d [m]

0,5

Based on the multiparameter analyses results, the
foundation geometry and the load position used in the partial
factor calibration are selected as follows: B=L=3.0m, d=
Omande;=¢e,=0m.

4.2 The Influence of Marginal Statistical Distribution of ¢,
Strength on S Value

Results of the reliability analyses with different
statistical distributions of the ¢, are shown in Figs. 6, 7, and
8. The limit state function gx(U) = 0 (magenta) represents the
case of normally distributed c,, and the g(U) = 0 (green) the
case of lognormally distributed c,. The trend of decreasing
by increasing CO Veu is visible when comparing their values

from Figs. 6, 7 and 8, which is within expectations. Also
noticeable is a significant difference between the f values
obtained with normally and lognormally distributed c,.

COVeu=0.2
Yeu= 1.4, 'YG:1 35

Figure 6 Comparison between reliability indexes, calculated with normally and
lognormally distributed c,,, case COV,, = 0.2

The differences between reliability indexes calculated
using normally and lognormally distributed ¢, are shown in
Tab. 4.

12
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Table 4 The difference between reliability indexes, calculated using normally and

lognormally distributed ¢,

prescribed in EC7, and their application would result in a

significantly more conservative design, compared to current

co V(‘u ‘Aﬁ‘ (abSOIute Value) ﬂlognormal/ﬂnormal practlce
0.2 0.749 1.29
0.4 0.542 1.38 55
0.6 0.444 142 ;
5 p—— Ycu,re(] ,CuNLN(p.,G) 5’15.
—— Ycu, EC7, DA3
4.5 A
4 4
_ 3.5 1
Iy PSS
/o # 2,899
[ 2,5 1
= .
Lo 15 1,569
=0 » ° ® ™
gt @) 1 14 1.4 14
0 01 02 03 04 05 06 07
COVv,_,

COVeu=04
"{cu:I 4, Y= 1.35

Figure 7 Comparison between reliability indexes, calculated with normally and
lognormally distributed c,,, case COV, = 0.4

COVei=0.6
"{cu:I 4, Y= 1.35

Figure 8 Comparison between reliability indexes, calculated with normally and
lognormally distributed c,, case COV;, = 0.6

4.3 Partial Factor Calibration (7cu )

Undrained shear strength partial factor was calibrated for
anormally and lognormally distributed c,. Calibration results

are shown in Fig. 9.
The results obtained using normally distributed ¢, are not

presented, because even in the case of low COV, ., 7.,
values are unreasonably high, and therefore not applicable in
practice. The same conclusion was presented by Murakami
etal. [6]. A trend of increasing y, ~with the COV increase

is visible in Fig. 9. All presented values are higher than those

Figure 9 The results of y. calibration

5 NUMERICAL EXAMPLE

Analyses of shallow footings using undrained shear
strength partial factors, presented in Fig. 9, were performed.
The main goal was to determine the required footing width,
such that the ultimate limit state (GEO) is satisfied. The
results were compared to the footing width obtained by the
analysis performed with y, = 1.4 [15]. The partial factor

applied to the permanent load in all cases is equal to 1.35.
Geometry of the problem, along with the load and
geotechnical parameters, are shown in the Fig. 10. Three
cases regarding the CO V., were analyzed: cov,, = 0.2,0.4

S —
g I

| V=900 kN

and 0.6.

Tab. 4 shows results of the four ultimate limit state
analyses, which were performed in accordance with
Eurocode 7, design approach 3. A deviation from the
calculation procedure was made in analyses 2-4. Instead of
the prescribed y,, ~value, values shown in Fig. 9 were used.

As expected, a positive trend between cor,, and the

required footing width can be seen.

TEHNICKI GLASNIK 16, 1(2022), 8-15
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As it can be seen from Tab. 5, the footing width is the
function of the cug, which is calculated using the
corresponding partial factor, Vey - The purpose of Ve, is to

consider the soil’s natural variability, along with
uncertainties of various origin. In the ultimate limit state
analysis, the aforementioned can be quantified by the
coefficient of variation, COV. This way, its value can provide
a meaningful tool for additional elaboration of partial factors.

Table 5 Required footing widths for different v, values

No. AnalySis YCu Cu,d* Brequired
1 EC7,DA3 1.4 35.71 2.25
2 Cov, =02 1.56 28.85 2.48
3 COV, =04 2.89 13.84 3.40
4 CoV, =0.6 5.15 6.80 443

* design value of undrained shear strength
6 DISCUSSION

With the goal of additional elaboration and calibration of
the y,, value prescribed in Eurocode 7, reliability analyses
were performed. Calibration was performed in the case of a
footing ULS (GEO) analysis under a permanent vertical load.
To meet the minimum recommended £ value, analyses were
carried out for the critical combination of geometry, load, and
statistical distribution of c,. Reliability class RC2 and a
reference period of 50 years were considered. Corresponding
recommended minimum value of reliability index equals to
3.8 [8]. Analogous to Canadian Standards Organization
(2014), 7, is divided into three ranges concerning the

COV,, value. Because of a relatively simple form of the

performance function, the First Order Reliability Method
(FORM) was selected as a method for reliability index
calculation.

Reliability analysis with normally distributed ¢, resulted
in unreasonably low f; therefore, these results were not
considered in partial factor calibration. They were calibrated
only using a lognormally distributed c,. A similar conclusion
was presented by Murakami et al. [6] in reliability analyses
of a shallow foundation under open channels.

It is shown that even in the case of cor, =02 (Fig. 6),

the reliability index of a shallow footing is lower than the
recommended minimum value. To achieve this value,
COV,, = 0.17 is required. It is therefore concluded that

cov, = 0.17 will ensure that footings designed in

accordance with EC7, DA3 will meet the minimum target
reliability index. According to [6, 27, 28] COV, ranges from

15 to 40%, depending on the natural variability of the soil,
the method of measurement, and the transformation model.
Such a wide range of possible values, i.e. high uncertainty, is
supporting the idea of additional elaboration of partial factors
to achieve a reasonably constant reliability level.

Instead of a single value of the partial factor Yoy three

values with respect to COV are proposed (Tab. 6).

Table 6 Required partial factors of undrained shear strength for different COV,,

values
cor,, ey
0.2 1.56
0.4 2.89
0.6 5.15

The proposed values are valid only in the case of Design
Approach 3. An alternative to the additional elaboration of
partial factors may be to reduce the minimum recommended
p value in the range between 3-3.5.

That way, footings designed using the currently
prescribed Ve, value would satisfy the criteria regarding the

minimum recommended reliability index. According to [11]
reliability index in a range of 3.1-3.7 would provide a
satisfactory reliability level, and according to [29], f > 3
ensures above-average structure performance level.

7 CONCLUSION

The absence of consideration of soil variability in
geotechnical analyses can lead to unreliable results, and
consequently to constructions with reliability values lower
than required. The unique value of the partial factor of the
geotechnical parameter does not reflect the actual state of
site-specific variabilities in a specific task. Using reliability
analyses, we have demonstrated that higher variability
requires a greater partial factor in order to ensure meeting the
required reliability level. Introducing an additional
classification of partial factors of geotechnical parameters
(with the respect to the coefficient of variation) would enable
designers to adjust their designs to actual soil conditions.
This would ensure a similar level of design reliability for all
geotechnical constructions. For further research, we suggest
a calibration, and an additional classification of the partial
factors of the remaining geotechnical parameters, for
different types of geotechnical tasks.
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