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Abstract: In this study, a new single-state sliding mode controller is proposed that can be used in multi-input dynamic systems that require the system dynamics to be 
controlled by a single state variable. The proposed controller is compared with the single state sliding mode controller, which is effective according to a linear feedback 
controller and a passive controller. To demonstrate the effectiveness of the controllers, the model WINDMI, which is defined as a complex driven damped dynamic system, 
is preferred as an exemplary model. For the system's dynamics to reach reference in the shortest settling time with minimum overshoot, the sliding surface coefficient and 
the controller coefficients are optimized according to the sliding surface using Particle Swarm Optimization, Genetic Algorithm, and Pattern Search algorithm. The best values 
of optimization coefficients are determined by comparing the obtained results. Finally, verifying the effectiveness and reliability of the proposed controller is demonstrated 
with simulations and numerical analysis. 
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1 INTRODUCTION 
 

Chaotic systems are well known to be quite sensitive 
to initial conditions; each point in the system moves 
arbitrarily; other points arbitrarily approximate each point 
in the chaotic system with remarkably different future 
paths or orbiters. Thus, an arbitrary minor change or 
perturbation of the current system trajectory may lead to 
significant differences in system dynamics in the future. 

Chaos theory has been a research topic in many 
scientific disciplines such as engineering, mathematics, 
physics, meteorology, geology, robotics, computer 
science, algorithmic trade, philosophy, biology, population 
dynamics, politics, and finance. These studies have found 
many application fields and thus become popular in the last 
thirty years. Some of the application fields and 
developments in the literature are introduced below. 

The researchers have used chaos theory to research and 
analyze the stability problems in power systems [1-2]. 
Another application field is secure communication. The 
chaotic synchronization and its applications in secure 
communications are studied and suggested a new approach 
for image encryption based on the chaotic system by many 
researchers [3-6]. 

Moreover, the researchers proposed several control 
methods for controlling, synchronization, and anti-
synchronization of different chaotic systems such as 
backstepping control [7-10], feedback control [7-9], the 
sliding mode control (SMC) [11-23], passive control [23], 
predictive control [24], synergetic control [25-27], and the 
internal model control [28-30]. Among these control 
methods, some of the studies conducted are described 
below. 

In [7], Modified Chua's circuit system applied the 
feedback control. In [8], a backstepping method is used to 
design tracking and synchronization controllers. In [9], a 
modified coupled dynamo system applied feedback and 
non-feedback methods to control. In [10], for the global 
chaos synchronization of Sprott's Jerk Systems is designed 
a backstepping controller. In [11], the chaotic system is 
controlled via the SMC method. In [12], a Sliding mode 
controller is suggested to mitigate or eliminate chaos 
behavior, and a new chaotic system is defined. In [13], 

SMC for uncertain stochastic neutral systems with multiple 
delays is investigated. In [14], a robust adaptive SMC 
strategy is applied for an introduced class of uncertain 
chaotic systems. In [15], the SMC technique is 
implemented to design a power system stabilizer. In [16], 
Stabilizing unstable periodic orbits of a deterministic 
chaotic system is studied.  In [23], a single state SM 
controller is shown effectiveness according to the single 
state linear feedback and the single state passive controller 
in the hyperchaotic Rabinovich system. In [24], the 
synchronization of two identical discrete-time chaotic 
systems is provided with mixed-objective dynamic output 
feedback robust model predictive control (OFRMPC). In 
[25], Synergetic Control and synchronization of two 
different chaotic systems are presented. In [30], the robust 
control of Chua's circuit underchaos is provided with the 
internal model principle. 

The proper determination and optimal value of the 
controller coefficients are of great importance. Because it 
affects the system dynamics in the applications of control, 
synchronization, and anti-synchronization of chaotic 
systems, it is challenging to determine or calculate these 
coefficients in many control approaches. Optimization of 
these coefficients is another problem [31-33] at the same 
time. For this purpose, researchers have developed several 
intelligent optimization algorithms such as Particle Swarm 
Optimization (PSO) [35, 36], Genetic Algorithm (GA) [37, 
38], and Pattern Search (PS) [39]. 

In this study, the single-state SM controller is proposed 
for the chaotic WINDMI system. The proposed controller 
is designed with optimized sliding surface coefficient and 
controller coefficients by using PSO, GA, and PS. In the 
second section, the mathematical equations of the chaotic 
WINDMI system are defined. And the system's parameters 
and the simulation diagrams of the chaotic WINDMI 
system without control are also given. In the third section, 
the design of the single state sliding mode controllers is 
presented. In the fourth section, the optimization of the 
sliding surface and controller coefficients with PSO, GA, 
and PS is described. In the fifth section, numerical 
simulations on control of the chaotic WINDMI system are 
performed, and the single-state SM controllers are 
compared. Finally, conclusions are presented. 
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2 THE WINDMI SYSTEM DESCRIPTION 
 

The WINDMI model, defined as a complex driven-
damped dynamical system, is an energy transfer simulating 
model based on a physics network between magnetosphere 
and ionosphere's nightside components (constituents) 
where the plasma energy is most stored [40-43]. This 
WINDMI model defined by six-dimensional state space is 
described by Horton and Doxas in 1996 [40]. A new 
simplified three-dimensional WINDMI model is 
introduced by Horton et al. [40-43]. 

The mathematical model of the chaotic WINDMI 
system [40-43] is described as given below: 
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For the values of σ = 0.7 and b = 2.5, the WINDMI 

system without control becomes a chaotic system, as 
shown in Fig. 1 and Fig. 2. 
 

 
Figure 1 3-D Chaotic phase portrait of the WINDMI system 

 

 
Figure 2 Time series of the uncontrolled WINDMI system a) x1 − t, b) x2 − t c) x3 

− t, d) x1 x2 x3 − t 
 

 
Figure 3 Lyapunov Exponents of the WINDMI chaotic system (0.0737, 0, 

−0.7737) 

 
Figure 4 Lyapunov exponent spectrum with respect to σ 

 

 
Figure 5 Bifurcation diagram with respect to σ 

 

 
Figure 6 Lyapunov exponent spectrum with respect to b 

 

 
Figure 7 Bifurcation diagram with respect to b 

 
To find an equilibrium point of the system, the 

following Eq. (2) needs to be solved. 
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The 3-dimensional WINDMI chaotic system has only 
one equilibrium at (0.9163, 0, 0) for b = 2.5. Using 
Jacobian and characteristic equation at equilibrium point 
(0.9163, 0, 0), the equilibrium point obviously is unstable 
due to positive eigenvalues (−1.3424, 0.3212 + 1.3263i 
0.3212 − 1.3263i). As it can be seen from Fig. 3, the 
Lyapunov exponents of the system are calculated as L1 = 
0.0737, L2 = 0, and L3 = −0.7737 with parameters σ = 0.7, 
b = 2.5, and initial points x = [0 0 0] for T = 105 s using 
Wolf's algorithm [44]. For L1 > 0, L1 + L2 + L3 = −0.7. So, 
the sum of Lyapunov exponents is less than zero. Kaplan-
Yorke dimension [45] is calculated as follows: 
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The dissipation of the system (1) is given as follows 

[46]: 
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The divergence is always less than zero due to 

parameter σ being positive. Therefore, the system (1) is 
clearly dissipative with the rate of an exponential 
contraction: 
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Bifurcation diagram and Lyapunov exponent spectra 

by changing parameter σ and b in (0 1.2) and (1.5 10) are 
shown in Fig. 4, Fig. 5, Fig. 6, and Fig. 7, respectively. The 
parameters σ and b in the system (1) change the system's 
dynamics, as shown in Fig. 6 and Fig. 8 due to the positive 
Lyapunov exponent. It is known that the system behaves 
chaotic when the three Lyapunov exponents of the 3D 
system are positive, zero, and negative. One can deduce 
from Fig. 4, Fig. 5, Fig. 6, and Fig. 7 in which region and 
parameter values the system behaves chaotic according to 
the σ and b parameters. 
 
3 DESIGN OF A SINGLE STATE SLIDING MODE 

CONTROLLER 
 

Researchers use many control theories to model the 
system uncertainties and external distortion in the control, 
synchronization, and anti-synchronization of the chaotic 
system. The sliding mode control theory still maintains its 
popularity among these control theories due to its design 
flexibility in the sliding surface and switching approach. 

SMC method consists of two parts. First, a sliding 
surface manifold is selected to control the system's 
trajectory and the system dynamics on the sliding surface 
in a subsequent time. Second, the controller is designed 
such that the control signals would reach the manifold and 
remain on this manifold. As a result, the system reaches the 
desired dynamic behavior after a limited time. 

Let consider the following general equation of an n-
dimensional chaotic system:  

 x Ax g Bu                                                                    (6) 

 
where A, B, g, and u are the coefficients of the system state 
variables, the control matrix, the parameters defining non-
linear uncertainties in the system, and the control inputs, 
respectively. 

The tracking error vector is defined as follows. 
 

   refe x x                                                                               (7) 

 

where  T1 2 ne e e ...e  is described. The error dynamics 

can be rewritten as follows. 
 

  refė x x                                                                                    (8) 

 
 refė Ax g Bu x                                                                  (9) 

 

where  T1 2 3x x x x , is the state variable vector and 

T

1 2 3ref ref ref refx x x x     is the reference state vector. 

Now, the sliding surface 3s R  is determined by: 
 

   s e Ce                                                                             (10) 

 
where the sliding surface is expressed as the scalar 
equation s = s(e) and C is a constant vector including error 
dynamics. When the condition below is met, it can be said 
that the control of the system is achieved [17, 18]: 
 

    0s e s e                                                                             (11) 

 
It should be noted that the necessary condition for the 

state orbit to remain on the sliding surface is s(e) = 0. Eq. 
(9) and Eq. (10) are substituted in Eq. (11) and it can be 
rewritten as: 
 

       0refe CAx Cg CBu Cxs                                      (12) 

 
Eq. (8) is solved for u(t) by using equivalent control 

method. The equivalent control ueq(t) is obtained as: 
 

   1
    eq refu CB C Ax g x

    
                                  (13) 

 
Then, the single state SM controller based on 

Lyapunov and switching theory is designed by using 
sliding mode [16] and variable structure control theory 
[15]. By using the constant plus proportional rate reaching 
law [14] in the single state SM controller, it yields: 
 

    d cs K sgn s – K s                                                          (14) 

 
u(t) can be obtained as: 
 

     1
 ref d cu CB C Ax g x K sgn s K s

  
            (15) 
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where Kc and Kd are controller coefficient parameters. The 
'sign' is a function as defined below: 
 

 
1 0

0 0

1 0
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sign s if s
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                                                        (16) 

 
The designed control signal (15) ensures that system 

dynamics (6) is kept at the sliding surface s = 0. 
Let consider the Lyapunov function as: 

 

 2 2V   s /                                                                                         (17) 

 
then time derivative along (2) becomes: 
 

 2
c dV ss K s K ssign s                                             (18) 

 

Since   0s.sign s   s      and 
2 0  0s   , V   when

0cK     and 0dK   . Satisfying these conditions allows one 

to be sure that the designed sliding surface s would 
asymptotically stabilize the system at the reference point. 
Achieving this criterion allows to complete the design of 
the single state SM controller of chaotic system. 
 
4 OPTIMIZATION OF THE SLIDING SURFACE AND 

CONTROLLER COEFFICIENTS WITH INTELLIGENCE 
OPTIMIZATION ALGORITHMS 

 
Control methods aim to bring the system from the 

initial state to a desirable state by providing certain quality 
and performance standards. This can be achieved by 
control signals affecting the system variables [31]. Thus, 
the proper control algorithm should be used, and the 
controller parameters should be selected or calculated 
properly to control the system and increase the controller's 
performance. Additionally, optimal choices of the control 
coefficients are very important to ensure the stability and 
desirable operation of the control methodology [31].  

Thus, optimization methods have been used to increase 
the performance of the controller or control system because 
the controller parameters greatly affect the controller 
performance or output of the system [32, 33].  

In this study, optimal control parameters of the sliding 
mode controller have been computed by using intelligent 
algorithms, which show great performance and are 
commonly used in optimization problems. The values of 
sliding surface and controller coefficients have been 
determined with the help of intelligent algorithms, which 

are implemented in MATLAB® /SIMULINK® [34]. The 
sliding mode controller coefficients are optimized by using 
heuristic optimization methods, GA [35, 36], PSO [37, 38], 
and pattern search [39]. Algorithms are applied to optimize 
the sliding mode controller parameters. The heuristic 
optimization methods have also been used to avoid local 
optimums. The system with controller coefficients 
optimized by intelligent algorithms shows better 
performance than those not optimized with intelligent 
algorithms. 

The controller parameters found by all algorithms 
under test (PSO, GA, PS) can stabilize the system to the 
equilibrium or desired point; in other words, the steady-
state error becomes zero for all conditions. However, the 
controller parameters found by PSO give the best results, 
showing the fast settling time and the lowest overshooting 
among these intelligent algorithms for the WINDMI 
system. 

To obtain the optimum controller parameters, the 
integral of absolute error times time (ITEA), which is 
widely used in the studies, is used as an objective function 
as below: 
 

0

d
T

ITEA t | e( t )| t                                                               (19) 

 

     refe t x t x t                                                             (20) 

 
where, x and xref are the state variables and the references, 
respectively. T is the time limit of ITEA. 

By optimizing the ITAE function [47] given above 
(19, 20), optimum values of the controller parameters are 
obtained by using the heuristic optimization algorithms. 
Fig. 8 shows the control scheme of the system with 
intelligent optimization algorithms. The sliding mode 
controller optimized with the help of PSO, GA, PS 
minimizes the settling time and overshoot, as shown in Fig. 
9, Fig. 10 and Tab. 1. 
 

Sliding Mode 
Controller

Intelligent 
Algorithms

Chaotic 
Systemu(t)

y(t)
r(t)

e(t)

s Kc Kd

+

 
Figure 8 Control scheme of the chaotic WINDMI system based on intelligent 

algorithms

 
Table 1 The optimized coefficients for the sliding surface and the single state SM controllers 

Controllers Algorithm Sliding Surface Kc Kd Objective (ITEA) Settling time 

 
Proposed SM controller 

NO γ =1 0.4 0.5 2125.95 7.879s 
PSO γ = 1.4958 0.5262 0.9499 2100.83 4.604s 
GA γ = 1.4348 0.5256 0.8420 2103.65 7.077s 
PS γ = 1.5565 0.5409 0.9917 2101.04 6.784s 

Compared SM controller PSO k1 = 0.9842 0.5262 0.8420 2172.72 9.778s 

The proposed algorithm based on heuristic 
optimization has been run several times to avoid local 
optimums and ensure the best solution. The optimized 

controller parameters that make the objective function the 
minimum are obtained by using intelligent algorithms. The 
controller parameters optimized by PSO, GA, PS heuristic 
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algorithms and the settling time of the system showing 
controller performance are given in Tab. 1. 

As shown in Tab. 1, the settling time obtained by PSO 
is the smallest among the algorithms used in 
implementation; it is observed that the objective function 
(ITEA) value is the smallest one. 
 
5 THE SINGLE STATE SM CONTROLLERS COMPARED 

FOR THE CHAOTIC WINDMI SYSTEM BY NUMERICAL 
SIMULATIONS 

 
The mathematical model of the controlled chaotic 

WINDMI system is described as follows: 
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The error dynamics coefficients C1 and C2 are selected 

for the proposed SM controller and the compared SM 
controller [23] respectively as given below: 
 

   1 2 11 1 and 0 1C C k   

 
The sliding surfaces are determined as given below: 
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                                                                (22) 

 
where s1 and s2 are the sliding surfaces for the proposed 
SM controller and the compared SM controller [23] 
respectively. γ, k1 are the error dynamics coefficients and 

  ref  e x x   is the tracking error vector. 

As the second step, reaching mode control law which 
holds the system trajectories onto the sliding surface (s = 
0) is determined [18]. In this study, the reaching law is 
defined by Eq. (23): 
 

 c ds K s K sign s                                                               (23) 

 
where Kc and Kd are the controller coefficients and are the 
optimized design parameters. 

By making the derivative of sliding surfaces and 
reachability condition equal, the control signals u1 and u2 

are obtained respectively as given below: 
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            (24) 

Thus, the design of the single state SM controllers is 
completed for control of the chaotic WINDMI system. The 
designed control signals (24) ensure that the system 
dynamics (21) is kept onto the sliding surface s = 0. 
 

 
Figure 9 3D phase portrait of the chaotic WINDMI system, controlled by the 

activation of the SMC control signals after 12 s. 
 

 
a) 

 
b) 

 
c) 

Figure 10Time series of the WINDMI System with SMC after 12 s. a) x1 − t, b) 
x2 − t c) x3 − t 

 
The parameters defining the chaotic WINDMI system 

are σ = 0.7, b = 2.5, the initial condition x0 = [0 0 0] and the 
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step size is 0.0001. After applying the control signals to the 
chaotic WINDMI system at 12 s, the system's trajectory 
reaches a stable state. The system converges to reference 
point xref = [0 0 0] as shown in Fig. 9. In addition, the 
optimal values of the controller coefficients and the 
optimal value of the sliding surface's tuning parameter 
were determined by using intelligent optimization 
algorithms to increase the efficiency of the controllers. 
With the control signals obtained using the determined 
coefficients, the trajectory of the system's state variables 
reaching a stable point is shown with colored lines in Fig. 
9. For better visibility of the results achieved, the time 
series of state variables are shown in Fig. 10. 

It can be seen from Fig. 9 and Fig. 10, the designed and 
optimized single-state SM controllers stabilize the chaotic 
WINDMI system successfully. The single-state SM 
controllers optimized by the PSO algorithm give almost no 
overshoot. In addition, the settling time is the smallest for 
the PSO algorithm, as shown in Fig. 10. Although the 
proposed controller optimized by GA and PS provides zero 
steady-state error, overshoot occurs.   

It should be noted that the proposed SM controllers 
optimized and non-optimized by GA-PS-PSO are named 
NO and GA-PS-PSO and, the compared SM controller 
optimized by PSO is named CO in Fig. 10, respectively. 
 
6 CONCLUSION 
 

In this study, a single state SM controller in which the 
sliding surface coefficient and the controller coefficients 
are optimized according to the sliding surface is proposed 
for the system's dynamics to reach reference in the shortest 
settling time with minimum overshoot. The proposed 
controller is compared with the single state SM controller, 
which is effective according to a linear feedback controller 
and a passive controller. 

The proposed SM controller and the compared SM 
controller are simulated on the chaotic WINDMI system. 
Also, to increase the controllers' effectiveness, the optimal 
values of the sliding surface and controller coefficients are 
found with intelligent optimization algorithms, and 
compared. The simulation results showed that the settling 
time obtained by PSO is the smallest among the algorithms 
chosen, and the objective function (ITEA) value is the 
smallest one. Besides, the effectiveness of the proposed 
single-state SM controller to the compared single-state SM 
controller is shown on the chaotic WINDMI system. It can 
be seen from the results obtained that the proposed single-
state SM controller can solve chaotic problems such as the 
chaotic WINDMI system. 

The suggested controller can be applied to control, 
synchronize and anti-synchronize hyperchaotic systems in 
further studies. 
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