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 In this paper, analysis of multi-layer cylinders exposed to 

pressure and thermal loading is considered using a sector 

element based on the strain approach. Materials in cylinder 

layers have been assumed to be linearly elastic, homogeneous, 

and isotropic. The sector in-plane finite element employed is 

defined in the polar coordinate system with three degrees of 

freedom at each corner node (the two translations and the in-

plane rotation). The results of displacement and stresses obtained 

in the present paper are compared with the analytical solutions, 

and a good accuracy shown.  
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1 Introduction  
 

The strain-based approach is a new approach based on assumed polynomial strain components which are 

integrated to obtain the exact terms representing all the rigid body modes and the other components of the 

displacement functions. 

Many researchers have used this approach to the development of new finite elements. Djoudi and Bahai 

[1] have developed a newly strain based finite element for the vibration of cylindrical panels with openings, 

and excellent results have been obtained. Himeur and Guenfoud [2] have developed a new plate bending 

triangular finite element in perspective to building shell elements. Rebiai and Belounar [3] have formulated a 

new membrane finite element for linear and material nonlinear analysis.   

The strain-based approach has been used to develop new elements [4-7] for linear analysis of plate 

bending and dynamic analysis of structures. 

In the case of circular boundaries, it is appropriate to develop a sector element having a system of polar 

coordinates, some sector elements have been developed by Sabir and Salhi [8], Sabir and Sfendji [9] for 

general plane elasticity in polar coordinates.  

Belarbi and Charif [10], Bouzrira et al. [11] have developed new sector membrane elements with three 

degrees of freedom at each node, including in-plane rotation as an additional degree of freedom for analysis 

of problems having a circular contour. The performance of the developed elements is tested by applying 

them to the analysis of cylinders under pressure only. 

Bouzriba and Bouzrira [12] have developed a new sector element for analysis of cylinders exposed to 

internal pressure and logarithmic gradient of temperature, where the analysis of the cylinder under 

temperature constraints has never been tested before using this approach.  

Due to the importance of multi-layered composite cylinder in various technological fields, several 

investigations have been done to determine the stresses and displacement of multi-layered cylinders exposed 

to pressure and temperature such as Xiang et al. [13], Shi et al. [14], Zhang et al. [15], and Bahoum et al. 

[16]. In the present study, the sector element developed by Bouzriba and Bouzrira [12] has been used for 

https://www.sciencedirect.com/topics/engineering/linear-analysis
https://www.sciencedirect.com/topics/engineering/plate-bending
https://www.sciencedirect.com/topics/engineering/plate-bending
https://www.semanticscholar.org/author/Zhifei-Shi/15355793
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analysis of multi-layer cylinders exposed to pressure and logarithmic gradient of temperature in order to 

prove the accuracy and robustness of the strain based approach. 

 

2 Strain-based finite element 
 

The sector in-plane finite element developed by Bouzriba and Bouzrira [12] has three degrees of freedom in 

each node: 
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With u, v and ϕ are the displacement in the r direction, the displacement in the θ direction and the in-plane 

drilling rotation respectively. 

 

 

 

 

 

 

 

 

 

 
 

Figure 1. Sector element in polar coordinates. 

 
 The displacements u, v and ϕ are represented by the following functions: 
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These can be written as: 
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Where:  A is the constant parameters vector, and [C] is the transformation matrix as given in the Appendix. 
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The stiffness matrix [Ke] can be numerically calculated by: 
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Nodal force due to temperature gradient is given as follow: 
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Where: 

T : Temperature gradient. 
 : Thermal expansion coefficient. 

 

In the case of plane strain problems the elasticity matrix [D] is given by: 
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The stress field can be evaluated by: 
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3 Multi-layer cylinders subjected to internal and external pressure 
 

An exact solution for an n-layered hollow cylinder subjected to uniform pressures on the inner and outer 

surfaces was developed by Xiang et al. [13]. 

 In Figure 2, a circular hollow cylinder with n-layers subjected to the internal pressures Pi and external 

pressure Po has been shown, the Young’s modulus and the Poisson’s ratio of the layer i are taken by Ei and vi 

respectively.               
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Figure 2. The cross-section of the hollow cylinder with n-layers. 

 
The component of the normal stresses and the displacement in the radial direction of the layer i can be 

written as: 
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The constants (Ai, Ci) are obtained using the following boundary conditions: 
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The relationship between the constants (Ai, Ci) and the extrusion stresses (qi-1,qi) obtained using the boundary 

conditions is given by the following equations: 
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Where: 

 

( ).......21 niqi =−
is the extrusion stress between the layer i-1 and the layer i. 

 

According to Xiang et al. [13], the extrusion stress in term of Pi and Po can be expressed by: 
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The recurrence relations ia  and ib  are given by: 
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i=1, 2,……..(n-1) 

 

With initial values: W 
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4 Compound cylinders subjected to internal pressure and change of temperature 
 

In this section, the analytical model of a compound cylinder under thermo-mechanical loading proposed 

by Bahoum et al. [16] is used. 

Considering a two-layer compound cylinder subjected to pressure and change of temperature shown in 

Figure 3, in which, each cylinder Cyi (i=1,2) is subjected to the radial distribution function of temperature 

represented by: 
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(16)    

 

 

                    

  

Figure 3. Compound cylinder geometry. 

 

The radial stress 
i

r  , the tangential stress i

 and the radial displacement iu  of each cylinder Cyi are 

obtained by the following equations: 
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Where: 1iC and 2iC are the constants of integration for the cylinder Cyi=1,2 obtained by applying the following 

boundary conditions: 
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5     Examples 
 

Two examples are considered. The first is concerned with a three-layered hollow cylinder submitted to 

internal pressure Pi=100 MPa, the inner and outer layer are made from steel and the middle layer is concrete. 

The radius of the inner layer is taken as 0.05 m. Table 1 gives the thickness and material properties of each 

layer. The distribution of displacement u, and normal stresses (σr , σθ) are plotted in Figure 4, 5 and 6. These 

results are compared with the theoretical solution obtained by Xiang et al. [13] and a good accuracy is 

observed. 

 
Table 1. Material properties and thickness of the layers. 
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Figure 4. Distribution of displacement u in the three-layered cylinder. 

 

Layer Material Thickness (mm) Ei (kN/mm²) vi 

1 Steel 50 210 0.28 

2 Concrete 430 23 0.18 

3 Steel 20 210 0.28 



A. Bouzeriba, C. Bouzrira,: A sector in-plane finite element for the analysis…                                                                44 
________________________________________________________________________________________________________________________ 

500 550 600 650 700 750 800 850 900 950 1000
-100

-90

-80

-70

-60

-50

-40

-30

-20

-10

0

r (mm)

R
A

D
IA

L
 S

T
R

E
S

S
(M

P
a
)

 

 

Theoretical

The present element

     
 

Figure 5.  Distribution of radial stress σr in the three-layered cylinder.   
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Figure 6.  Distribution of tangential stress σθ in the three-layered cylinder. 

 

The second model is a two-layer compound cylinder under combined pressure and temperature loading. 

It is constructed of a steel inner layer and an aluminum outer layer. The inner radius of the inner cylinder is 

taken as 20 mm. 

 The thickness and material properties of the layers are given in table 2. The internal pressure was 1 MPa, 

and the outer pressure 0 MPa. The inner temperature is taken 100 °C, and the outer temperature 25 °C. Due 

to rotationally symmetric behavior of the problem, only one quarter of the cylinder is considered for the 

finite element idealization (Figure 7). 
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Figure 7. Finite element idealization. 

 

Figure 8 to 11, show temperature distribution, variation of radial deflection, and normal stresses through 

the compound cylinder thickness compared with theoretical values given by Bahoum et al. [16]. 

From these results, it can be seen that the convergence of the solution to the analytical value is ensured, and 

this element is very powerful for this type of problem. 
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Figure 8. Temperature Distribution Through the Cylinder Thickness. 
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Figure 9.  Radial deflection distribution. 

 

Table 2. Material properties and thickness of the layers.  

 

Finally, it can be mentioned that the analysis of multi-layer cylinders submitted to thermo- mechanical 

loading has never been tested before using this approach. 
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Figure 10. radial stress distribution. 

Layer Material Thickness (mm) E (kN/mm²) v Α (1/°C) λ (W/mK) 

1 Steel ASTM A564 H1150 20-30 210 0.3 11×10-6 19.5 

2 Aluminum 30-40 72 0.33 24×10-6 234 
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Figure 11. Tangential stress distribution. 

 

5 Conclusion 
 

In this paper, the analysis of multi-layer cylinders under uniform pressure and thermal loading by a 

sector in-plane finite element was shown. The results of analysis, compared with theoretical values, show 

that the proposed approach can be efficiently used in the analysis of multi-layered composite cylinder under 

thermo-mechanical loading with a great economy and it can be incorporated into finite element code. 
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Appendix 
 

Components of the matrix [C] of this element are 

 

Where:  ir  and i  are the coordinates of node i (i=1, 4), the matrix [C] is given by: 
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