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SUMMARY

In this study, a linear cylindrical coil spring under axial quasi-static point load is considered. Two
types of coil springs with a circular cross-section, i.e. straight and inclined, are clearly
distinguished and analysed. The straight cross-section implies parallelism with respect to the
vertical axis of the spring. The inclined cross-section considers the perpendicularity with respect
to the tangent of the spring helix curve. Several new closed-form spring deflection and stress
correction factors are proposed which constitutes the main contribution of this manuscript. The
obtained results are based on the basic theory of strength of materials, the theory of elasticity,
and linear finite element analysis. The novel correction factors prove to be very accurate
compared to the parametric numerical analyses performed and the results obtained from the
literature. The accuracy of the proposed corrections is especially evident when considering very
large pitch angles in combination with small spring indices, i.e. thick and steep coil springs. The
direct engineering applicability of the obtained results is highlighted.

KEY WORDS: cylindrical coil spring; deflection correction factor; stress correction factor; finite
element method.

1. INTRODUCTION

Spring is one of the most important mechanical components used in engineering applications.
Mechanical springs are fundamental elements of modern machines and devices [1]. The most
common type of spring is the cylindrical coil spring with a circular cross-section, or in short -
the helical spring. It is commonly used in various shapes and sizes, from retractable pens and
pencils to vehicle suspensions [2].

The basic theory of calculating the deflection and stress of the coil spring, usually given in
textbooks on the strength of materials (SOM) [3]-[5] or on machine design [6]-[8], is based on
the assumption that spring can be considered as a straight bar under pure torsion [9]-[11].
This assumption is approximately true if the spring index C is large (if the spring is a slender
one) and if the initial helix pitch angle « is small [1],[11]. For tension springs, the small pitch
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angle condition is usually satisfied [1]. However, for compression springs, the pitch angle tends
to become larger [5]. Such springs are usually referred to as open coil springs [1],[5].
Moreover, in heavy/thick industrial spring applications [1],[4], the spring index tends to
smaller values and the simplified straight bar assumptions no longer apply [12]. Consequently,
the most stressed area is normally on the inner side of the helix due to the shift of the neutral
line [1],[4]-[6]. This is particularly important for the assessment of the spring fatigue life
[1],[6]- Timoshenko readily acknowledged that cracks in cyclically loaded heavy springs
usually start on the inner side of the coil [4]. If the conditions of large spring index and small
pitch angle are not satisfied simultaneously, the estimated results of simplified calculations
may largely deviate from the realistic spring deflection and stress [1]-[18]. Hence, there is a
need to more accurately capture the spring behaviour under load. This led to the further
development of simple analytical approximation models, first introduced by Love [19], which
aim to provide sufficiently accurate estimations for spring deflection and stress.

Pioneering works in this field are by Wahl [1],[11],[20], Gohner [1],[21],[22], Henrici [23],[24],
Ancker and Goodier (A/G) [12],[15], Bergstrasser [15],[25] and by many other authors [15]-
[18]. The often cited systematic studies on spring correction factors by Gohner,
[11,[5],[15],[25]-[27], are of particular importance. As a basis for his work, Gohner used the
theory of elasticity (TOE) and a number of approximations to obtain highly accurate stress
correction factors, even by today’s standards [16],[17]. Consequently, the old German DIN
standard (now defunct) for the calculation and design of cylindrical helical springs [28],[29]
was based on Gohner’s correction. Henrici [23] was directly influenced by Géhner in deriving
his approximate stress correction factor using the Legendre power series function. Their joint
results agree well up to the second order approximation [25]. Ancker and Goodier [12] also
relied on Gohner’s results and additionally considered pitch angle effects with a slightly
different implementation than Gohner [1]. The authors derived detailed equations for the
deflection and stress in a helical spring using the TOE approach and the so-called thin-slice
method [17],[27]. They used truncated, double infinite power series in the terms of the
combined effects of spring index, coil curvature, and initial pitch/helix angle [12]. Ancker and
Goodier additionally reported that the pitch angle contributes significantly to the
strains/stresses. This was confirmed via FEM in [18]. However, their research methods raised
some controversies. Lin and Pisano [30] state that some of the assumptions made in the A/G
analysis limit their theory to infinitesimally small pitch angles (e.g., it was assumed that the
cross-section of the spring cut by a vertical plane always remains circular, which is further
referred to as a straight cross-section), although the authors intended to analyse the case of
the large pitch angle. Nevertheless, the A/G correction factors are regularly included in
modern engineering textbooks [3] and are particularly widely used in nano-spring technology
[31]-[33]. Furthermore, Wahl [1],[11] based his stress correction factor [14]-[18] on SOM
assumptions. The author additionally used the Timoshenko shear correction factor derived for
the shear stress at the horizontal edge of a cantilever circular beam [26]. Wahl [1] noted that
his stress correction is more conservative compared to Gohner’s [14]. He also reported that
Gohner’s correction is more accurate and in better agreement with the experimental analysis
performed [1]. Moreover, it is important to acknowledge the Bergstrasser
approximate/empirical stress correction factor [15]-[18] which indeed agrees quite well with
the Gohner approximation. The new (current) DIN standard [34],[35] is simultaneously based
on the Bergstrasser and the Wahl stress correction factor.

Due to complicated geometries and operating conditions of modern machine components, the
analytical estimation of spring deflection/stress and the corresponding fatigue life is often
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omitted [36], or rather rarely used [39], in favour of numerical methods [37],[38]. In such
cases, the Wahl approximate stress correction is commonly used for fatigue life assessment
[6].[8],[39]. However, the Wahl stress correction may be too conservative in the context of
fatigue assessment [1]. Nowadays, spring analysis is almost exclusively performed either with
software based on the finite element method (FEM) [13]-[15],[27],[36]-[41], or experimentally
[13],[14],[39]-[42]. Ideally, both methods can be combined to allow a fair comparison and
validation of the obtained results [13],[14],[40],[41]. FEM provides advanced capabilities for
detailed spring modelling techniques, such as the sub-modelling used in [14]. This technique
can be used to study a local part of a spring model with refined mesh, based on the FEM result
of a global model with coarse mesh [37]. The main reason for using FEM in spring design is its
ability to reduce errors caused by simplifying the governing equations [15],[36],[40], mainly
by underestimating the influence of the pitch angle [14]. Thus, the main reasons for the
engineering failure of springs can be the incorrect evaluation of deflection (for buckling
collapse) and stress (for structural/fatigue collapse). However, simplified analytical methods
are still mandatory, at least in the initial design stages, as a quick verification tool [14],[41]. For
example, coil spring manufacturers use governing equations that are usually proprietary and
confidential and therefore not available to the general public [14].

More recently, further attempts have been made to check the accuracy of well-established
correction factors (Wahl, Gohner, Ancker and Goodier, etc.) and to provide more accurate
closed-form correction factors [15]-[18]. FEM was used as the primary verification tool for the
accuracy of the state of stress in loaded helical compression springs. The authors used the von
Mises stress energy criterion [6] and incorporated the Wahl stress correction [1] in their
approximate analytical model. They verified the proposed model by performing FEM analyses
and validated it with experimental investigations. Furthermore, Yildirim [43],[44] proposed
new analytical spring deflection correction factors using the Timoshenko thick beam theory
[45]-[49] with the Cowper shear correction [50] for arbitrarily large spring pitch angles and
different cross-sections. The results proposed in [43] for a helical spring with a circular cross-
section are very similar to those previously obtained by Dym [51] who used Castigliano’s
method and applied a general unit shear correction to his model. This approach is also adopted
in the textbook by Shigley [6], although only for considering small pitch angles. There is a
general consensus that the Timoshenko beam is generally more accurate [52] compared to the
slender Euler-Bernoulli (E/B) beam [53]. However, the E/B beam is still widely used in
analytical and numerical calculations [53] due to its relative simplicity and straightforward
implementation. Moreover, it was noted in [17] that the use of the Timoshenko theory in the
context of the helical spring may overestimate spring compliance. It was additionally reported
that the Timoshenko beam-based results diverge from the TOE-based A/G deflection
correction [12] and from the corresponding 3D continuum FEM results in the case of small
spring indices [37],[38].

These concepts and their shortcomings are further investigated in this study. The study carried
out here aims to provide efficient and accurate formulae for design engineers and structural
engineers. The proposed spring deflection and stress corrections are provided in simple and
approximate closed form. The main contribution of this paper is given as follows. Two types of
helical springs with a circular cross section, i.e. straight and inclined, are clearly defined and
analysed. The accuracy of the Wahl stress correction factor is evaluated and a basic
modification to the standard formula is proposed. It is confirmed that the Timoshenko beam
theory is not suitable for modelling the thick helical spring because it always overestimates the
spring compliance under a point load. A novel deflection correction factor is proposed, which
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is simultaneously based on the E/B theory of slender beams and the A/G correction. Novel
stress correction factors based on the von Mises equivalent stress and the G6hner correction
are proposed. The new approximate correction factors seem to be valid for arbitrarily large
pitch angles. The obtained correction factors are compared with detailed parametric FEM
analyses and expressions from the literature. Continuum (3D) and beam (1D) FE solutions are
considered in parametric numerical analyses.

The paper is structured as follows. In section 2, a theoretical framework for the helical spring
is established using various correction factors from the literature. Novel spring deflection and
stress correction factors are derived and discussed. In section 3, FE modelling is briefly
outlined and a suitable mesh is proposed. In section 4, detailed analytical and parametric
numerical analyses are performed by varying the spring index and pitch angle simultaneously.
In section 5, a benchmark example is given using all previous concepts and comparing the
analytical and FEM results. Section 6 gives concluding remarks. Finally, Appendix A provides
all relevant results in a tabulated, compact form. The new correction equations obtained in this
study may be of particular interest to potential users, i.e. to engineers in charge of research and
development, structural analysts, and spring designers.

2. CYLINDRICAL COIL SPRING COMPUTATIONAL MODEL AND METHODS

In this chapter, the basic constitutive equations for the cylindrical spring under a quasi-static
point load are derived. A computational model of the spring is shown in Figure 1, in two
projections. Loading is denoted by the point force Fy, and the corresponding deflection in the z
axis direction by 8. Geometrical properties of the spring are the mean spring coil diameter D,
spring wire diameter d, spring pitch /, and the number of active coils n. For the idealized spring
model shown in Figure 1, n=2. The circular cross-section is greyed in Figure 1b).

The boundary conditions (BCs) are hinged (reference point Brp) or moving hinged (reference
point Arp). In terms of physics, Brp is actually a spherical joint with additionally prohibited
rotation around the z axis in order to prevent the rigid body (RB) movement [37],[38]. The
same BCs are prescribed for the FEM model in section 3. The point load of constant magnitude
Fy acts on the top of the spring through Agp. This model is consistent with the referent models
from the literature [1],[3]-[12],[16]-[18] and DIN standards [29],[35].
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Fig. 1 Helical coil spring model - geometric parameters and loading: a) side view, b) front view

60 ENGINEERING MODELLING 35 (2022) 1, 57-81



D. Cakmak, Z. Tomicevi¢, I. Senjanovi¢, H. Wolf, Z. BoZi¢, D. Semenski: A Study on Cylindrical Coil Spring Deflection and Stress Done
Using Analytical and Numerical Methods

Basic geometric relations for the spring shown in the scheme in Figure 1 are [16]-[18]:

2
h=n-1, a=arc tan(iDj, L= nDm :n1112+(Dn)2, A=%, (1a-d)

T cos(a)

where h is the spring height, « is the pitch angle, L is the total length of spring wire, and 4 is the
circular cross-section area of the spring. Using Castigliano’s energy theorem [6] and
fundamental SOM relations, one obtains the expressions for the nominal spring deflection
Onom(a—0) and the nominal shear stress Thom(C>) [16]-[18] as:

8F,C3
(1+v) , (2a-f)
8F0C HMH
nom ~ dz‘l'[ 4 Geqv,nom(pure torsian) = \/§Tnom

where C is the spring index [6],[7], G is the shear modulus, E is Young’s modulus, v is Poisson’s
ratio, and M; is the torsion moment with respect to the force Fy rigid arm of length D/2.

Furthermore, og%ﬁ)m denotes the nominal von Mises (i.e. Huber-Mises-Hencky) distortion
energy equivalent stress criterion for pure torsion [1],[3]-[8],[16]-[18].

For practical applications [9], the recommended common values of spring index are 4<C< 12
[6],[10] or 3 < C <12 [8]. An even narrower range of 6 < C < 12 can be found in [7]. At higher
indices of Cmax > 12, the spring is likely to buckle [7] or tangle [7],[10], while springs with
indices of Cmin <4 may become difficult to form/manufacture [10]. In order to thoroughly check
the numerical accuracy of the expressions proposed later in the text, C values of the parametric
analyses are varied outside of these recommended ranges. If the spring is thick (i.e. has small C
values) or steep (i.e. has large «a), the correction factors K which compensate for additional
effects due to geometric deviations should be included [16]-[18]. The corrected deflection &cor
and stress ocr for Egs. (2d,f) are given as:

5COI” =K66nom' O-Z%,Ic{or =K00-ZIA\;I,Ir;Iom' Erel,max =(Kmax _1JX100 % ’ (3a-c)
min
where Kj is the deflection correction factor, K, is the stress correction factor and Erejmax from
Eq. (3c) is the maximum relative error between corresponding corrections K. The relative
error Ermax is used in this study as an effective measure or indicator of the accuracy for the
proposed correction factors.

Furthermore, two types of springs with respect to the inclination of the corresponding circular
cross-section are considered. The geometry of a single helical spring coil (i.e., n=1) is shown in
Figure 2 for the straight and inclined cross-sections, respectively. “Straight” implies that the
undeformed cross-section is parallel to the vertical spring axis z, no matter where the spring is
virtually cut by a vertical plane [12],[30]. “Inclined” assumes that the undeformed cross-
section is perpendicular to the spring helix tangent (see the diagonal dashed line in Figure 2c).
The inclined cross-section may be approximated with the simple beam theory, due to the
perpendicularity between the imposed helix tangent and the cross-section. The straight cross-
section may be approximated with the beam theory only for small @, while the TOE relations
should be used in all other cases [1],[15],[19]. These are two extreme types of geometric
constraints. However, the real final spring geometry solely depends on the type of manufacture
[9]. For the front view of the inclined cross-section in Figure 2d), the area of the cross-section
looks like an ellipse in this perspective.
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a)

Fig. 2 Cross-section properties and views: a) straight, side, b) straight, front, ¢) inclined, side, d) inclined,
front

In order to simplify the calculations made for intended engineering applications, the following
limits are imposed. Springs are geometrically linear and the material is linear, homogenous,
and isotropic. No residual stresses [16],[17], or original imperfections due to manufacturing
[9] are taken into account.

With the goal of a more general approach and broader applicability, further results are
presented in a dimensionless form as a function of three corresponding parameters: spring
index C, pitch angle a and Poisson’s ratio v, i.e. Ks; = K55(C,a,v). It is important to emphasize
that a closed-form solution to this type of problem is not found in the current literature. Hence,
all solutions found in the literature are essentially approximate [1].

2.1 STRAIGHT CROSS-SECTION

The improved A/G (A/G,i) deflection and stress corrections proposed in [18] are given by the
following expressions, respectively:

_ —dependent
C—dependent ,weni,a—dependent

3 3+k5,,-+v

ks;=0.185 = Kgs ;=1 — + tan® (a) , 4a,b
6,i 6,A/Gi 16C2 2(1+v) ( ) ( )
and
v—dependent constant C—dependent v dependent a—-dependent
by = 2 o K = 1005 + 28y R tan?(a) (5a.b)
T 2(1+v) T o A ' '

When zero pitch angle a values are considered, the corrections which account for shear are
governed only by the spring index C, which is marked by curly brackets in Egs. (4,5). For
higher values of ¢, the influence of Poisson’s ratio v becomes more dominant [18]. Hence, these
two effects, i.e. spring thickness defined via spring index C and pitch angle @, are approximately
decoupled for straight cross-section. Correspondingly, for a small a, Géhner (G), [1],[15],[22],
proposed the following C-governed/dependent stress correction:

5 7 1 125 0875 1
c=1+—+ + I+—t—+—. (6)

K —_—t—=
4C gc? c? C cc 3

[

Equation (6) is also reported by the same author in [21] but without the last term C-3, i.e. the
third order approximation [23]. Furthermore, other variations of the Gohner stress correction
may be found in the literature:
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1 1 1

c 1 1 j[ c?-1 JK 11 ac T 1602
’ o,GT —

K = —+—+ ’
068 (c—z 4C  16¢% )\ ¢ -0.8125 S (a0

16(c? -1)

Koo =Kot :KJ,G,T/B

Equation (7a), (G,B), is reported in [25] and Eq. (7b), (G, T), in [1],[15],[22] and [26]. After some
mathematical simplifications, it may be noted that Egs. (7a,b) are numerically equivalent, as
implied in Eq. (7c). Moreover, the corrections by Henrici (H) [23], and Bergstrasser (B)
[15],[25], respectively write as:

5 7 155 11911 4C+2 C+0.5
—+ + + +., Kyp= = .
4C gc? 256¢% 24 576C* P 4c-3 €-075

(8a,b)

Finally, the Wahl relation (W,m) modified with the Timoshenko/Wahl shear stress correction
kr/w from Eq. (5a) and Poisson’s ratio v set to zero (as recommended in [16],[17]), yields the
following simple expression:
-1 k v=0 -
_4c-1 rw(v=0) 4c 1,1

= = . 9
oWm = 40 _4 c 4C-4 2C ®)

Equation (9) was already implied in [16]-[18] but not explicitly proposed in the present form.
It provides a less conservative prediction than the original Wahl design equation [1],[11]. This
conclusion is drawn from the fact that Wahl himself noted that his correction factor was overly
conservative when compared to the values obtained experimentally [1] and to the Gohner
approximation, Egs. (6,7). Using Eq. (3c), the maximum relative error between Eq. (5b) (for a=
0), and Eqgs. (6-9) for a spring index of as low as C = 2.5 is obtained as Erejmaxx1.63 %.
Bergstrasser, Eq. (8b), predicts the most conservative results for C = 2.5. For a spring index of
C=4, i.e. C= Cnin, Ereimax~ 1.01 %. For higher spring indices, i.e. for slender springs, Erejmax = 0.
Thus, it can be concluded that any of the relevant relations from Egs. (6-9), i.e. Ksgeneral, may be
used as a template for larger spring angles when combined/superpositioned with the right-
hand side of Eq. (5b), i.e. the term kr/wtan?(a). This is defined in the relations:

2 2
KU,(X:KU’genemI+kT/Wtan (a) = Ko,G,a: 0,G +kT/Wtan (a), (10a,b)

where the Gohner solution from Eq. (6) and its modified version from Eq. (10b) are chosen for
further verification in the following chapters. Equations (9,10) are considered to be minor
contributions of this study.

2.2 INCLINED CROSS-SECTION

Inclined cross-sections represent the main theoretical framework of this study and are
considered next. From Castigliano’s theorem, Timoshenko [5] proposed the following
expression for spring deflection:

bending  torsion shear
—_—

4 4 2| sin®(a) cos?(a
Ia:d—ﬂ, )= a:d_n - 6C/T/G:F0LD_ ( )+ ( )i
64 32 4| IE G g

, (11a-c)
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where I, and I, are the axial and polar moments of inertia, respectively. Furthermore, f; is the
additional shear correction:

vl ) gy

for which Timoshenko [5] references Gohner. As stated by Yildirim [43], the derivation of B¢ is
not explicitly given in [5]. Nevertheless, it is clear that the bending and corrected torsion shear
effects are taken into account, but the axial effects are neglected in Eq. (11c). Next, from Egs.
(3a,11c), the following deflection correction factor is obtained:

bending
SO Sin(a)tan(a)
Kscme =c0s(a)—+———— (13)

- 1+v

where, by setting the power n to 1 and using Eq. (12), one obtains the following closed-form
dimensionless correction:

16(C2 —1)C05(“) N sin(a)tan(a) .

(16C2—13) 1+v (14a.b)

n=+1 = K5,C/T/G =

In [16], the power n was set to -1 due to the fact that Eq. (14b) underestimates the deflection
when considering large angles a. In a similar vein, the Géhner deflection correction from [15]

writes as:
] bending

torsion

— 1 2G

K ; =cos(a) —+~—sin(a)tan(a), (15)
[ 3 cos* (a)] E
1+ 222 %
16 ¢?-1

where, analogously to Eq. (13), only the corrected torsion and bending effects are considered,
without any axial effects. By simplifying Eq. (15) via Eq. (2b) and setting n to 1, one obtains:

cos(a sinla)tan(a
n=+1 = Ksg;= ( 2 ( ) ( ) (16a,b)
3 cos (a) 1+v
I+—
16 ¢? -1

Again, analogously to Eq. (14), by setting n to 1, the spring deflection is underestimated
according to the results obtained in [17]. However, the small angle effects are still studied first.
Thus, the zero pitch angle a limit analysis is performed on Egs. (14b) and (16b). Both relations
yield the same result:

1 3
n=+1 = IlimKs,.=1limK =—=1+—-7-. 17a,b
a0 0 qng OL/T/G Je 13-16C? ( )
Furthermore, in the study by Yildirim [43], detailed analyses of springs of different cross-
sections were performed employing Castigliano’s theorem [6] and the Timoshenko thick beam
[45]-[50]- When considering the circular-section [43], the total tip deflection & of the spring
may be divided into direct shear/torsion shear contributions:
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» Dcos(a) D3 cos(a)
6shear = shearFTmT' torsion — FT[”W ' (18a,b)
and the axial/bending, i.e. flexural, contributions:
Dsin(a)tan(a) D? sin(a)tan(a)
Ouxial = anT, SOpending = Frn 25l . (19a,b)

a

In Eq. (18a), Kshear is known as the (Timoshenko) shear correction factor [45]-[50]. The total
deflection of such a thick beam/spring is obtained by the linear superposition of Egs. (18,19),
which yields:

SBeam,T = 5shear + 5torsion + 6axia1 + 5bending ' (20)

and after inserting the corresponding geometric values from Egs. (18,19) and simplifying, one
obtains:

2(v+1)(d2ks_hlear +2D? )cos(a)+(d2 +4D? )sin(a)tan(a)
d*G(1+v)

5Beam,T =2F0Dn (21)

Although in somewhat different notation, Eq. (21) is originally obtained and proposed in [43].
Regarding the shear correction factor Ksnesr, the best-known corrections for circular cross-
sections are Cowper’s [50] and original Timoshenko’s [46] corrections. These respectively
write as:

6(1+v)
kshear = kCowper = m < 1(V =0 —0.5);
2 . (22a,b)
6(1+v)
kshear = kTimoshenko = m < 1(V =0- 0-5)

In [43], the Cowper correction, Eq. (22a), was used. The accuracy of relevant shear corrections
can be debated [52]. Kaneko, [48],[49], performed a comprehensive systematic analysis of
various shear coefficients proposed in the literature, including Cowper’s from Eq. (22a). His
conclusion was that the values reported in Timoshenko’s seminal paper [46], i.e. Eq. (22b),
show the best agreement with the experimental results [49]. However, Cowper’s correction
seems to be still the most popular choice in the literature [16],[17],[43]. It is also readily
implemented in Abaqus [37], which makes it convenient for further verification. From Eq. (21)
and Eq.(3a), the Timoshenko-based beam/spring deflection correction is obtained in
dimensionless form as:

direct shear axial
, — bending ——
s torsion -1 ~ 1 |sin(a)tan(a
K5 oo = BeamT _ 1 + sh_azzr COS(Q’)-I— 1 4+ 2 ( ) ( ) s (23)
6nom 2C 4 (1 i V)

where the torsion, direct shear, bending and axial contributions are outlined via curly
brackets. By performing the limit analysis on Eq. (23) for small/zero pitch angles, one obtains
the following simple expression:

-1
kCowper -1+ 7+6Vv

. SBeam,T (kshear = kCowper)
K6,Beam,T/C = lim =1+

= . (24)
a0 8 om 2c? 12¢% (1+v)
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Equation (24) in the form given above was derived and proposed in [16], where the zero pitch
angle was initially assumed. This confirms the approaches of both methods [16],[43]. [t must
be pointed out that an expression similar to Eq. (23) has already been reported by Dym [51].
However, instead of kcowper, the unit term was used for shear contribution, i.e. Kshear=kpym=1
[51]. Setting the shear correction to unity in Eq. (23) and performing the zero angle limit
analysis, one obtains:

IimK = lim K =1+——=Ks opirion (25)
a0 6,Dym a0k 51 8,Beam,T ZCZ 6,Shigley

shear

The same is also obtained in Shigley’s textbook [6]. Since for any physical value of Poisson’s
ratio:
-1 1
Kemwper >1 = —2(v=0-0.5)>——> = K poamr > K5 pym- (26a-c)
2C 2C
one may expect that the Timoshenko/Cowper shear correction will produce a larger predicted
spring deflection compared to the shear corrections from Eq. (25) by Dym/Shigley. However,
when analysing the structure of Eq. (23), it is obvious that the direct shear and axial
contributions are at least an order of magnitude lower compared to the torsion and bending
contributions in the case of relatively thick springs. Furthermore, it is stated in [17] that the
Timoshenko beam with the Cowper shear correction may overestimate the spring deflection.
This is especially evident for small C values. Moreover, it was actually demonstrated
experimentally [1] and numerically [17],[18] that thick springs may exhibit the values of
deflection correction factors of less than one. This effect can be considered as a surprising and
unexpected result. It is employed in the following section to obtain a new deflection correction
factor.

2.3 DERIVATION AND RESULTS OF NOVEL DEFLECTION AND STRESS CORRECTION
FACTORS FOR THE INCLINED CROSS-SECTION

In this section, novel correction factors are proposed. The loading scheme of the helical coil
spring model is given in Figure 1 and its geometry in Figure 2c) and d). The deflection
correction factor has been derived by linearly combining the torsion (with neglecting the
direct shear), bending and axial contributions from Eq. (23) and the C-dependent improved
A/G,i correction from Eq. (4) [18]. This expression now writes as:

-3 6 ,
Ks,4/6m :WCOS (@) = Kspeamasc = _lim 0K6,Beam,T +Ks a/6m =

Cowper

K&,Eegm,E/B ’ (27a,b)
1 \sinla)tanla
:cos(a)+(1+4c2j ((1)+ v)( )+K5,A/G,m

where cost(a) from Eq. (27a) is the approximate scaling factor, analogously to the Géhner
shear scaling factor cos#(a) from Eq. (15). This scaling factor is now used in order not to
underestimate deflection when considering larger pitch angles a. The proposed Eq. (27) is
considered to be a novelty and an important contribution of this study. By setting the zero
angle, Eq. (27b) reverts to:

66 ENGINEERING MODELLING 35 (2022) 1, 57-81



D. Cakmak, Z. Tomicevi¢, I. Senjanovi¢, H. Wolf, Z. BoZi¢, D. Semenski: A Study on Cylindrical Coil Spring Deflection and Stress Done
Using Analytical and Numerical Methods

negative contribution
——

3
16C?

lim Ks geam,a/6 = 0{%1{5,,4/6,1' =1 (28)

a—0

which is the original A/G equation [12] (with the outlined negative correction contribution)
verified in [17],[18]. By setting the term Ks4/m = 0 in Eq. (27b), the ordinary thin beam E/B
theory correction Ksgeam /s is obtained. Furthermore, by neglecting both the direct shear and
axial contributions in Eq. (23), a simple relation:

sin(a )tan(a)

1) (29)

K5,Beam,t+b = COS(C() +
is obtained. It may serve as a basic approximation for the realistic spring deflection correction
with a large a.

Next, a new stress correction factor is considered. Analogously to the deflection contributions
from Egs. (18,19), multiaxial stress contributions [6] for the inclined cross-section may be
divided into the direct shear/torsion shear stress:

= g%ocos(a), Tiorsion = %gcos(a) =T,omC0s(@), (30a,b)

p

Tshear(max)

and the normal stress due to the axial and the bending, i.e. flexural load:

Fy . M., d .
Oaxial =—-SIN(Q), Opending =—+=5in(a)=40,4,4/C . (31a,b)
A 1, 2
The factor “4/3” in Eq. (30a) denotes the actual maximum direct shear stress in the circular
cross-section [6], rather than the mean shear stress. The shear and normal contributions
combined from Egs. (30,31) are linearly superimposed as:

T 0

max = Tshear T Ttorsion Omax = Onormal = Caxial T Obending * (32a,b)

By considering the zero pitch angle «, the equivalent (shear) stress correction Kgpeamr for Eq.
(32a) writes:

Tonax (@ =0) 2

K =1+—.
3C

(a=0)= (33)

o,Beam,T

Tnom

Equation (33) is in fact completely consistent with Eq. (24), ie. the thick Timoshenko
beam/spring with a small/negligible pitch angle. Taking into consideration all four stress
contributions, the equivalent stress theory is used with the maximum distortion energy, L.e. the
von Mises criterion [6]. However, the direct torsion shear from Eq. (30a) is omitted in favour of
the slightly modified Gohner stress correction from Eq. (6). By combining Egs. (30b), (31a,b),
(32b) and (6), one obtains:

\/[(d +4D)sin(a)]2 + 12[K0'G,chos(a)}2

(34)
d>n

HMH _ | 2 2 _
0eqv,G - \/Umax +3(Ko,6,mrtorsion ) - 4F0

Scaling Eq. (34) with the nominal equivalent stress from Eq. (2f) and simplifying it, one obtains
the final expression for equivalent correction
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. 2 )
axial be’riﬂng . torsion & shear 2
1 + 4C |sin(a)| +12| K,;nC cos(a)
O_HMH
KHMH _ _ YeqvG 35
o,eqv,G = o,Beam,G — _pgMH - 2\/§C , (35)
Oeqv,nom

where the Gohner shear stress correction K;cm in Egs. (34,35), modified from Eq. (6), writes
as:
7 cos(a)

5
KO.’G,mZI-FE-FW—F C3

. (36)

and cos(a) is the additional scaling factor imposed on the final polynomial coefficient €3 in
order not to overestimate the shear stress for larger pitch angles. This is consistent with
Gohner’s approximation given in [21], which completely disregards the term C-3. The main flaw
of the proposed Eq. (35) is that it neglects the actual change in the spring curvature when
considering large pitch angles [1]. Consequently, for an increasing pitch angle «, the shear
stress may be slightly overestimated and the bending stress may be underestimated.
Furthermore, the influence of Poisson’s ratio v is not included in the stress correction herein
due to the simple beam approximation. Despite its inherent simplifications, the combined
Gohner and the regular beam-based correction factor Ks peamc from Eq. (35), is considered as
the main contribution of this study. This correction factor is successfully verified in the
subsequent chapters. Moreover, modifying the term K, m in Eq. (35) by setting it to unity, the
ordinary thin beam E/B theory stress correction K peam£/B is 0btained.

For convenience and better visual representation, the proposed Egs. (27) and (35) are shown
in Figure 3a) and b), respectively, as analytical 3D surfaces. The correction factors K are
denoted as functions of both the spring index C and the pitch angle a simultaneously. Poisson’s
ratio is set to v = 0.3 for all the cases that follow. This implies that the proposed expressions
may prove to be sufficiently accurate for steel-like materials. The results for the deflection
correction field Ks in Figure 3a) are similar to the ones presented for the straight cross-section
in [18], which means that the influence of the spring index C is almost negligible compared to
that of the pitch angle @. However, the results for the stress correction in Figure 3b) show that
there is an inconsistent sensitivity of the correction factor K, to the spring index C in
combination with an increasing pitch angle a. Beyond a certain value of C (i.e. very slender
spring), the stress correction value increases for an increasing a, and below a certain small
value of C (i.e. very thick spring), the stress correction value decreases for an increasing a.
Hence, two important points are considered next.
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25
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KJ’_ L
1.5

a)

Fig. 3 Comparison of correction factors by varying C(2-24) and a(0-90°), v=0.3:
) K geamac(C, ), b) Ko geam,o(C,Q)

Firstly, one may observe that even for very large pitch angles, the stress correction K, tends to
finite values, independently of the index C. It may be shown that these values actually converge
to the straight bar under the simultaneous action of the axial/normal force and the bending
moment for the limit value of pitch angle (i.e. a—m/2). This is given by the following relation:

.. i HMH 1+4C
Beam limit =K j;, = a—lfqrrn/ng’qu'G = m .
In that case, the deflection correction Ks tends to infinity since the spring becomes infinitely
compliant. This is shown in the singularity in Figure 3a) for values of a > ~70 °. Secondly, one
may see an approximately straight line/arrow in Figure 3b) for a certain value of the spring
index C = Cjim. This value can be obtained analytically by equalling Eq. (35) with @ = 0 and the
limit value from Eq. (37). The stress correction Kgjime for Cim from Figure 3b) can then be
obtained by inserting the solution obtained for Ciin into Eq. (37). The approximate values are:

Ciim (Ko goame (€ > 0) =K iy ) =7.133955 =
= Ko,Beam,G(C:Clim):Kg,h'ma ~1.19517

(37)

(38a,b)

It may be noted that the value of Ciin is between the constrained values, 4 < Cjim < 12. This may
be useful for spring design purposes [9],[10], as the stress correction factor K, and the
corresponding stress remain approximately constant, independently of angle a. This is verified
in the following chapters via FEM.

Additionally, it might be insightful to point out that the numerator of Eq. (7b) is in fact a
truncated approximation of the original Gohner infinite series expression [15],[22] which
writes as:
1 nmax_)oo 1 _ n
Knumerator _ + C 1\ _
o,G,T 1—C_1 ; 22 ( )
1 1 1 1 1 1 1 1
= —+——+ >+ T+ yIRRIT —t—t—
1-C 4C 16C* 256C° 65 536C 1-C 4C  16C

' (39)
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and that Eq. (6) is actually a modified Taylor series approximation of the simplified, i.e.
truncated, Eq. (7). The true expression for the Taylor series expansion of Eq. (7) may be
written as:
1079
Kg‘glor=1+i+ 72 + 493+ 834 837 =+ : +...z1+i+L2+i3. (40)
’ 4C 8C* 64C° 128C* 1024C°> 2 048C 4C 8¢ ¢

It can be observed that the left-hand side polynomial of Eq. (40) most notably differs from
approximate Eq. (6), i.e. the right-hand side of Eq. (40). The difference is in the term C-3 which
was probably conceived by Gohner in order to compensate for higher power terms of C slightly
conservatively. Nevertheless, in parametric analyses, it is observed that the differences
between all Gohner’s approximations considered are negligible from an engineering point of
view. Considering Eqgs. (6,7,39,40), Eremax) is less than 0.7 %, for the extremely low spring
index C of 2.5.

3. FINITE ELEMENT MODELLING

A brief overview of FEM modelling is given in this chapter. In order to obtain non-biased
numerical results, two FEM software packages with alternate solvers are used for verification:
Abaqus [37] and Catia [38]. Catia is used as a primary verification tool because of its powerful
modelling capabilities and the ability to perform a large number of iterative computations. In
that sense, a completely parametric hexahedral mesh is used, with every node of the mesh
defined by the user. Figure 4a)-c) show three types of cross-section meshes used.

a) b) 9
Fig. 4 Parametric structured cross-section meshes: a) coarse, b) reference [17],[18], ¢) converged

The coarse mesh in Figure 4a) is used only for preliminary calculations. The reference mesh in
Figure 4b) refers to the recommended parameters obtained from [17],[18], where 48 second
order FEs were used per spring wire cross-section. In Figure 4c), the converged mesh denotes
a very fine, detailed mesh used in this study to obtain as accurate numerical results as possible.
In this mesh, 192 second order FEs are prescribed per spring cross-section. Equivalent
converged meshes are used in Abaqus and Catia. Figure 5 shows the spring loading scheme
with a corresponding free-body diagram and equivalent loading for the straight and inclined
cross-sections, respectively. The spring tangent “t” is outlined in Figure 5c) (straight cross-
section) and Figure 5d) (inclined cross-section). The numerical kinematic coupling scheme
from Figure 5a) is consistent with the scheme in Figure 1b) where a rigid interface, i.e. the rigid
arm of length D/2, is defined between referent points Agp and Bgrp, and their corresponding
coupling surfaces (Asurfuce). This type of kinematic connection enables free deformation of
coupling surfaces by imposing weighting factors [37]. It is labelled as “Distributing” in Abaqus
[37] and “Smooth Spider” in Catia [38]. More details about the kinematic coupling and the
corresponding computational model are given in [17],[18]. In Figure 5a), the location of
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maximum equivalent stress is marked. The equivalent torsion moment M; from Eq. (2c) is
denoted in Figure 4b)-d). The mean spring coil diameter D is set to 50 mm for all FEM analyses
[16]-[18], while d and a, Eq. (1b), are incrementally varied.

Fig. 5 Spring loading scheme: a) kinematic coupling, b) free-body diagram, ¢) straight, d) inclined

In both software packages, the 3D continuum second order hexahedral elements (C3D20R in
Abaqus; HE20 in Catia) and the beam-based first order elements (Timoshenko-based B31 and
E/B based B33 in Abaqus; custom generalized Beam elements in Catia) are used for parametric
computations which are performed next.

4. PARAMETRIC ANALYSIS

In this chapter, the theoretical framework from section 2 and the FE modelling from section 3
are unified. First, the zero pitch spring angle is considered for one isolated coil, where n = 1.
The computational spring model then deteriorates to a complete, sliced torus with BCs
prescribed according to Figure 1. The normalized results with the coarse mesh are shown in
Figure 6. The high stress gradient on the inner side of the spring coil is observed in Figure 6c).

?:{—//\727\(\ oMH

,norm g, eqv,norm
1.0 7 1.0
09 09
038 038
07 07
06 | 0.6
05 | 05
02 | 04
03 03
02 02
01 01
0.0 0.0

0
Fig. 6 FEM spring model, coarse mesh, a=0 ° a) undeformed, b) norm. deflection field, c) norm. stress field

Although zero pitch angles cannot be realized in practice because of the interference between
the coils, this may be an insightful benchmark for the assessment of basic deflection and stress
correction factors [15]. For example, Wahl performed experimental measurements for only
one half of a thick, zero pitch angle spring in his pioneering book [1]. He acknowledged that the
deflection correction then tends to values of less than unity. This is consistent with Eqgs. (17)
and (28) and the numerical /theoretical results from [17],[18].

For the deflection correction, the following relations are benchmarked against the FEM results:
Eq. (4b) (limit A/G,i with a = 0), Eq. (17b) (limit C/T/G), Eq. (24) (Beam,T/C) and Eq. (25) (Dym,
i.e. the Dym/Shigley limit). These are shown in Figure 7a) with the corresponding FEM results.
In Catia, the user-defined beam FEs are employed (in legend shown as CatDym) with the
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custom unit shear correction which corresponds to kpm = 1 [51]. The E/B-based beam
(Beam,E/B) readily obtains the correction as unity, independently of the spring index C. All
FEM results are scaled according to Eqgs. (3a,b). For the stress correction, the following
relations are tested: Eq. (5b) (4/G,i with a = 0), Eq. (6) (G, i.e. Gohner), Eq. (9) (W,m) and Eq.
(33) (Timoshenko Beam,T). The analytical and numerical stress correction results are shown
parallelly in Figure 7b). Moreover, Figure 7a) and b) may be considered as slices of Figure 3a)
and b) respectively, obtained by setting « to zero.

In Figure 7a), very good agreement between the corresponding theories may be observed.
However, a significant discrepancy between the concurrent SOM and TOE can be noted. For the
corresponding thick shear beam-based theories, relative differences are almost non-existent.
The Cowper shear correction expectedly produces a larger correction when compared to the
unit shear Dym approximation. For the TOE-based assumptions and corresponding continuum
FEM solutions, a “less than unity” trend is generally observed. This is especially true for
smaller spring indices. It is also evident that discrepancies, i.e. Ere;max, between the concurrent
thick beam and TOE solutions become more prominent for small spring indices, i.e. when C— 1.
Then, the limit C/T/G solution from Eq. (17b) also underestimates both the A/G,i correction,
and FEM. In Figure 7b), a rather good agreement between the corresponding stress correction
theories is observed. It may be reported that the analytical Eq. (33) and the numerical
Timoshenko beam shear stress constantly underestimate the TOE and continuum FE solutions.
In fact, the Timoshenko beam stress correction is slightly below half of the TOE-based
solutions. Interestingly, the tested Egs. (5b,6,9) (i.e. A/G,i, G, and W,m respectively), are all in
good agreement with each other and the concurrent Abaqus and Catia FEM solutions. This
proves the improved accuracy of the proposed modified Wahl formula, Eq. (9).

| 1.09 13 —AG,i - - -CITIG 1.8 —A/G,i

< :\‘.. O Abg,C3D20R ¢ CatHE20 le a=0° - =G

§ 106 4B [T Beam,T/C A Abg,B31 f 16 | p=03] [*eeer W,m
8 — —Dym O CatDym g O Abg,C3D20R
= W, [ - BeamE/B X Abg,B33 & o CatHE20
S e c '

3 1.03 \'é — S 14 1 -+ - Beam,T

o b [ - (&}

= 4 e — [

3 1 Eret,maxT g‘o.. v=03 g i A Abg,B31
5 14l % X--2 —-= h— ; 1.2 1 O Abqg,B33
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Spring index C = D/d, - Spring index C = D/d, -
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Fig. 7 Comparison between the analytical and numerical correction factors, a=0° v=0.3: a) K5(C), b) K«(C)

Next, large pitch angles are analysed. The results are presented in Figure 8-Figure 10, which
may be considered as separate slices of Figure 3, obtained by fixing C and by varying a. Three C
values are denoted: C=50/2 (thin/slender spring, Figure 8), C = 50/~7.01 = 7.134 from Eq.
(38a) (medium thickness spring with the limit index value Ciim, Figure 9), and € =50/17 (thick
spring, Figure 10). The values of a in Figure 8 are deliberately cut beyond 40 ° due to
exceptionally long FEM computational times for larger pitch angles. Generally, very good
agreement is observed in all theories, with Ere;max < 2.5 % for all corresponding discrete results
from Figure 8-Figure 10. In the Catia HE20 mesh, the index “I” stands for “inclined”. One can
note the convergence of the inclined cross-section analytical and numerical stress correction
factors toward Koiim from Eq. (37). It may be observed that the straight cross-section predicts
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much larger deflection and stress correction factors compared to the inclined cross-section.
This holds true regardless of the spring index C value and can be noted in Figure 8-Figure 10.
Differences between the straight and the inclined cross-section become more notable for rising
values of the pitch angle a. This confirms the need for considering separately the straight and
the inclined cross-section of the spring. A satisfying match-up of the simple deflection
correction approximation Beam,t+b from Eq. (29) with Beam,A/G, Cat,HE20,1, Beam,E/B, and
Abq,B33 results, is noted in Figure 8a), Figure 9a) and Figure 10a).

When taking into account the straight cross-section, previously proposed stress correction
factor A/G,i [18] from Eq. (5), and newly proposed Géhner-based stress correction factor G,a
from Eq. (10b) agree very well mutually and with FEM alike. This is readily observed in Figure
8b), Figure 9b) and Figure 10b) respectively, where A/G,i is denoted via solid line, and G,« is
denoted via a dotted line.

For the value of C=50/2 > Ciin in Figure 8b), the straight cross-section stress correction factors
tend to their limit value Ksim from the lower side. This holds true for both the SOM (Beam,E/B)
and TOE-based solutions. For such a slender spring, the proposed inclined Géhner-based
stress correction factor (Beam,G) from Eq. (35) slightly underestimates the stress obtained by
FEM. However, practical engineering differences are negligible with the relative error being
Erel,max<1 %

| 20T - AG 14 H{—AG;i
< 1| o catHE20 | |C=502=25 K R Ga T Er
S 1| ——Beam A/G ¥=03 o 3 O CatHE20 v=03
g | ’ : s |- Beam,G
& o CatHE20,l K £
g T11----- Beam.E/B 4 8 <& Cat,HE20,l
5 15 ' A 5 12417 Beam,E/B
I O Abg,B33 . g O Abg,B33 . K |
8 ] i £ —--—- Beam limit alim
3 L Beam,t+b .,u = -
S 8 o O
g S G ol 0__--9----9' o
% a e
° 10 1 o
0 20 40
Pitch angle a, ° Pitch angle a, °
a) b)

Fig. 8 Comparison between the analytical and numerical correction factors, C=50/2, v=0.3:

a) Ks(a), b) Ko@)

A similar increasing trend in the deflection correction factor from Figure 8a) may be observed
in Figure 9a). The straight cross-section provides a much larger deflection correction
compared to the inclined one. The validity and accuracy of the proposed limit, i.e. Eq. (38), for
Ksim is shown in Figure 9b). It may be noted that the approximately straight line (Beam,G)
from the 3D surface plot in Figure 3b) is successfully reproduced via FEM. Moreover, the E/B
beam-based stress correction again converges to beam limit value K, im from the lower side,
and (expectedly) always provides non-conservative results.
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Fig. 9 Comparison between the analytical and numerical correction factors, C=50/~7.01, v=0.3:

a) Ks(a@), b) Ko(a)

The results shown in Figure 10 give further proof of the correctness of the proposed relations.
[t is interesting to see in Figure 10a) that the simple approximation from Eq. (29), i.e. Beam,t+b,
can still capture rather accurately even the thick spring effects using only the E/B slender
beam torsion and bending contributions. Furthermore, observing concurrently the inclined
Beam,G and simple Beam,E/B-based stress correction results in Figure 10b), almost a mirror-
like reflection response with respect to the Kyim dash-dot-dot line is noted. Both theories
converge to similar values when a— 90 °. However, they come from the opposite sides when
a— 0 °. This may be of importance for the design process of large pitch angle springs since the
E/B beam theory always underestimates the realistic/true spring stress.
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Fig. 10 Comparison between the analytical and numerical correction factors, C=50/17, v=0.3:
a) Ks(a), b) Ko(a)

This concludes the parametric analysis section. An illustrative benchmark example is
presented next.

5. BENCHMARK EXAMPLE

Geometric and material properties of the exemplary benchmark helical spring with a circular
cross-section of diameter d are given in Table 1. The straight and inclined cross-sections are
considered with the same set of spring parameters.
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Table 1 Geometric and material parameters of the benchmark helical spring

D, mm d, mm n, - [, mm E, GPa v, -
50 17 1 10d 200 03

Geometric parameters are chosen in such a way as to produce a challenging benchmark model.
The obtained parameter Cx2.941 implies a very small spring index and a = 47.262 ° provides
an extremely large pitch angle. A coarse FE mesh is shown in Figure 11 for the purpose of
adequate visual resolution. Nevertheless, the converged fine/dense mesh, analogously to
Figure 4c), is used in the subsequent 3D FEM calculations. The number of nodes for the 3D and
the 1D FE mesh is 230000 and 1 000, respectively. This model is fully consistent with the
scheme shown in Figure 2, where Figure 11a) and b) correspond to Figure 2a) and b), while
Figure 11c) and d) correspond to Figure 2c) and d). The constant quasi-static force Fy of an
arbitrary magnitude is applied to the reference point Agp, with regard to the schematic from
Figure 1 and Figure 5a). The results obtained are tabulated in a consistent dimensionless form
with respect to Egs. (3a,b).

circle )

straight
cross-section

inclined
cross-section

a) o)

Fig. 11 Benchmark example FE mesh views: a) straight, side, b) straight, front, c) inclined, side, d) inclined,
front

Table 2 shows the results for the straight cross-section shown in Figure 11a) and b). The
reported results verify the proposed correction factors from [18] and give us confidence in the
correct setup of the Catia and Abaqus FEM models. Moreover, Egs. (6-9) and the newly
proposed Eq. (10) are thus successfully verified. For this particular case, the straight stress
correction factors A/G,i, and G,« are slightly more conservative compared to FEM.

Table 2 Benchmark example analytical and numerical correction factors, straight (TOE)

Corr. k] A/Gi G, Cat,HE20 Abq,C3D20R Ereimax, %
Ks, - '? 2.548281 - 2.563884 2.561557 0.612
Ko, - o 2.282898 2.286237 2.263492 2.259797 1.170

The inclined cross-section from Figure 11c) and d) is considered next. Table 3 shows the
results for the E/B beam-based theory. Very good agreement of all corresponding solutions is
observed. Even the simple beam theory Beam,t+b from Eq. (29) with only the torsion and
bending contributions assumed gives only a ~ 1.4 % Erejmax. For the Catia beam (Cat,Beam,E/B),
a generalized custom cross-section is defined. It mimics the E/B slender beam cross-section
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without considering Timoshenko correction for deflection due to shear, kssear. Consequently, it
cannot predict stress field results due to the FEM model limitations [38].

Table 3 Benchmark example analytical and numerical correction factors, inclined (SOM beam theory)

Corr. b Beam,E/B Abq,B33 Cat,Beam,E/B Beam,t+b Erelmax, %
Ks, - % 1.307761 1.307759 1.307751 1.290090 1.370
Ko, - = 1.143365 1.143370 - - 0.000

Table 4 shows the TOE-based solutions for the inclined cross-section tested in comparison
with the 3D FEM solutions. Considering the limitations imposed in the simple expressions from
Egs. (27) and (35) proposed here, the results obtained may be considered highly successful.
Moreover, the SOM beam-based deflection corrections Ks from Table 3 agree with the TOE-
based corrections from Table 4 surprisingly well.

Hence, beam-based deflection correction which only considers the pitch angle « (and completely
disregards the spring index C) may be sufficiently accurate when considering inclined cross-section.
However, by comparing Ks = 2.5 from Table 2 (straight cross-section), to Ks =~ 1.3 from Table 3 and
Table 4 respectively (inclined cross-section), the necessity for clear distinction between inclined and
straight cross-sections is evident.

Table 4 Benchmark example analytical and numerical correction factors, inclined (TOE)

Corr. B Beam,G Beam,A/G Cat,HE20,1 Abq,C3D20R1 Eremax, %
Ks, - % - 1.305644 1.308898 1.305305 0.275
Ko, - S 1.399018 - 1.391662 1.391470 0.542

The authors believe that this benchmark example provides sufficiently accurate results for all
cases considered, based on the theories assumed for deriving the governing constitutive
relations. Thus, the presented benchmark may be used as a fair test for numerical methods to
be developed in the future, both those considering the beam-based FEs and the continuum FEs.
However, the advantage of the proposed, simplified, but time-saving analytical relations must
be emphasized when compared to arguably more accurate [41] but computationally much
more intensive FEM. Finally, the formulae obtained herein seem to be sufficiently accurate to
be included in the spring optimization algorithms [24], vibration fatigue failure assessments
[16]-[18], and linear buckling/stability estimations [1],[6],[20],[44].

6. CONCLUSIONS

The present study deals with the estimation of deflection and multiaxial stress in the thick and
steep cylindrical coil spring with a circular cross-section under axial quasi-static point load.
Two distinct types of spring are discussed: the spring with a straight cross-section (if cut by a
vertical plane, the cross-section is assumed to remain circular) and the spring with an inclined
cross-section (it is perpendicular to the spring helix curve tangent). Analytical methods, based
on the theory of elasticity and the strength of materials, are used in conjunction with the finite
element method in order to study the deflection and stress of both spring types in detail.

Based on the conducted investigation, the following contributions and conclusions are
emphasized:

e A basic modification to the standard Wabhl stress correction is proposed in Eq. (9). This
makes the Wahl stress correction factor less conservative but noticeably more
accurate.
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e A novel stress correction for the straight cross-section is proposed in Eq. (10b). It is
based on the modified Géhner correction. It can capture large pitch angle effects in
conjunction with small indices.

e A novel deflection correction factor for the inclined cross-section is proposed in Eq.
(27). It is based on the Euler-Bernoulli slender beam theory and the modified Ancker
and Goodier shear deflection correction.

e A novel stress correction factor for the inclined cross-section is proposed in Eq. (35). It
is based on the von Mises distortion energy criterion and the modified Gohner
correction for shear stress.

e The Timoshenko-based thick/short beam theory may overestimate the helical spring
compliance/deflection and underestimate stress in thick springs. Hence, it is
recommended to omit the Timoshenko shear correction when estimating the
deflection of thick springs.

e The straight cross-section always provides higher stress and higher compliancy
compared to the inclined cross-section. This is especially evident when considering
larger pitch angles. In conclusion, straight and inclined cross-sections should be
always analysed independently.

All of the proposed correction factors seem to be able to capture the effects of thick springs
with large pitch angle simultaneously. The results obtained here are verified via a
comprehensive parametric finite element analysis. The authors believe that the proposed
correction factors are sufficiently accurate and relatively simple. This makes them suitable for
standard engineering applications/hand calculations and may be of particular interest to
spring designers, analysts, or engineers without access to commercial finite element software
packages.
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8. APPENDIX A: SUMMARY OF PROPOSED DEFLECTION AND STRESS
CORRECTION FACTORS

Relations relevant for this study are given in the condensed form in Table A1l.

The proposed relations can be used in their presented state as explicit closed-form solutions
without additional numerical manipulation. By setting Ks4/cm for the inclined spring cross-
section to zero, the corresponding deflection correction Ksgeama/c reverts to the slender beam
theory correction Kspeam e/ With the negative direct shear deflection contribution omitted. This
may slightly overestimate the spring compliancy. By setting K, m for the inclined spring cross-
section to unity, the corresponding stress correction Kgpeam deteriorates to the slender beam
theory correction K;peamprss with the direct shear stress contribution omitted. Such an
oversimplified model may significantly underestimate the realistic spring stress.

ENGINEERING MODELLING 35 (2022) 1, 57-81 77



D. Cakmak, Z. Tomicevi¢, I. Senjanovi¢, H. Wolf, Z. BoZi¢, D. Semenski: A Study on Cylindrical Coil Spring Deflection and Stress Done
Using Analytical and Numerical Methods

Moreover, Gohner’s modified stress correction factor K, q for the straight cross-section may
be a more viable expression compared to the stress correction factor Ks 4/, proposed in [18]
and given in Table A1, as it tends to unity when the spring index C tends to infinity. For the
zero pitch angle @, all corresponding correction factors provide almost equal results, no matter
whether the straight or the inclined assumption is used. Thus, the consistency of results is

ensured.

Table A1 Proposed expressions for the deflection correction factors Ks and the stress correction factors K,

Correction factor Note
i C=B, G= E , a=arctan(ij, h=n-I
Cross-section d 2(1+v) D M
SF C3 8F.C Geqv,num(pure torsion) ~ \/Ernam
n
s e M %0 s _K.5 oM _g GHMH
nom Gd nom dZT[ cor §“nom eqv,cor o~ eqv,nom
Straight 3+ks;+v
9 Ks 461 :l—i+¢tan2(a) ks ; =0.185
F t/giia A 16c?  2(1+v) '
\(// D /
‘ 5 8 2
QO K i =1.005+—+——=+kp y ti
1| A = 0,4/Gi I 22w an” (a) - 1+2v
Il Y o7 5 7 1 2 2(1+V)
54/ | Kola’a=1+E+@+C—3+kT/Wtan ()
1 \sin(a)tan(a) -3 &
K =cos(a)+| 1+ — |———————+K K =——cos’ (a
§,Beam,A/G ( ) ( 462] (1+V) 6,A/Gm §,A/Gm 16C2 ( )
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