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Abstract: In this paper, the problem of designing the feasible Kalman filter under a non-Gaussian stochastic environment characterized by spiky noise or outliers has been 
considered. Firstly, the similarity among a class of dynamic stochastic approximation algorithms and the standard Kalmanfilter is found. Moreover, the particular dynamic 
stochastic approximation algorithm is derived by minimizing the generalized M-robust performance index. The adopted robust criterion represents the conditional expectation 
of a suitably chosen non-linear transformation of the measurement residuals, given the predicted system states and the observation sequence. The standard Kalman filtering 
time-update recursions are used to account for the predicted changes in the system states at each stage. Furthermore, the speed of algorithm convergence is improved by 
choosing the gain matrix from the minimization of an additional criterion at each stage, resulting in an approximately minimum variance algorithm. A target tracking scenery 
is simulated to demonstrate the practical robustness of the proposed state estimator.  
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1 INTRODUCTION 
 

The state estimation problem is one of determining the 
vector valued function of measurements, in order to 
estimate the value of system state for some fixed time 
instance, [1-4]. In general, the state is a multidimensional 
stochastic process, which is not directly accessible to 
observations. A common approach is based on the 
application of a scalar-valued admissible loss, being a 
symmetric, non-decreasing function of the random 
estimation error, that is equal to zero for the zero 
arguments, [3]. An estimate that minimizes the mean value 
of random loss is the optimal one. The fundamental result 
of estimation theory states that the optimal estimate for all 
admissible loss functions is the conditional mathematical 
expectation, assuming a symmetric and convex conditional 
probability distribution of random states given the 
measurements, [3]. Particularly, if the mean square error 
(MSE) performance index is adopted the only requirement 
is that the continuous conditional probability density 
function (pdf) exists at almost all arguments, [1-4]. 
Another important case is related to the Gaussian random 
processes, when the conditional expectation is a linear 
function of the measurements. Furthermore, if the state 
estimator design is restricted to a class of linear functions 
then only the first and second order moments define the 
optimal estimator, [3]. 

Particularly, one of the most significant achievements 
in the linear estimation is Kalman filtering. Except for the 
theoretical interest, it is also important for the practical 
applications, [1-4]. Kalman filter provides for optimal state 
estimates under the conditions that the state vector satisfies 
a linear discrete-time stochastic difference equation driven 
by the Gaussian random excitation, while the observation 
vector is linearly dependent upon the system states, and is 
corrupted by the additive Gaussian noise. In addition, since 
the linear Kalman filter is optimal for all admissible loss 
functions, it is also optimal in the minimum variance sense. 
Furthermore, one of the most significant practical features 
of the Kalman filter is its recursive form, a property that 
makes it extremely useful in real-time signal processing, 
[1-4].  

On the other hand, for non-linear system dynamics or 
non-Gaussian noise the optimal estimator design may be 
too complex. In such situation the optimal linear Kalman 
filter may cease to work. Therefore, one might be also 
interested in a class of estimators which are not optimal in 
any statistical sense, but which provide for bounded 
statistical errors in practice. Particularly, a class of dynamic 
stochastic approximation algorithms performs quite well in 
many applications related to estimation optimisation and 
pattern classification, [5-9]. 

Additionally, in many practical applications the real 
noise distribution differs from the supposed normal one by 
heavier tails. This, in turn, generates the spiky noise 
realizations named outliers [9]. Since the Kalman filter is a 
linear function of observations, it is susceptible to outliers. 
Therefore, it is of great practical interest to designing 
robustified Kalman filtering techniques that are able to 
cope with impulse noise or outliers. In such circumstances, 
robust statistical methods provide suitable tools to spot bad 
data points and suppress their effects [9-11]. Particularly, 
the M-robust statistical approach is widely used in practice, 
since it represents an approximation of the maximum 
likelihood estimation that is easy to implement, [10]. In 
recent literature, there exist a number of articles devoted to 
robustifying the Kalman filter using the M-robust 
approach, [12-20].  

In this article a new simple but efficient robustified 
version of Kalman filter has been proposed. This approach 
is based on an extension of the Huberꞌs M-robust 
estimation concept to the problem of robustifying  dynamic 
stochastics approximation methods, in the sense of its 
insensitivity to impulsive noise or outliers. The proposed 
M-robust algorithm is combined with both the mean-
square optimal prediction, and calculation of the gain 
matrix from the minimization of an additional criterion, in 
order to derive an approximately minimum variance robust 
state estimator, the so-called M-robustified Kalman filter. 

The paper is organised as follows. A brief description 
of optimality and robustness in linear dynamic system state 
estimation is given in Section 2. Section 3 is dedicated to 
the Huberꞌs M- robust estimation, and its application to 
robustifying dynamic stochastics approximation recursive 
algorithm. Robustified Kalman filter using both M-
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robustified dynamic stochastic approximation and mean-
square optimal state prediction is overviewed in Section 4, 
while its complete derivation is given in appendix A. An 
alternative relation for the gain matrix of robustified 
Kalman filer is derived in appendix B. Experimental 
analysis is presented in Section 5, while conclusions are 
presented in Section 6.  
 
2 PROBLEM FORMULATION 
 

Let us assume that an abstract linear discrete stochastic 
system is given by the state-space model 
 

         1x k F k x k G k w k    (1) 

 

       y k H k x k v k   (2) 

 
Here x(k) is the random state vector, y(k) is the 

observation or measurement vector, w(k) is the state noise 
or disturbance, and v(k) is the additive measurement noise, 
at the discrete time indexed by k . Furthermore, w(k) and 
v(k) are zero-mean noises that are uncorrelated by 
themselves and mutually, satisfying 
 

 
 

 
      diag ,

T

kj kj

w j w k
E Q k R k

v j v k
 

          
     

 (3) 

 
with E{} being the mathematical expectation, kj  denotes 

the Kroneckerꞌs delta symbol, and diag{,}represents the 
block-diagonal matrix. In addition, F(k), G(k), and H(k) are 
the given matrices. If  ˆ |x k l , 1,l k k  , is the linear 

optimal estimate of the state, x(k), when the measurements,

  ,y j j l , are given, while P(k|l) denotes the 

underlying estimation error covariance matrices, and then 
the classical Kalman filter equations are the following,       
[1-4]  

Time update (prediction stage): 
 

     ˆ ˆ1| |x k k F k x k k   (4) 

 

             1| | T TP k k F k P k k F k G k Q k G k     (5)  

 
Measurement update (estimation or correction stage): 

 

       ˆ | 1k y k H k x k k     (6) 

 

     

       
1

| 1

| 1

T

T

K k P k k H k

H k P k k H k R k


  

    
 (7) 

 

     ˆ ˆ| | 1 ( )x k k x k k K k k    (8) 

 

       | | 1P k k I K k H k P k k      (9) 

 

with I being the identity matrix. It is also assumed that the 
initial state vector, x(0), is a random vector with zero-mean, 

   00 0E x m  , and the corresponding covariance 

matrix     0 0 0TP E x x . Moreover, the initial state is 

also uncorrelated with the future noises  w k  and  v k . 

Thus, the filter can be initialized with   0ˆ 0 | 0x m  and 

  00 | 0P P . This, in turn, results in the unbiased state 

estimate at each step, that is      ˆ |E x k k E x k , [3, 

4]. It should be also noted that the measurement residual or 

innovation,  k , represents the zero-mean,    0,E k 

uncorrelated random sequence with the covariance matrix, 
[3, 4] 
 

      

         

;

| 1

T
ki

T

E k i S k

S k H k P k k H k R k

  

  
 (10) 

 
In most applications the elements of the observation 

vector, y(k), are independent, and they can be analysed 
sequentially, one by one. As a consequence, y(k) and (k) 
are zero-mean, scalar, real random variables, having the 
variances R(k) and S(k), respectively. The important 
feature of the procedure is the requirement for 
decorrelation of the observation vector components, 
providing a diagonal covariance matrix of the observation 
noise. This task can be performed by using Choleskey 
factorization or UD decomposition, [1, 4]. Moreover, in a 
number of practical situations, the state disturbance, w(k), 
is also assumed to be zero-mean scalar real random 
variable having the variance, Q(k), [1-4].  

Unfortunately, if the noise statistics are erroneous or 
unknown, the design of underlying optimal estimate can be 
impossible [3, 4, 8, 20]. Thus, the Kalman estimator is 
susceptible to departures of the noise statistics from the 
adopted Gaussian one, or it is not robust [12-18]. Formal 
definitions of robustness are given in the literature [9-11], 
but these are inconvenient for practical workers. In this 
sense, simple intuitive and empirical definitions are more 
suitable. Particularly, the two types of such definitions are 
popular in practice, the so-called resistant and efficiency 
robustness. Thus, an estimation procedure is robust in the 
resistant sense if it stays finite when some of the 
observations become too large in positive or negative 
direction. On the other hand, an estimator is efficiency 
robust if it possesses a high efficiency for the Gaussian 
distribution, but it also remains acceptably efficient when 
the real distribution differs from the assumed Gaussian one 
by heavier tails. This, in turn, generates the outlying data 
points contaminating the normally distributed 
observations. Therefore, the practical robustness combines 
both the resistant and efficiency features. Since the Kalman 
filter is linear in observations, it is not robust in the 
practical sense. In addition, the Huberꞌs M-robust approach 
is preferred in practice, because it is based on the maximum 
likelihood approach, making it easy to understand and 
implement. This approach is used in the sequel to designing 
M-robustified dynamic stochastic approximation, in order 
to apply it for measurement update in the predictor-
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corrector structure of the Kalman filter, resulting in its M-
robustified version. 
 
3 M-ROBUST APPROACH TO DESIGNING A CLASS OF 

STOCHASTIC APPROXIMATION ALGORITHMS 
 

Many robust schemes are derived by considering a 
problem of parameter estimation using linear scalar 
observations 
 

T
k k k ky h x v   (11)  

 
Here x is unknown parameter vector to be estimated, 

kh  is the given time-varying vector, and kv  is zero-mean 

white measurement noise. A situation of multidimensional 
observations can be handled by processing sequentially the 
individual components of ky , one by one. Moreover, the 

M-robust statistical approach is based on the minimization 
of the performance index [9-11] 
 

       ˆ ˆ ˆ ˆ; T
k k k kJ x E x x y h x       (12)  

 
with     being a penalty or loss function, reducing 

the influence of outliers. Since it is commonly supposed 
that the observation noise is confined to the normal 
distribution, large efficiency at the normal noise is 
required. For this reason,  x function has to be 

quadratic in the middle. Furthermore, as a rule, the 
measurements data contain 5 to 10 percentage of outliers, 
[9]. As a consequence, it is also required that its derivative 
named the influence function,         be bounded 

and continuous, [10, 11]. Bounded feature obeys the 
requirement that a particular outlier may not have a 
significant influence on estimates. On the other hand, the 
continuity feature ensures that grouped, or patchy, outliers 
will not produce large impact. This is the requirement for 
resistant feature. Both properties are fulfilled for the 
saturation type nonlinearity, the so-called Huberꞌs loss, 
[10] 
 

 
2

2

/ 2;

/ 2;

x x
x

x x


    
 

 (13) 

 
where   is the free parameter to be adopted. The choice 
of this parameter has to provide for desired efficiency at 
the normal noise, but also to remain high efficiency in the 
presence of outliers. Experimental results have shown that 
the choice of 1.5   satisfies the efficiency robustness 
requirements. This estimation procedure is called the 
Huberꞌs 1.5-M-robust estimator [10]. By differentiating the 
performance index (12) with respect to the elements ˆix , 

1, 2,...i n , of x̂ , a nonlinear algebraic system of the n 
equations is obtained, corresponding to the vector equation 
 

       ˆˆ ˆ ˆ 0x k kg x J x E x h       (14) 

 

The relation (14) may be used as the generator of 
robust stochastic approximation recursive scheme. It 
should be noted that stochastic approximation was firstly 
proposed as the iterative procedure for finding a root, 0x , 

of the algebraic nonlinear equation   0g x  , when  kg x  

cannot be obtained from estimate, ˆkx , of x , [5]. This is 

equivalent to the deterministic problem of obtaining a 
solution for a known function,  g x , which can be treated 

by any of classical iterative numerical methods, 
represented uniquely by [21].  
 

 
     

1ˆ ˆ ˆ;

ˆsgn ;

k k k k k k

k k k k

x x g g g x

sgn g g g x




   

    
  (15a) 

 
where sgn() is the sign function, gꞌ() is the first derivative 
of g() and k is gain factor, which controls the convergence 
rate, [5]. Different numerical algorithms follow from the 
choice of the gain factor, [21]. In a stochastic environment 
gk cannot be evaluated adequately, and has to be replaced 
by a noisy measurement, km , yeilding the stochastic 

version of (15a) 
 

1ˆ ˆk k k kx x m   ;  k k km g e   (15b) 

 
Because km  has a stochastic error or measurement 

noise, ke , the relation Eq. (15b) is named stochastic 

approximation. This relation Eq. (15b) generates the 
sequence of estimates that in some probabilistic sense 
converge to x0 if the gain, k, is in the proper direction in 
Eq. (15a), [5]. The application of Eq. (15b) to the 
multivariable problem Eqs. (11) to (14) requires to define 
the equivalent relations to the corresponding scalar ones, 
resulting in  
 

  ˆ; T
k k k k k k km h y h x      (16) 

 
The Eq. (16) is a direct consequence of Eq. (14), when 

the indeterminate mean-value,   E    is estimated by 

the current sample. Here,   is derivative of,   in Eq. 

(13), yielding 
 

     min , sgn ; 1.5x x x      (17) 

 
Such type of statistical data processing is known as 

winsorization, [9-11]. Thus, the multivariable stochastic 
approximation based on M-robust approach is defined by 
Eqs. (15b), (16) and (17), where the scalar gain factor, ,k
is a free quantity to be adopted. Although stochastic 
approximation methods, as well as the M-robust estimators 
are primarily developed for estimating constant 
parameters, analogous methods can be applied for 
estimating variables that are time-varying. This results in 
the M-robust dynamic stochastic approximation algorithm 
that represents a basis for robustifying the standard Kalman 
filter. 
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4 M-STATISTICAL APPROACH TO ROBUSTIFYING 
KALMAN FILTER USING DYNAMIC STOCHASTIC 
APPROXIMATION  

 
The problem of constant parameter vector estimation, 

based on the M-robustified dynamic stochastic 
approximation, can be easily extended to estimating the 
states, kx , of dynamic system, described by Eqs. (1), (2). 

Such an algorithm is a time-varying version of the 
parameter estimator defined by Eqs. (15b), (16) and (17), 
and is represented by 
 

 k k k x k kx̂ x J x     (18) 

 
where k  is the matrix gain factor, corresponding to the 

scalar one, k , in Eq. (15b), and kx  is used to account for 

the predicted change in kx , at each stage, k . Since the 

variation in kx  is governed by the stochastic difference  

Eq. (1), where kw  is zero-mean white noise, one 

concludes, by analogy with the time update Eq. (4) in the 
Kalman filter, that the one step MSE-optimal prediction is 
given by  
 

1 1ˆk k kx F x   (19) 

 
Here the prediction error covariance matrix, kM , is 

given by Eq. (5), that is 
 

      

1 1 1 1 1 1

;T
k k k k k k

T T
k k k k k k k

M E x x x x x

M F P F G Q G     

     

 

  
  (20) 

 
where the estimation error covariance matrix is defined by 
 

       ˆ;T
k k k k k kP E x x x x x         (21) 

 
Moreover,  x kJ   denotes the gradient vector of the 

modified performance index Eq. (12), representing the 
conditional expectation of the nonlinearly transformed 
measurement residuals, k , given the predicted state, ,x  

and the measurement sequence,  1 2, ,...,k
kY y y y , i.e. 

 

       , ;k
k k k k k kJ x E x d x Y x y H x      (22)  

 
with   being the robust loss function in Eq. (13). The M-

robust criterion Eq. (22) is general in the sense of the class 
of algorithms to be handled. Here, the normalising term, 

kd , provides for the scale-invariant estimates. The 

dynamic stochastic approximation algorithm can be 
obtained by minimizing the M-robust criterion (22) at each 
stage, where the standard Kalman filter time-update 
recursions Eqs. (19), (20) are used to predict the system 
states. By analogy with the relation Eq. (14), one obtains 
from Eq. (22) 
 

    1
, k T

k x k k k k k
k

g J x E d x Y H
d

      (23) 

 
where   is defined by Eq. (17) and the measurement 
residual, or innovation, is given by Eq. (22), that is  
 

 k k k k k kx y H x     (24) 

 
The unknown conditional mathematical expectation, 

in Eqs. (22), (23) can be approximated by the single 
random realisation  
 

 1 T
k k k k

k

m d H
d

    (25) 

 
By substituting Eq. (25) into Eq. (18), further follows 

 

 1
ˆ T
k k k k k k

k

x x d H
d

     (26) 

 
or in the more convenient linear measurement form,  

 
ˆk k k kx x K    (27) 

 
Here the new gain matrix in Eq. (27) is defined by 

 
2 T

k k k k kK d H   (28) 

 
with the robust normalising penalty factor  

 

 
for 0 and 0

1 for 0 and/or 0

k k
k k

k k k

k k

d
d

d

d




 



  

  

 (29) 

 
The scale factor, dk, is a suitable estimate of the 

standard deviation of residual, k , in Eqs. (22) to (29). This 

estimate can be generated by using the standard Kalman 
filtering calculation of residual variance in Eq. (10), that is  
 

 1/21/2 T
k k k k k kd S H M H R    (30) 

 
The robust state estimator is defined by Eqs. (19), (20), 

(24), (27) to (30), with unspecified gain matrix, k , in 

Eqs. (18) and (28). Starting from the desired fast-tracking 
performances, k  may be obtained by minimizing at each 

stage an additional criterion  
 

 1 ;k kJ TraceP   (31) 

 
whereTrace is the matrix trace operation. The posed 
optimisation problem is non-linear and can be solved by 
using convenient approximations. Starting from Eqs. (1), 
(2), (24), (27) to (30), one obtains by approximately 
minimizing Eq. (31) the suboptimal solution k kM  , 

yielding further (for more details, see the Appendix A) 
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  ;k k k k k kP I K H M M     (32) 

 
Thus, the proposed M-robust Kalman filter obeys the 

recursive predictor-corrector structure of the standard 
Kalman filtering. However, the prediction stage is defined 
by the standard Kalman filtering time-update recursions, 
while the correction stage is given by the M-robustified 
dynamic stochastic approximation algorithm. The 
corresponding recursions are given by: 

Time update: Eq. (19), Eq. (20) 
Measurement update: Eq. (17), Eq. (24), Eqs. (27) to 

(30), Eq. (32) 
The optimality of Kalman filter is contained in its 

structure and calculation of the gain matrix. There is an 
intuitive logic behind the equations for the filter gain 
matrix, robustified or not. It follows from the matrix 
inversion lemma an alternative form of the Eq. (7) 

 

    1| T
k kK k P k k H R   (33) 

 
where  |P k k  is defined by Eq. (9), [3, 4]. It can be 

concluded from Eq. (33) that each element of the filter gain 
matrix, K, is essentially the ratio between the statistical 
measures of the uncertainty in the state estimates, as is 
determined by P, and the uncertainty in a measurement, 
that is defined by R. In other words, the gain matrix, K, is 
proportional to the uncertainty in the estimate and inversely 
proportional to the average power of the noise. Thus, if 
measurement noise is large (R is large) and state estimation 
errors are small (P is small), the innovation, ε, in Eq. (6) is 
due chiefly to the observation noise and only small changes 
in the state estimates should be made through a small value 
of K. In addition, a small measurement noise, due to small 
R, and a large uncertainty in the state estimates, due to large 
P, suggest that the innovation or the measurement residual, 
ε, contains considerable information about errors in the 
states. This, in turn, will be used for strong corrections to 
the state estimates, owing to large K. Similarly, the gain 
matrix Eq. (28) of the robustified Kalman filter can be 
approximately expressed as (see Appendix B) 
 

1T
k k k k kK P H R   (34) 

 
where k  is defined by Eq. (29), and kP  is given by Eq. 

(32). It should be noted that the weighted term ω in Eq. 
(29) represents an approximation to the first derivative of 
the  -function in Eq. (17). This means that   1x   for 

x    and   0x   for x   . In other words, for the 

most observations belonging to the linear part of the 
influence function,  , corresponding to the pure normal 
noise, the robust weighting term, ω, is equal to one, and the 
Eq. (34) reduces to the optimal gain matrix in Eq. (33). On 
the other hand, in the saturation part of  -function, 
corresponding to the presence of outliers, the robust term 
ω is close to zero, yielding a small value of K in Eq. (34). 
This, in turn, produces a small correction to the state 
estimate and, as a consequence, suppresses the influence of 
outliers in the measurement sequence.  

A theoretical convergence analysis of the proposed 
robust estimate represents a rather complex technical task, 

since the system in question is given by a dynamic, multi-
variable, time-varying model, while the robust state 
estimator has a nonlinear form. However, it is often 
possible to achieve an estimation error that is statistically 
bounded, [4, 19]. Moreover, the proposed robust filtering 
technique is obtained by using approximations and 
intuitive reasoning. For this reason, further practical 
verifications are needed.  
 
5 EXPERIMENTAL RESULTS 
 

The performances of the derived robust filter are 
analysed from both practical robustness and tracking 
performances, using the manoeuvre target tracking 
scenery. The experimental results are generated upon two-
dimensional state-space representation, using linear 
position sensor, [22] 
 

 

1 ;

1 0
; ; 1 0

0 1 1

k k k k k k kx Fx Gw y H x v

T
F G H

    

   
     
   

 (35) 

 
Here kx  is the target state vector containing its 

position and velocity, yk is the discrete measurement of 
position, wk is the state noise, representing the target 
manoeuvre, and vk is the additive measurement noise. In 
addition, the matrix F is obtained by applying the uniform 
sampling with the period T = 4 s. The white noise, kw , is 

zero-mean Gaussian with the variance Q = 0.01. The model 
Eq. (35) is inadequate during target manoeuvre and the 
state noise kw is introduced to compensate the effects of 

mismodeling. Moreover, zero-mean white noise kv is 

generated using the Gaussian mixture pdf, representing  
 

       21 | 0,1 | 0, ;op N N          (36) 

 

where 20 1, 1o    , and N(|0, ) represents the zero-

mean normal pdf with the variance 2.  
 

 
Figure 1 The heavy-tailed noise record 

 
The heavy tailed nature of the noise pdf Eq. (36) is due 

to the target glint in mono-pulse radars, [22]. This, in turn, 
results in outliers contaminating assumed Gaussian 
observations. The random variable with the pdf (36) can be 
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simulated by firstly generating a sample, u, from the 
uniform pdf on the interval (0, 1). If u   then v is 

generated by independent sample from the pdf  | 0,1N  . 

Otherwise, it is a sample from the pdf  2| 0, oN  . The 

heavy-tailed noise realization is presented in Fig. 1. 
The performances of the standard Kalman filter, 

designated as A1; are compared with the proposed 
robustified state estimator, designated as A2. 

Experimental results are presented by two norms of 
estimation error, defined by 

 

     1 2 1
1

ˆ 1
;

k
k k

k i

x x
n k n k n i

x k 


    (37) 

 
where   is the Euclidean norm. Fig. 2 presents the true 

target position generated by the well-known cinematic 
equations of motion, outside the filter model Eq. (35), [22]. 

Here the true initial state vector  0 3,0.3Tx  .  

Filter initialization requires the first guess 0x̂ , together 

with the corresponding covariance matrix P0, to be adopted 
in advance. A common practical approach is to use the first 
two position measurements for providing the initial 
guesses, [22]. 
 

 
Figure 2 The true target position trajectory 

 

2

0 02 1 2

1 1 /
ˆ ;

1 / 2 /

y T
x Py y

T Q T
T

            

  (38) 

 
The n2 norm (37), obtained for dissimilar noise 

sequences, Eq. (36) is presented in Figs. 3 and 4.  
The obtained results have shown that the Kalman 

filter, A1, gives smaller total estimation error than the 
proposed robust filter, A2, upon the pure normal 
observations. Robust filter, A2, provides better estimation 
quality than the linear one, A1, upon the Gaussian mixture 
pdf in Eq. (36). Namely, Gaussian mixture family 
generates the outliers by the contaminating second term in 
Eq. (36). The influence of outliers results in the larger 
values of residual variance Eq. (10), and as a consequence 
reduces the Kalman filter gains, Eq. (7). 

 
Figure 3 Comparison of different algorithms upon Gaussian noise (α = 0) 

 
On the other hand, the robust filter, A2, gives smaller 

values of the residual variance Eq. (30), producing high 
enough values of the gain matrix, Eq. (28). This, in turn, 
gives a good tracking capability. At the same time, the 
obtained values of the gain matrix Eq. (28) are small 
enough to provide for immunity to outliers. Furthermore, 
the robust gain matrix in Eq. (28) differs from the optimal 
one in Eq. (7) by the robust weighted term, ω, in Eq. (29). 
As mentioned before, this term represents a suitable 
approximation of the first derivate of robust influence 
function,  , in Eq. (17). Thus, it has the unity value for 
small and moderate arguments, corresponding to the pure 
Gaussian observations without outliers. As a consequence, 
for the most of observations the robustified Kalman filter, 
A2, behaves as the optimal one, A1, satisfying the 
efficiency robustness property. On the other hand, for huge 
absolute values of arguments, corresponding to bad data, 
or outliers, contaminating the measurements, the robust 
term ω is close to zero, reducing the value of robust gain 
matrix in Eq. (28). For this reason, the influence of outliers 
to the state estimate is significantly reduced, providing for 
the resistant robustness feature. Simulations have shown 
that the robust algorithm works quite well for 0.3  . 
Thus, for higher α the noise model Eq. (36) is no more 
adequate. 
 

 
Figure 4 Comparison of different algorithms upon contaminated Gaussian noise 

(α = 0.1) 
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6 CONCLUSIONS 
 

Kalman filter provides optimal estimates of system 
states in the case of a linear dynamic system, which is 
driven by the normal stochastic process and in presence of 
the Gaussian additive measurement noise. Presence of 
outliers in measurements usually yields poor performance 
of the Kalman filter, i.e. Kalman filter is not a robust 
estimator. The paper presents a new feasible algorithm of 
a robustified Kalman filter. The algorithm introduces 
elements of dynamic stochastic approximation algorithms 
equipped with an M-robust performance index, in the 
structure of the Kalman filter. Thus, the time update is 
performed according to the standard Kalman filtering 
algorithm, while the measurement update is performed as 
the M-robust stochastic approximation algorithm. 
Robustification of the Kalman filter is achieved by non-
linear processing of measurement residuals. In order to 
improve convergence of the algorithm, additional 
optimisation procedure is introduced in computation of the 
estimator gain. The optimisation process yields the state 
estimation similar to a minimum variance procedure. The 
algorithm is feasible and yields recursive computation of 
the system state estimates. The paper provides detailed 
derivation of the algorithm. Further, an extensive analysis 
of the algorithm is performed. The analysis gives deep 
insight into the algorithm operation in absence and 
presence of the outliers. Each situation is accompanied 
with an appropriate estimator gain. Thus, presence of the 
outliers is reflected on the estimator gain, as a consequence 
of the robustification procedure applied to the standard 
Kalman filter. Performed analysis provides clear and 
unambiguous implementation of the algorithm. 
Additionally, emphasized M-robustified Kalman filtering 
technique offers an alternative to the standard Kalman filter 
in the situations characterized by erroneous noise statistics 
and mismodelling. Moreover, in many nonlinear tasks the 
robustified dynamic stochastic approximation recursive 
method is rather easyto implement.  
 
Appendix A: Derivation of the M-robust Kalman filter  
 

The prediction error is given by Eqs. (1), (19) and (20), 
that is  
 

   1 1 1 1k k k k k k kx x x F x G w           (A1) 

 
where, due to Eqs. (1), (2), (21), (24) and (27), the 

estimation error,  kx  ,is 

 
     ˆk k k k k k k k kx x x x K H x K v           (A2) 

 
with  kv being a sequence of zero-mean random 

variables in Eq. (3). If the initial guess,     0ˆ 0x E x  , 

one concludes by the mathematical induction that, [3, 4] 
 

     0, 0k kE x E x      (A3) 

 

In addition, one obtains form Eqs. (21), (A1) and (A2) 
that the prediction error covariance matrix, kM , is given 

by Eq. (20). This expression is derived under the 
assumption Eq. (3), yielding 
 

     1 1 0, 0T T
k k k kE x w E x v       (A4) 

 
Moreover, it follows from Eqs. (3), (A2) and (A4) that 

the estimation error covariance matrix Eq. (21) is given by  
 

    T
k k k

T T T
k k k k k k k k k k

P E x x

M K H M M H K R K K

  

   

 
 (A5) 

 
By substituting Eqs. (28) and (30) into (A5), the 

relation Eq. (31) reduces to 
 

  2
1

4 2

2 T
k k k k k k k k

T
k k k k k k k

J Trace M d Trace H H M

d R Trace H H









   

  
 (A6) 

 
from which it follows  

 

 1 2

4 2

2

2 0

k T
k k k k k

k

T
k k k k k k

J
d M H H

d R H H









 
 



  

 (A7) 

 
Due to Eq. (17), the term ω in Eq. (29) can be 

approximated by the integer variable with zero and unity 

values, so that 2  . For this reason, the relation Eq. 
(A7) can be approximated as  
 

   1 2 22 0k T
k k k k k k k k

k

J
d M d R H H  

    


 (A8) 

 
from which it follows 

 

 2 1 1 1T
k k k k k k k k k kd R M R H M H M M       (A9) 

 
since in the saturation part of the  -function, 

corresponding to the existence of outliers in the 
measurement data, the variance, kR , is large, while in the 

linear part of the  -function, characterized by the pure 
Gaussian measurement noise, the robust estimator 
performs as the optimal one, yielding a small error, kM .  

Using Eqs. (A9), (28) and (A5) further follows  
 

2

4 2

2

2 T
k k k k k k k k

T
k k k k k k k

T
k k k k k k k

P M d M H H M

R d M H H M

M d M H H M













 



 

 (A10) 

 
which represents an alternative form of Eq. (32), so 

that the derivation is completed. 
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Appendix B: Derivation of the gain matrix in Eq. (34)  
 

By substituting Eq. (30) in Eq. (28), one obtains 
 

  1T T
k k k k k k k kK M H H M H R


   (B1) 

 
Furthermore, by replacing Eq. (B1) into Eq. (32), and 

since k in Eq. (29) can be approximated by zero-one 

variable, further follows 
 

 T
k k k k k k

k k k k T
k k k k k k

M H H M
P M

H M H R

 
 

 
 


  (B2) 

 
Taking into account the matrix inversion lemma [1-3], 

one obtains from Eq. (B2) 
 

1 1 1T
k k k k kP M H R H     (B3) 

 
Using Eqs. (B3), (B1) can be rewritten as  

 

 

 

1 1

1 1

T T
k k k k k k k k

k T
k k k k

T T
k k k k k k k k k

T
k k k k

P M H R H M H
K

H M H R

P H R R R H M H

H M H R





 

 











 (B4) 

 
which is identical to Eq. (34). 
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